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Preface 


Calculus is a branch of mathematics which is considered as gateway course for almost all career streams closely associ- 
ated with mathematics like Engineering, Applied Physics, Astrophysics, Computer Science, Electronics, etc. It is the most 
basic mathematical tool dealing with rate of changes (variations). Indeed this beautiful branch was not born in a moment of 
divine inspiration, rather it gradually came in to existence as a variety of apparently different ideas and procedures merged 
together to form a systematic coherent pattern. 

Over the years, scientists, economists, and other researchers have studied the relationships existing between various 
quantities. For example, an engineer may need to know how the illumination from a light source on an object is related 
to the distance between the object and the source; a biologist may wish to investigate how the population of a bacterial 
colony varies with time in the presence of a toxin; an economist may wish to determine the relationship between consumer 
demand for a certain commodity and its market price. The mathematical study of such relationship involves the concept 
of a function. The concept of function is an essential pre-requisite for understanding the most basic idea of calculus. The 
purpose of this book is to lay foundation for the same to understand Calculus. 

Functions are the central objects of investigation in most fields of modern mathematics. It can be understood as a ma- 
chine which for each input x returns exactly one corresponding output. f/x). There are many ways to represent a function. 
Some functions may be defined by formula or algorithm that tells how to compute the output for a given input. 

Since the input and output of a function can be expressed as an ordered pair, ordered such that the first element is the 
input (or tuple of inputs, if the function takes more than one input), and the second is the output. For instance, given a func- 
tion f(x) = x”, we have the ordered pair (1, 1), (2, 4), etc. for satisfying it. If both input and output are real numbers, this 
ordered pair can be viewed as the Cartesian coordinates of a point on the graph of the function. Therefore, functions can 
also be represented by a picture, called its graph. Graph of function 1s set of all those points (input x, output y) that satisfy 
the relation y = f(x). Graphs last longer in our mind(s) as they provide a visual impact to our memory. They also reveal 
information about functions which may not be readily evident from verbal or an algebraic description. 

Calculus constitutes a major share in the syllabus of IIT JEE MAINS/ADVANCED and other competitive engineering 
examinations therefore its in-depth analysis is essential. This book has been written to serve as a basic text book as well 
as an exercise book for Calculus having a special focus on problem solving. I feel this will not only fulfill the needs of a 
pre-college students (1.e., students of Class XI and XII) but will also meet the advanced requirements of students who are 
preparing for various engineering entrance examinations like IIT-JEE MAINS /ADVANCED, BIT-SAT, and other state 
engineering entrance examinations. 

Fundamentals of Mathematics: Functions and Graphs develop a deep insight of topics, such as Relations, Functions; 
their classifications and their exhaustive properties. Topic on Graph Theory provides details about various functions, their 
graphical nature and the variation observed in their graphs as they pass through different mathematical transformations. 
Method of sketching an unknown curve(s) using calculus shall be an essential skill to be learned which is sufficiently dis- 
cussed in detail. I have experienced in my teaching career that if the core concepts of functions and their graphs is well laid 
upon in the mind of students from beginning then mastering the giant like calculus becomes very convenient. From a JEE 
aspirant’s point of view, this topic is highly scoring in Mathematics as far as competitive exams are concerned. It 1s com- 
monly observed among many students that they tend to develop a phobia against calculus. This is due to the non-familiarity 
with the detail concepts of functions and their properties. Further, there exists a lack of good books that lay down these core 
concepts in a lucid and student friendly manner. 


xii > Preface 


This book has a well-arranged content list which will help students and teachers both to conveniently access the chap- 
ters and their sub topics. Each chapter is divided in to several topics. Each topic contains its theory with sufficient number 
of worked out illustrative problems. This will enable the students to develop an applicative understanding of the concepts. 
This is then followed by a textual exercise of both objective and subjective problems, testing the student’s understanding 
of concepts. At the end of the theory of each chapter, a large set of solved examples of both objective and subjective type 
has been given. This will involve application of all the concepts learnt in the chapter so that students can develop expertise 
over the chapter. 

The tutorial exercise given at the end contains a large number of multiple choice problems of single and multiple 
correct options, comprehension passage, column matching problems, numerical integer type questions to facilitate the 
students to do the thorough revision of entire chapter for raising their level of understanding of these topics. For teachers, 
this text book will be quite helpful as it will provide a set of well-graded problems, arranged in topic and sub-topic wise, 
that be used as a home assignment given to their students. 

Any suggestions for improving the content of this book are most welcome and will be gratefully acknowledged. 
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To study relation between two sets we must do nothing but 
to look around different relations in our day to day business, 
e.g., friendship relation, relation between two countries, 
relationship between two families etc. For the existence 
of all the above relations there must be some method or 
rule (correspondence) of association by which the relation 
is actually established. So relation between two sets can 
be defined as a rule by which elements of first set actually 
correspond with the elements of the second set. In my view 
without the study of relations the actual understanding of 
functions and further study of calculus is not possible. 


REMARKS: 


CHAPTER 


Relations 


So this chapter which includes study of sets and 
relations between sets prepares a strong foundation for 
further study of calculus. 


Cartesian Product of Two Sets 


Cartesian product of two sets A and B is a set containing the 
ordered pairs (a, 6) such that a € A and b € B. Itis denoted by 


A x B. That is, A x B = { (a, b):a eA and b € B}. If set 
A={a,,a,,a,} and B = {b,, b,}, then 
Ax B= {(a,, b,)(a,, b,).(a, b,), (ay b,). (@,, b,)s (@y b,)}. and 


B a A a {6 a.) (b., a,), (b,, a,), (6,, a,), (b,, a,), (b,,, a,)}. 
Clearly A x B48 x A until A and B are equal. 


1. Since A x B has elements as ordered pairs therefore it can be geometrically located on X-Y plane by considering set 


A on X-axis and set Bon Y-axis. 


2. Cartesian product of n sets A Pay Apc, 5 denoted by AXA,XA,X XA, and is the set of n ordered tuples 


.e., A, x A, x A, Mon 2X A. = (4, em Re 
represents n dimensional space. 


3. AxBxCand(A xB) x Care not same. 


3 
pa). a 6A, t= 1, 2 3 


... N}. Cartesian product of n sets 


AxBxC={(a,6,0c):aeEA,b0€B,c € Ch, whereas (Ax B) x C={((a, b),0d):aeA,b € B, cE C} 


Number of Elements in Cartesian 
product A x B 


If number of elements in A denoted by n(4) = m and num- 
ber of elements in B denoted by n(B) = n, then number of 
elements in (A x B) =m x n.1.e.,n(A x B) = n(A4) x n(B). 
Since A x B contains all such ordered pairs of the type 
(a, b) such that a € A and b € B, that means it includes all 
possibilities in which the elements of set A can be related 


with the elements of set B. Therefore, A x B contains n(A) 
x n(B) number of elements. 


Properties and laws of Cartesian Product 


Distributive Laws 


(a) Cartesian product distributes over union and intersec- 
tion of sets. 


1.2 


(b) 


. Cartesian Product is not Associative: 


> Relations 


1e,4xBUC)=A4x BU Ax C) anda x BAC) 
=(A x B)n (A x C) for every group of sets A, B and C. 
Proof: Let(x,y)e€Ax(BUC) 
> xeAandye (BUC) 
> xeAandye BoryeC 
>xeAandye BorxeAandyeC 
> (x,y)E(AxB)UAxC) 
Ax (BU C)1s a subset of (A x B)U (A x C) 


Similarly, we can prove that (A x B) U (A x C) 1s 
subset of A x (BU C). 


therefore, A x (BUC)=(Ax B)U(AxC) 
Similarly, we can prove A x (BAN C)=(A x B)a 
(A x C) for every group of sets A, B and C. 
Cartesian product distributes over subtraction of sets 
1.e.,A x (B-C)=(Ax B)-(AxC) 
Proof: Let(x,y)€Ax (B-C) 
>xeAandye B-C 
>xeAandye Bbuty¢eC 
>xeéeA,yeBandxeA,yEeC 
=> (x,y) € (A x B) but (x, y) € (A x C) 
=> (x,y) € (4 x B)-(AxC) 
> Ax(B-C)c Ax B)-(AxC) 
Similarly (4 x B)-(4 x C) cA x (B-C) 
> Ax (B-OC)=(4~x B)-(Ax ©). 
Cartesian 
product of sets is not associative in nature, 1.e., 
Ax(BxC)#(AxB)xC 
As the elements of A x (B x C) are of the type 


(a, (b, c)), whereas the elements of (4 x B) x C are of 
the type ((a, b),c), aE A, DEB, CEC. 


. Cartesian Product is not Commutative: Cartesian 


product of sets 1s not commutative in nature. 
1e,4xB#BxA untildA =B. 


4. Cardinality of Cartesian Product: 


(a) IfA and B are two sets, then n(4 x B) = n(A) x n(B). 

(b) If A and B are sets having k number of common 
elements, 1.e., (4 7 B) = k, then the number of 
elements common to A x B and B x A = k’. 

Proof: LetC cB andC CA and C 1s largest such set 

and let n(C) =k 

Now, C xCcAxBandCxCcBxaA 

=> n[(Ax B)a (8x A)] =n(C) nC) =kk =F. 


. Intersection of cross product is equal to cross product 


of intersection: 
That is, for sets A, B, SandT: (A x B)N (Sx T)= 
(A VS) x (BAT) 


. For subset A of B and C of D: We have 


(a) (A x C)c (Bx C) for every set C. 
(b) AxC)c@xD) 
(c) (AxA)C (Ax B)n(BxA) 


. For complementary sets B’ and C’ of sets B and C 


(a) Ax(BWPUCY=(AxXBnAxC) 
(b) Ax (BIACY=(4xBUVAxC) 


Proof: (a) Ax(B'UC’' 
=Ax (BOC) [By Demorgan's Law] 
=(Ax B)A(AxC) 

(b) Ax (BAC) 
=Ax (BUC) [By Demorgan's Law] 


=(Ax B)U(AxC) 


8. Ax(BAC)=(4x B)A(AxC) 


Proof: Ax(BAC)=Ax [(B-QU(C-B)| 
=|[A x (B-O)] VU [Ax (C- B)] 

CL. Ax(BUC)=(AxBU(AxdO) 
=[(Ax B)-(AxQO)]vU[AxC)-(4x B)] 

C. Ax (B-C)=(Ax B)-(4x0)) 
=(Ax B)A(AxC) 


ILLUSTRATION 1: If the number of elements in A is 2 and number of elements in B is 3, then find 
(1) the number of elements in the power set of A x B. 
(11) the number of elements in the power set of (A x B) x (A x B) 


SOLUTION: (i) Since n(A) = 2; n(B) = 3, then n(A x B)=6 


So number of subsets of A x B = 2° 


= n(P(A x B)) = 25= 64 


(11) Number of subsets of [(4 x B) x (4 x B)] = pin4x BP = 236 
n(P[(A x B) x (A x B)]) = 2°. 


ILLUSTRATION 2: Let A and B be two non-empty sets having n elements in common, then prove that A x B and 


Bx A have n’ elements in common. 


Relations < 1.3 


SOLUTION: We have (4 x B)N (C x D)=ANC)xBnD) 
On replacing C by B and D by A, we get (A x B) WN (B xX A) = (ANB) x (BNA) 
It is given that.A and B have n elements in common, so [(A nN B) x (B 7 A)] has n? elements 
But (A x B)n (B x A)=(ANB)x (BNA) 
[(A x B) ~ (B x A)] has 7’ elements. Hence A x B and B x A have n* elements in common. 
ILLUSTRATION 3: Given two sets A and B defined as A = {a: a € Z and |a— 2| < 3} and B = {b: b € Z and 
|b — 4| < 2}. 
Find A x B and B x A. Represent them geometrically and also find number of elements 
common in A x B and B x A. 
SOLUTION: A = {a:ae Z and |a— 2| < 3}; B = {b: be Z and |b— 4| < 2}. 
To find: Ax BandBxA 
Here -3 <a—-2<3> -l<a<5and2<b-4<2>5 2<b<6 
A = {-1, 0, 1, 2, 3, 4, 5}; B = {2, 3, 4, 5, 6} 


(A x B) can be represented geometrically by taking the set A along x-axis and set B along 
y-axis as shown below in Figure 1.1. 
Y(B-set) 


-—1 |O 1 Z2 ss 4 6 (A-set) 
FIGURE 1.1 


Now, (B x A) can be represented geometrically by taking set B along x-axis and 
set A along y-axis as shown below in Figure 1.2. 


Y(A-set) 


FIGURE 1.2 


Clearly, A x B and B x A have 16 elements in common as represented enclosed by rectangular 
region in above graph. Note that A and B have 4 elements in common. 


(A x B) and (B x A) have (4)? elements in common 


1.4 > Relations 


ILLUSTRATION 4: Given two sets A and B defined as A = fa: a € R and |ja— 2| < 3} and B = {b: b € Z and 
|b — 2| < 4}. Find A x B and B x A. Represent them geometrically and also find number of ele- 
ments common in A x B and B x A. Fiind the answer if b € R. 


SOLUTION: A = {a:ae KR and ja— 2| <3}; B = {b: b € Z and |b— 2| < 4}. 
Here |a—2)<3 > -3<a-2<3 > -lsas5 DS A=l[-1,5] 
And |b-2|<4 => 4<6b-2<4 > 2<b<6,beE2 => B= £-2,-1,0, 1, 2, 3, 4, 5, 6} 


(A x B) can be represented geometrically by taking set A along x-axis and set B along 
y-axis as shown below in Figure 1.3. 


Further, (B x A) can be represented geometrically by taking set B along x-axis and set A 
along y-axis as shown in Figure 1.4. 


t) 
t) 


Since A and B have seven elements in common, 1.e., —1, 0, 1, 2, 3, 4, 5. 
(A x B) and (B x A) have (7)* = 49 elements in common. 
Further, if b € IR, then B = [-2, 6]. 


Then (A x B) and (B x A) can be represented geometrically as shown in Figure 1.5 and 
1.6 respectively. 


Cl. [EL 


FIGURE 1.5 FIGURE 1.6 


Relations < 1.5 


In above case when A = [-1, 5] and B = [-2, 6]; A x B and B x A have infinitely many 
uncountable number of common elements each occurring in square bounded by straight 
lines x = -—1, x = 5, y =-1 andy =5. That is, A x B and B x A have 36 square units area in 
common. 


ILLUSTRATION 5: Given two sets A and B defined as B = {y: y € R and |y| < 4} and A = {x: x € R and |x| <3 
and x* + 3x > 0}. Find the region common to R : A —+ B and A x B; where 


R -{(ay) X 4% <1 and cms) (a a)h 


SOLUTION: A = {x: xe R and |x| <3; x? + 3x > 0}; B = {y: y € R and |y| < 4}. 

Now for x € A; x € [-3, 3] and («) (x + 3) 20 

=> xe [-3, 3] andx € (-o, -3] vu [0, 0) 

=> xe [0,3] 
A = [0, 3] and for y € R; |y| <4 

> ye [4,4] > B=, 4] 
A x B = [0, 3] x [-4, 4] 1s the rectangular region bounded by straight lines x = 0; 
x = 3; y = —4 and y = 4 as shown mn Figure 1.7. 


¥ 
(B-set) 


X 
(A-set) 


FIGURE 1.7 FIGURE 1.8 


Further R : A ——— B is defined by R = {6s y) ae < ’ , represents the right half of 
the interior region of standard ellipse with length of semi major axis 3 and semi minor axis 2 
as shown in Figure 1.8. 

R lies wholly inside the region (A x B). 

Thus, Rm (Ax B)=R 

= 1/2 x x x (3) x (2) = 3x square units (".. Area of ellipse = 2AB). 


16 > Relations 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1 IA={x:xEN, x<4t;B={y:yeW,y<23};W| 4. Find out n[(4 x B) Oo (Bx A)] iff 


= set of whole numbers. A = {x : x € non-negative integers and x? -2x —-8 < 0} 
(a) Find A x B (b) Find n(A x B) and B = {x:x € N andx?-—5x+4<0} 
2. Plot A x B and B x A onx-y plane, if 5. What will be the number of elements in [(A x B) a 
(a) A= {x:xe R,1<x<4};B={y:yeW,y<2} eae 
(b) A= fy:ye R,0<y<2}:B={x:xENx<} (1) Elements of set A are natural numbers and that of 
B in above problem are real numbers 
3. Find the area of common region represented by fol- (ii) Elements of set A and B are real numbers. 
lowing two relations. And how A x B and B x A can be geometrically 
(a) A x B, where A = {x : x € R, -1 < x < J}; represented and is it possible to represent the 
B= ty: ye R,-l<y< 1} and |x| +p <1 same in case elements are rationals or irrational 
numbers? 
Answer Keys 
1. (a) A x B= {(1,0),(1,1), (1,2), (2,0),2,1),@.2), (3,0),3,1),G,2),(4,0),(4,1),(4.2)} (b) 12 
3. 2 Square units 
4. 16 
5. (1) 16 


(ii) Infinitely many found in square of area 9 square units bounded by straight lines x = 1, x = 4, y = 1 
and y = 4. If elements of A and B are rationals or irrationals, it would not be possible to represent A x B and 
B x A geometrically as between any two real numbers there lies infinitely many rationals and irrationals. 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. Which one of the following 1s not true? 4. Which of the following 1s/are not true? 
(a) Ax B-C)=(AxB)-(AxC) (a) If A, B c U (universal set), then A x B is also a 
(b) A-(Bx C)=(A-B)x A-C) subset of U 
(c) A—(B x C) =4; A, B, C are subsets of U (b) If A, B, c U (universal set), then A U B and An B 
(d) Ax (Bx C)#(AxB)xC;A, B,C are subsets of U are subsets of U 


(c) If A, B c U (universal set), then A- BandAAB 
are subsets of U 
(d) IfA, Bc U, then A x Bisa subset of Ux U 


2. Which of the following is/are not true? 
(a) (ANB) ANCH=HAN(BONC) 
(b) AUB)UCH=AU (BUC) 
(c) (Ax B)x C=AxBxC=Ax(BxC) 5S. Which of the following 1s/are true? 
(dia4@=B)=C =4-6206 (a) {ACBCC, then A x B)CAxC) 
(b) IfACBcC,then 4x BNC (BxC) 
(c) TACBcC, then 4x B)V(BxC)=(8xC) 
(d) fTACBcCC,then 4 x BNA (Ax C= (4 x B) 


3. Which of the following is/are not true? 
(J) AN (BUQC)=(ANB)VUANC) 
(b) AU(BNO)=AVUB)N(AVC) 
(c) AU(BUC)=(AUB)U (AUC) and 6. Which of the following 1s/are true? 

AN(BOAC)=(ANB)A(ANYO (ay AxCcBxC BACB 
(d) A x (Bx C)=(Ax B)x (AxC) b)AxCeEBxC BACBECC 


10. 


11. 


. Constant: 


. Absolute Constant: 


. Arbitrary Constant: 


(c) AxBCBxC 
(d)AxB=BxC 


= AChE C 
> A=B=C 


. A = {2, 3, 4, 53; B = {x : x18 a letter of English 


alphabet}, then n(4 x B) is 


(a) 26 (b) 52 
(c) 104 (d) (4) 


. If A = {2,3, 4, 5}; B = {a, e, i, o, us, then number of 


subsets of A x B is 


(a) (2) (b) (4) 
(c) (16) (d) None of these 
. fA = {o}, B = ££ £33}, then n(4 x B) is 
(a) 0 (b) 3 
(c) 1 (d) Can't be defined 


If (A x B) is an infinite set, then what canbe said about 
A and B? 

(a) A and B both must be infinite sets 

(b) A is finite and B 1s infinite 

(c) A is infinite and B is finite 

(d) At least one of A and B is an infinite set 


Let A ={(x, y): x,y € R and x?= 4y} and B = {(x, 4); 
x € R}, then the set (4 7 B) vu £(0,0)} forms 


Answer Keys 
1. (b) 2.(c,d) 3. (d) 4. (a) 
11. (b) 12. (a) 13. (a,b,c) 14. (b) 15. (c) 


‘BASIC DEFINITIONS 


. Quantity: Any thing on which mathematical 


operation such as addition, subtraction, multiplication, 
division can be performed is called a Quantity. 


A constant is a quantity whose value does 
not change under different mathematical circumstances. 


Such a quantity retains the same value through out a 
mathematical operation. 


When a quantity represents the 
same elements in all circumstances, then it is known 
as absolute constant. Such a constant retains the same 
value in every mathematical operation. 


Thus, 1, 2, 3, ..., V2, V3, mz, e, etc, are the absolute 
constant. 


A constant which retains 
the same value throughout in one problem but may 


12. 


13. 


14. 


15. 


5. (a,b,c,d) 6. (a,c,d) 


5. Variable: 
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(a) vertices of an equilateral tnangle 

(b) vertices of an isosceles triangle 

(c) vertices of an square 

(d) vertices of an scalene triangle 


Let A = {(x, y); x,y € R and x’?= 4y} and B = {(x, y), 
xy € R and y = |x|}, then the area of triangle joining 
the points represented by Aq B is 

(a) 16 (b) 4 

(c) 4 v2 (d) None of these 


IfA = {, {£{4}3}, then n[P(P( A x A))] is 
(a) 2" (b) (16)* 
(c) (256) (d) None of these 


If n(A) = 50; n(B) = 60; n(A VU B) = 100, then 
n[(A x B) AB x A)] 1s 
(a) 10 

(c) (50x 60)” 


(b) 100 
(d) None of these 


If n(4 a B) =2; n(B A C) = 3; n(C a A) = 5; 
n(A 1 BOC) =1, then n[(A x Bx C) A (Bx C x A) 
is 

(a) 6 
(c) 30 


(b) 8 
(d) None of these 


7. (c) 8. (a,b,c) 9 (c) 10. (d) 


have different values for different problems 1s called 
arbitrary constant. It 1s usually denoted by a, )b, 
c, ..., 4 m, netc. 

For example in the equation of a straight line 
y = mx + c; m and c are arbitrary constant as they 
have same values for one line and other values for the 
other lines. 


A quantity which varies, 1.e., a quantity x, 
which assumes different values from a given set_X, 1s 
called as a variable over the set_X. For example in the 
equation: y= mx+c,ax+by+c=0;x+y=a,x 
and y are variables. There are two types of variables as 
given below: 


(1) Independent Variable: A quantity (say x) 
which represents any arbitrary member belonging 
to a set, is called an independent variable this 
nomenclature is based upon the fact that the 
values of x can be arbitrarily chosen. 
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(11) Dependent Variable: A quantity (say y) whose 
value depends upon some chosen values of an 
independent variable (x), 1s named as dependent 
variable. 


For example, volume of sphere }” = (4/3) xr? and 
surface area S = 4xr’, here J’ and S are dependent 
variables and r is an independent variable. 


6. Domain of a Variable: The set of all possible values 
of variable x is called the domain of the variable x. 


7. Continuous Variable: Continuous variable is a 
variable that can take all the numerical values from one 
real number to another real number or between two 
given real numbers. For a continuous variable domain 
is an interval (open, closed or semi-open, semi-closed). 


8. Discrete Variable: Quantities which are incapable 
of taking all possible values between two given num- 
bers are called discrete or discontinuous variables. 


A relation R from set_X to Y (R : X > Y) 1s a correspondence 
between set_X to set Y by which none, one or more elements 
of X are associated with none, one or more elements 
of Y. Therefore a relation (or binary relation) R, from a 


non-empty set_XY to another non-empty set Y, 1s a subset of X x 
Y.1.e.,R :X — Yis nothing but subset of A x B. For example, 


consider a set_X and Y as set of all males and females members 
respectively of a royal family of the kingdom Ayodhya. 

Thus X = {Dashrath, Ram, Bharat, Laxman, 
Shatrughan} and Y = {Koshaliya, Kaikai, Sumitra, Sita, 
Mandavi, Urmila, Shrutkirti} and a relation R is defined as 
x was husband of y from set_X to set Y. 

Then R = {(Dashrath, Koshaliya), (Ram, Sita); (Bharat, 
Mandavi); (Laxman, Urmila); (Shatrughan, Shrutkirt1); 
(Dashrath, Kaikai ); (Dashrath, Sumitra)} 


R 
Dash — 
mM 


Ra Sumitra 


FIGURE 1.9 


ILLUSTRATION 6: Are the following set of ordered pairs (correspondences) are relations from set A to set B? 
GR = 42. 4), 3,8), (2, 0) (4, 8), 4 = 42,3, 4), B= 14,6, 8) 
(11) IfA = {a, b,c, d)} and B = {p, q, r, s} 


(a) R, = {@, p), ©, 1).(¢, 5)5 


(b) KR, = {@ 4), (¢, 5), (4 )$ 


(c) R, = {(@, p), (a, 9) Cd, p), (ce. 1), (6. r)} 


SOLUTION: 


(1) R is a relation from A to B as every ordered pair of R is an element of A x B. 


(ii) (a) Clearly R, CA * B. So, R, 1s a relation from A to B. 
(b) Since (g, b) € R, but (¢, b) ¢ A x B. SoR, £ A x B. Thus, RK, 1s not a relation from A to B. 
(c) Clearly R, cA x B. So, R, is a relation from A to B. 


Note: 
a is pre-image and 5 is image. 


(1) If ais related to b, then symbolically it 1s written as (a R 5) or (a, b) € IR; where 


(1) If ais not related to b, then symbolically it is written as a R b or (a, b) € R. 


ILLUSTRATION 7: 
are correct? 


fa) G+ 41) =5 
i) 172 


SOLUTION: 


As |3 + 4i| = V3° +4’ =5, therefore, (3 + 43) ~5 
Also, |2| = 2 # —2, therefore, 2 ~ — 2 is not true. 


A relation ‘~’ from C to R is defined as z ~ x iff |z| =x, z € C, x € R. Which of the following 


(bye n=? 
Ce 


= (a) holds 


=> (b) is incorrect. 


DOMAIN, CO-DOMAIN AND RANGE 
.OF RELATION 


Domain: Domain of arelation R from set A to set B is the 
collection of elements of set A which are participating in 
the correspondence. That is, it 1s set of all pre-images under 
the relation R. For example, Domain of R = {(1, 5), (2, 10), 
(3, 6)} is 

D, = ({1,2,3} where R is a relation from set 
A = {1,2,3,4} to set B = {5,6,7,8,9,10}. 
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Co-Domain: Co-domain of a relation R from set A to 
set B is set B itself irrespective of the fact whether an ele- 
ment of set B is related with any element of A or not. For 
example, B ={5, 6, 7, 8, 9, 10} is co-domain of above 
relation R. 


Range: Range of a relation R from set A to set B is the 
set of those elements of set B which are participating 
in the correspondence, 1.e., set of all images under the 
relation R. For the above relation range is given by the set 
R, = {5,6,10} 
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=> Domain of R, = Dp 


Range of R, = Rp 


= {2,3,4,5} =A; Co-domain = B; 


= {2,3,4,6,7} = B 


(c) R= {@y): y<x3 = 1G, 2), (4, 2), (4, 3), ©: 2), O, 3), GO; 4)F 


=> Domain of aus - 


Dz, = {3,4,5} ; Co-domain = B; Range of R, 


Rp, = {2,3,4} 


(d) R,= {(, y)i x+y = 73 = {G, 4), G, 3), ©, 2)} 


=> Domain of R, = D 


Pe oniversat RELATION FROM SET ATO SET B 


Since A x B contains all possible ordered pairs which relate 
each element of A to every element of B, therefore (4 x B) 
is largest possible relation defined from set A to set B, and 
hence also known as Universal relation from A to B. 


‘NUMBER OF RELATIONS FROM 
SET ATOSETB 


Since each relation from A to B is a subset of Cartesian 
product A x B, therefore number of relations that can 


= {3,4,5}; Co-domain = B; Range of R, = Rp, 


= {2,3,4} 


be defined from set A to set B is equal to the number of 


subsets of A x B. Thus number of relations from A to 
B = QnA x B) = QnA) x n(B) 


RELATION ON A SET 


A relation R from a set A to itself is called relation on set A. 
For example, let A = {1,2,3,4,9,16}. Define a relation 
from set A to itself as 'a R 5, if b is square of a but a # B'" 
then 
R = {(2, 4), G, 9),(4, 16)}. Here domain = £2, 3, 4}; 
co-domain = A; range = {4, 9, 16}. 


ILLUSTRATION 10: Let R be the relation of N defined as x R y iff x + 2y = 8. Find the domain and range of R. 


SOLUTION: Domain of R= {xe N:xRy for some y EN}. 
6 when y=1 


Hence, x = 8-2y,yeN = 


4 when y=2 


2 when y=3 


Thus, R = {(2, 3), (4, 2), 6, I}. 
> D424 6k, 


pu es 


{REPRESENTATION OF RELATION IN 
“DIFFERENT FORMS 


(1) By representing the relation as a set of ordered 
pairs (Roster form): 

In this method we represent the relation by a set 
containing ordered pairs (a, b), where a € A and 5 
€ B such that aRb as shown below for the relation R 
from A = {1, 2, 3, 4} to set B = £2, 3, 4,5, 6, 7} when 
b € Bis to be related to a € A such that b = 2a + 1. 


R= {,3), 2, 5), GB, 7)}. 


(1) Analytical method or set builder from: In this 
method we represent the relation as 

R= {(a, b): ae A, b € B;a....b}; where the dots are 
replaced by an equation connecting image 6 with its 
pre-image a. For example, let R be a relation from set 
A = £1, 2, 3, 4} to set B = {2, 3, 4,5, 6, 7} given by 
R = {(1,3),(@,5),(3,7)}, then it can be represented by 
R={@,y):xE€A,yeB,xRyiffy = 2x + 1}. 
Graphical representation or representation by 
lattice: In this method we take set X along x-axis 
and set B along y-axis, then plot the points (a, b) € 


(iii) 


Relations <_ 1.11 


IR in x-y plane. For example, in above illustration the 
relation can be represented as shown in the diagram 
given below. 


A B 
FIGURE 1.11 


(v) Tabular form: In this form of representation of a 
relation R from set A to set B, elements of A and B are 
written in the first column and first row respectively. 
If (a, b) € R, then we write ‘1’ 1n the row containing 
a and the column containing b and if (a, b) ¢ R, then 
we write ‘0’ in the row containing a and the column 
containing b. 

For example, for the relation R = {(1, 3), (2, 5), 
(3, 7)} from set A = {1, 2, 3, 4} to set B = {2, 3, 4, 5, 
6, 7} we have following tabular representation. 


(Set B) 


FIGURE 1.10 


(iv) By arrow Diagram: In this method, we represent 
the set A and set B by two circles or by two ellipses 
and join the images and their pre-images by using 
arrows as shown below for above illustration. 
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(b) Ordered pair representation of R, = {(1, 2), (2, 4)} 


Arrow diagram representation of R, 


ty 


A B 
FIGURE 1.13 


(c) Ordered pair representation of R, = {(1, 1), (1, -1), (4, 2), (4, -2)} 


Arrow diagram representation of R, 


{7 
Sf 
x 


FIGURE 1.14 


R, 
C| 


ILLUSTRATION 12: The relations R, and R, are defined from R to R as given below: 
R, = {(x, y) Ix — 3| = l, ly - 3| = 1} and 
R, = {(x, y) : 4x? + 9? — 32x — 54y + 109 < 0}. Show that R, c R,. 


SOLUTION: |x — 3| <1 
=> -l<x-3<l 
=> 2<x<4andly—3|<1 
> 2<y<4 


Therefore, the relation R, consists of the 
points, on and inside the square bounded 


by the lines 

x=2,x=4,y =2 andy =4. 

Now for relation R,. 2 A & 8 F 
Also 4x? + 9’ — 32x — 54y + 109 <0 FIGURE 1.15 


=> AG? — 8x + 16) + 967 — by + 9) <36 
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_ A\2 __ 22 
_, &o  O-3 
9 + 


The set R, consists of all the points inside or on the ellipse with centre (4, 3) and 
semi-major and semi-miner axes of lengths three and two units respectively as shown in 
the above Figure 1.15. From above Figure 1.15 it is clear that kk, CR, 


One-Many Relation 
m CLASSIFICATION OF RELATIONS 


Relation R from set_X to set Y is said to be one—many if there 
exists an element in set X which is related with more than 


One-One or Injective Relation 
one element of set Y. 


If different elements of set XY are related with different For example, R, : {(x,,V,). (> V5). &¥3)$ 
elements of set Y. That is,, no two different elements of 
domain are related to same element of set Y, then R 1s said to R; 


be one-one relation or injective relation from set_X to set Y. 
For example, R,: {(x,, ¥,), &,, ¥,)}- 


aa 
on —- 


FIGURE 1.18 
x Y Many-Many Relation 
FIGURE 1.16 Relation R from set_X to set Y is said to be many—many if it 
is many—one as well as one—many. 
Many-One Relation For example, R,: {(X,, 1), V4)» > V3)> 53 V5): 
When there exists at least one group having more than one Re 


element of set XY which are related with same element of 
set Y, then R is said to be many-—one relation from set X 
to set V. aT 
For example, R, : {(x,, V,), V1)» 3 V5) $- 
R, 


La] , 


FIGURE 1.19 


Onto Relation (Surjective Relation) 


A relation R : X > Y is said to be onto or surjective relation 
FIGURE 1.17 if there 1s no such element y € Y which 1s not related with 
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any x €_X, that is, foreach y € Y there exist at least one ele- 
ment x in_X which is related with y. In such a relation, 

Range (R,) = Co-Domain, That is, range of onto rela- 
tion is nothing but the co-domain of the relation. 


For example, R,: {(x,, ¥,), V5). (X53). &» Vp} 


REMARK: 


_ 
ia 


X bd 
FIGURE 1.20 


In onto relation all elements of set X may or may not participate in relation but all elements of co-domain set Y 


participate in relation. 


Bento RELATION 


A relation R : X —> Y 1s said to be into iff there exist at least 
one y € Y which 1s not related with any x € X. That 1s, if 
Range (R,) C Co-Domain, that is, range of relation is a prop- 
er subset of co-domain. For example, 
Ro {> V)> ys Va)> qs V3)5 
Clearly under relation R,, y, has no pre-image in_X. 


R, 


ef 
> 


x 5d 


FIGURE 1.21 


One-One-Onto Relation (Bijective Relation) 


A relation R : X — Y 1s said to be biyective relation iff it is 
both one-one as well as onto. 
For example, 


R,: {&,, ¥4)> V1), Oy V5), 
where X = {x,,x,,x,,x,} and Y = {y,, y,y,)3 


X Y 
FIGURE 1.22 


ILLUSTRATION 13: Find the domain and range of following relations 


(a) R, from set X to set Y ; where XY = {Dashrath, Ram, Bharat, Laxman, Shatrughan} and Y 
= {Koshaliya, Kaikai, Sumitra, Sita, Mandavi, Urmila, Shrutkirti} and classify them as 
many—one/one—one/one—many/many—many as well as onto/into relations. 


(i) R, : {(Dashrath, Koshaliya), (Dashrath, Sumitra), (Ram, Sita), (Laxman, Urmila)} 
(i) R,: {(Ram, Sita),(Laxman, Urmila), (Bharat, Mandavi) } 


(b) R: R — R defined as 
G) Rte = "3 


Gy) R= tay we ys 1 xe} 


(v) K.={@,y)7|¥ | = sin x} 


Gh —tayiyeU vax et ys 1; 
Gv) R, = {@, y): vl s|xl]s 1} 


SOLUTION: (a) (1) For R,; Domain = D, = {Dashrath, Ram, Laxman}; Range = R, = {Koshaliya, 


Sumitra, Sita, Urmila}. Clearly R, is one-many and into. 
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(i) For R,: Domain = Dz = {Ram, Laxman, Bharat}; Range = Rp 


= {Sita, Urmila, Mandavi}. Clearly R, is one-one and into. 


(b) G@) R, = {, y) : x? = y*} 
Now, y” = x’ 

=> ax 

= the given relation contains a pair of straight lines given by 
y=xandy =-—. 


That is, R = {(x, y): y =x ory =-x} 
Therefore, domain and range of relation R are R (set of 
real numbers) and the relation is many—many and onto. 


Gi) R,={@, vy): y20,y<x,x+y< 1}; 
R, represents the shaded region bounded by x-axis, the 
straight line y = x and the straight line x + y = 1 as shown 
in Figure 1.24 given. 


Therefore, Domain of R, = [0, 1]; Range = [0, 1/2]. 


Clearly R, 1s many—many and into. 


(iii) R, = {(x, y): x? + < 1, x20}; R, represents the region 
of semi circle (interior and semi circular arc) of circle 
x? + y* = 1 on might side of y-axis as shown below. 
Therefore, Domain of R, = [0, 1]; Range = [-1, 1]; 
many—many and into (0,-1) 


FIGURE 1.25 


(iv) R, = {@, y): |y |< |x| < 1}; 2, represents the area 
bounded by straight lines y = +x and x = +1 as 
shown below 


Therefore, Domain R, = [-1, 1]; Range = [-1, 1]; many— 
many and into 


(v) Ro={@, y):|y| = sin x}; R, represents the positive portion 
of sine curve along with its reflection on x-axis as shown FIGURE 1.26 
below. 


FIGURE 1.27 


Therefore, Domain of R, = U [2nz, (2n+1)a]; Range of R, = [-1, 1]; 


ned, 


The relation R, is many—many and into. 
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ILLUSTRATION 14: Test for injectivity and surjectivity the following relations 


(a) 
(c) 
(€) 


(g) 


y?=2x-4 (b) x*=2y+ 1 
y=|xl+2 (d) y=J(x-2)(x-4) 
Vee aA (f) xy=4 

1 
yort— Co) {= ftan 


SOLUTION: (a) y* = 2x — 4 = 2(x — 2). The above equation represents 


(b 


mee” 


(c) 


a right handed parabola with its vertex at (2, 0) as 
jhshown below. 


Clearly we have infinitely many pairs of points on the 


curves having same abscissa in (2, 00), one such pair P 
and Q having co-ordinates (x,, y,) and (x,, y,) is shown 


in above diagram. 


Thus the given equation represents one—many relation, 


that 1s, not an injective relation (one-one). Domain of 
above relation is [2, 00) and range 1s (-0, oo). Thus the 


relation is surjective (onto) from ROR. 
l 
x?=2y+ ] -2[y+3 


The above equation represents an upwards 


parabola with its vertex at aoe as shown below. 


] 
Clearly for every input x, output y = > (x? — 1) is 


unique however we get infinitely many pairs of points 
on the curve having same ordinate but different 


abscissae one such pair of points P and Q 1s shown on 
the graph having their co-ordinates (x,, y,) and (x,, y,) 
respectively. 

Thus the given equation represents many—one relation 

and hence not an injective relation. Clearly domain of 


FIGURE 1.28 


X 


1 FIGURE 1.29 
relation is R and range of relation 1s -F . Thus 
the relation from R- R 1s not surjective (onto). y 
However the relation from R to “a 1S surjective. 

=x) 2 
: | ne AY(0,2) 
The graph representing the above relation is as shown 1 
below 
x Xx 

Clearly the relation 1s many—one and hence not injective. 0 
Also domain of relation is (—00,00) and range (2, 00). Thus, 
the given relation is not surjective from R to R. But it is y’ 
surjective from R to [2, 00). FIGURE 1.30 
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(d) y= V(x 2)(x-4) ; Domain of relation = (—co, 2] U [4, 00) and range = [0, oo) 
Thus, the relation is not surjective from R to R. But it is so from R to [0, oo). 
Also y = 0 atx = 2 and atx =4 


= the relation is many—one and hence not injective. 


which represents a rectangular hyperbola as shown 
below. 


Clearly the relation 1s one—many as well as many— 
one with domain (—co, —2] U [2, 0) and range = 
(—00, 00). 


FIGURE 1.31 


Thus, the relation 1s not injective but it 1s 
surjective from ROR. 


(ft) xy=4 
> y=4 
The graph of above relation is as shown below: 


Clearly the given equation represents one-one 
relation, 1.¢., injective with domain R ~ {0} 
and range R ~ {0}. 

Thus the given relation is not surjective from R to y 
IR, but itis so from R ~ {0} to R ~ {0}. 


FIGURE 1.32 
1 
_ + —_—_ 
(g) y=x : 


The above equation represents the graph as shown below 


y 


FIGURE 1.33 


Clearly the given relation is many—one and hence not an injective relation with domain = 
IR ~ {0} and range = R ~ (-2, 2). 


Thus, the relation from R to R is not surjective. 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. Let A ={1, 2, 3, 4, 6}.Let R 1s the relation on A defined 
by {(a, b):a, b € A, b 1s divisible by a} 
(1) Write R in roster form 
(i1) Find the domain of R 
(111) Find the range of R. 
2. Let R ={(x, vy): x, y € Z; (« + y) GY + 2004) 
+] =0}. 
(1) Write R in roster form 
(11) Find the domain of R 
(111) Find the range of R. 


3. Let A = {1, 2, 3, 4, 5} and B = £1, 2, 3.,..., 66, 67}. If 
R be a relation from the set A to the set B defined by 
(1) 18 square root of (1) 1s cube root of 
Find R and also its domain and range. 


. Determine the domain and range of the following 
relations on N. 
(1) R = {(x, x°) : x 1s a prime number less than 10} 
(i) R= {(4x + 3,1 -x):x<4;x EN} 


1 
Qu) R= {(«4) :0< x <4 and x is natural number} 
ys 
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5S. Let RR = {(x, y): x,y € Wy = 2x—4}. If (a,-2) ER (1) set builderform (1) roster form 


and (4, b*) € R, then find the relation R, = {(a, 5)}. 
A B 
6. Find a linear relation between the components of the 


ordered pairs of relation R given by 
R= (0,2), 1.9), 2-H, | | 


7. Let A = £1, 2, 3, 43, B = £1, 2, 3, 4, 5} and R bea ; | 
relation from A to B defined by a R 6 iff alb 
(1) represent R by lattice 
(11) represent R in tabular form FIGURE 1.36 
8. Let A = {1, 2, 3}, B = {4, 5} and R be a relation | 10, Test the given relations for injectivity and surjectivity. 
from A into B given by R = {(2, 4), (2, 5), G, 5)}. (a) 2 = 2x -3 (b) p=x2+4 
Represent R: (c) y=arr+bxt+e (d) y=5x44 
(i) 1n tabular form (1) by arrow diagram Coe J3x—4 


9. Figure 1.36 shows a relation R from set A to set B. 
Write this relation in 


Answer Keys 
1. R = {(1, 1), C1, 2), C1, 3), CL, 4), C1, 5), C1, 6), (2, 2), (2, 4), (2, 6), GB, 3), G, 9), (4, 4), 6, ©}; D, =R, =A 
2. R = {(2002, —2003), (2006, —2005)}, D, = {2002, 2006}, R, = {-2003, —2005}. 
3. (i) R = {C, 1), (2, 4), 3, 9), (4, 16), (5, 25)} ; D, =A; R, = {1, 4, 9, 16, 25} 
Gi) R = {(1, 1), (2, 8), (3, 27), (4, 64) }; D, = (1, 2, 3, 4}; R, = {1, 8, 27, 64} 


BoD = 429 De od On els 125,343, OI) = 4 Ret 
Gu) D, = {35 R, = 

5.10 '=4 (122) (122) 6. 3x +y=2 

9. a) R= {a y): y=x-—2andxe {5, 6, 7}} (ui) R = {(5, 3), ©, 4), (7, 5)} 

10. (a) injective, surjective (b) neither injective nor surjective, many—one 
(c) neither injective nor surjective, many—one (d) injective, surjective 


(e) injective but not surjective. 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. Let A = £2, 3, 4, 5}, then how many relations can be (a) (2)” (b) (12) 
defined on set A? (c) (2)’ (d) None of these 
(a) oS (b) @)" 4. If n(A) = m and n(B) = n and m > n. Let k = number 
(c) (16) (d) (4) of relations defined from set A to set B and p = number 


2. Let A = {a, e, i, 0, u}, then how many relations can be of relations defined from set B to set A, then 


defined on power set of A? (a) k>p (b) k<p 
(a) (2) (b) (2!) (c) k=p (d) Can’t be predicted surely 
(c) (2) (d) None of these 5. Define a relation R on set A = {2, 3, 5, 6, 10} as ‘xRy 
if 'x <y and x divides y’, then the domain of relation 1s 
3. Let A = {1, 2, 3} and B = {a, b, c, d}; then the number (a) {2,3, 5,6, 10} (b) {2, 3, 5} 


of relations that can defined from set A to set B 1s (c) {2, 3, 5, 6} (d) None of these 
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6. Define a relation R on set of natural numbers defined | 10. For a relation to be a function from set A to set B, 


as xRy 1f '3x + Sy = 53', then the range set of relation it should be 

is (a) One-one 
(a) <1, 453 (b)- {1,458} (b) One-many 
(c) {1, 4, 7, 10} (d) None of these (c) Many—one 


7. Define relations R, and R,on set A = {2, 3, 5, 7, 10} (d) Domain of relation should be A 


as xR,y if x|(v — 1) and xR,y if x +y = 10, then the | qq If 4 =f 22 


—3x + 2=0;xe R}, and R 1s a universal 
relation R given by R = R,q R,i1s 


relation on A, then R is; 


ee OL AGT: (a) {0,D,223  — ) {GD} 
(c) {@, 7), (5, 5)} (d) None of these (c) £} (d) {(1,1),(1,2),(2,1),(2,2)} 
8. Define a relation ‘R on set of natural numbers 12. IfA = {1,2,3} and R, = {(1,2),(3,2),(1,3)};R, = {(1,3), 
as x Ry if 'x + y divides 10', then the relation is (3,6), (2,1), (1,2)}, then 
(a) One-one (b) Many—one (a) R, is a relation and R, is not on A 
One-—man (d) None of these ee 
(c) » (b) R, and R, both are relations on A 
9. Define a relation R on set A = {2, 7, 9, 11} defined (c) R, and R, both are not relations on A 
as x R y if 'x divides y' then the relation R 1s (d) None of these 
(a) Many—one 13. Let A = {a, b, c, dt}, B = {b, c, d, e}. Then 
(b) One-many n[(A x B) a (B x A)] 1s equal to 
(c) One-one (a) 3 (b) 6 
(d) A function from set A to set A (c) 9 (d) None of these 
Answer Keys 


1. (b,c) 2 (c) 3. (a) 4. (c) 5. (b) 6. (c) 7. (b) 8. (bc) 9 (c,d) 
10. (acd) (4) 12) 13. (© 


Reflexive Relation 
R:X — VY 1s said to be reflexive iffx Rx V x € X . That 1s, every element of X, must be related to itself. 

Therefore if for each x €_X; (x, x) € R, then relation R 1s called reflexive relation. For a relation to be reflexive from 
set XY to set Y, X must be a subset of Y. 


REMARK: 


IfR:X — Yisa reflexive relation, then its domain is X. For example, if R is a relation on set of integers (Z) defined by 'xRy 
iff x divides y’, then it is reflexive and hence its domain set is Z. 


ILLUSTRATION 15: If XY = 1%, xX 
relation. 


>» X» X,} and Y = {x,, x,, x,, x, x,}, then find which of the following is/are reflexive 


(a) Ry: {&,, x), (,, ¥,)5 (b) Ry: {@,, x,), &,, *,), @, ¥5)} 
(c) Ry: {&,, x), (&,, %), Oy, ¥5), > ¥5),  X)F ) Ry {&, x), &, X,), 5, *,)} 
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SOLUTION: (a) Not reflexive as (x3, x3) ¢ Rl (b) Reflexive 


(c) Reflexive (d) Non-reflexive because (x,, x,) ¢ R,. 


Identity Relation X = {x,,x,, x,} and Y = {x,, x,, x,, x,}, then the relation 
; ace aie i SAG ae A ee) is an identity relation from 
A relation R : X > YF 1s said to be an identity relation if | so yto set ¥ 


each element of X 1s related to it self only. For example, if 


REMARKS 


1. Everyidentity relation from set X to set Y is reflexive relation from set X to set Y, but converse is not true. that is, every 
reflexive relation need not be identity. For example, R : X — Y; where X = {X,, X,,X,3 and 


Y ={x,,X,,X,,X,}, then the relation R = {(X,,X,), (Xp X)r Kay X5), (X,, X,)} is reflexive but not identity relation from set X 
to set Y because x Rx, as well as x, Rx, 


2. IfRis arelation from set X to itself, then the relation is called relation on set X. 
(a) Ris said to be reflexive on set X if xRx V x € X 


(6) R is said to be identity relation on set X if xRx VY x € X and x is not related to any other element and it is 
denoted by!. 


3. Symmetric Relation: R:X-— Y is said to be symmetric iff (x, y) € R= (y,x) ER 


That is, x R y=> yRx. For example, perpendicularity of lines in a plane is symmetric relation. 


ILLUSTRATION 16: If X = {a, b, c} and Y = {a, b, c, d, e, f}; then find which of the following relations is/are 
symmetric relation (s). 


(1) R, = { } that is, void relation (11) R, = {(a, b)} 
(Gi) = {(a, .B); (6, .2),.ta; €), (e. a), (aa); 


SOLUTION: (i) &, is symmetric relation by default 1.e., we have no counter example such that 
(a, b) ER, but (6, a) ZR. 
(11) R, 1s not symmetric because (a, b) € R, but (b, a) ¢ R, and 
(iii) R, is symmetric as (a, b), (a, c), (a, a) € R and (0, a), (c, a), (a, a) E R 


Transitive Relation Le.,x Ry and yR z 

=> XK Z; 
R : X + V 1s said to be transitive iff @, y) € R and For example, the relation ‘being sister of’ among the 
(.z)ER>(x,z)ER members of a family is always transitive. 


ILLUSTRATION 17: If X = {a,b,c} and Y = {a, b,c, d, e} ; then which of the following is/are transitive relation(s). 
(a) R= 44 (b) K, = {(@,a)} 
(c) R, = {(@, a), (c, ad} (d) KR, = {(a, ), (b, a), (a, ¢), (a, a), (¢, a}} 


SOLUTION: (a) X, is transitive relation because it is null relation, 1.e., we have no counter example to 
disprove its non-transitivity. 


(b) R, is transitive relation because all singleton relations are transitive. 
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(c) R, 1s transitive relation as we have no counter example to prove its non-transitivity, 
that is, R, does not contain ordered pairs of the type (x, y) and (y, z) for which (x, z) 1s not 


contained in k,. 
(d) R, is not transitive relation as (b, a); (a,c) € R, but (b,c) ¢ R,, 


NOTE: 


(i) Every null relation is a transitive relation. 
(ii) Every singleton relation is a transitive relation. 


(iii) Universal and identity relations are reflexive as well as transitive. 


Anti-symmetric Relation 


A relation R from set.X to set Y 1s said to be an anti-symmetric 
relation 1ff (a, b) € R and (6, a) €e Ra = b1e.,, for two 
different elements x € X and y € Y, the relation R does not 
contain the ordered pairs (x, y) and (y, x) simultaneously. 
e.g., Relations 'being subset of’; '1s greater than or equal 


to' and ‘identity relation’ are anti-symmetric relations. 
FIGURE 1.37 


REMARK: 
A relation R from set X to set Y may be both symmetric as well anti-symmetric, any one or not both e.g. let X = {1, 2, 3, 
4hand ¥ =(1,2, 3,45, 6} 
R:AA, where n(A) =m 
Number of reflexive relation = 3”°- 


m? +m 


Number of symmetric relation = ar 5 3 


Fromm x m matrix choose all diagonal element and rest element have two choices each. Each elements on diagonal 


and above have two choices, then their symmetric pair is always to be taken. 


Consider the relations: (11) R, 1s symmetric but not anti-symmetric as (1, 2), 
(2,3)ER 
1) R = £(1,1), (2,2 : 
Bs es ‘ : 2.3), (3,2)} => (2,1), (3,2) € R, but 1 ¥ 2 and 2 #3. 
(iii) R a ‘" 1), (2. 2), 3. 4)} ° (ii) R, 1s anti-symmetric but not symmetric as 
Pe ee ee (3, 4) € R, but (4, 3) ¢ R,. 
OD Bg Dee As (iv) &, 1s neither symmetric nor anti-symmetric as (3, 4) 
(i) A, 1s symmetric as whenever ordered pair (x, y) € R, e R, but (4, 3) ¢ R, and (1, 2), (2, 1) both are in R, 
> (y,x) ER, but 1 #2. 


Also R, 1s anti-symmetric as for no two different ele- 
ments x, y the ordered pairs (x, y) and (y, x) occur in R,. 
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ILLUSTRATION 18: Let R be a relation on the set N of natural numbers defined by xRy © ‘x divides y’ for 
allx,yeN. 


SOLUTION: This relation is an anti-symmetric relation on set N. 
Since for any two numbers a,b e N, .a|bandb|a>a=b 
1e,aRbandbRa 
> a=b. 


It should be noted that this relation is not anti-symmetric on the set Z of integers, because 
we find that for any non-zero integer a, aR (—a) and (—a) R a. but a # —a. 


ILLUSTRATION 19: Let a relation R, on the set R of real numbers be defined as (a, b) € R, 1+ ab>0O 
Va,beR. 


Show that R, is reflexive and symmetric but not transitive. 


SOLUTION: We observe the following properties: 
Reflexivity: Let a be an arbitrary element of R. Nowl +a.a=1+a@>0 
= (a,a)€ R, Thus (a, a) € R, for alla € R. SoR, 1s reflexive on R 
Symmetry: Let(a,b)<R, > 1+ab>0 
> 1+ba>0O => (b,ayeR.. 
R, is symmetric relation on R 
Transitivity: Let a = 4,5 =-1/5,c =-1, then 1 + ab =1+4(-1/5)= 1/5 
> 1+ab>0 => (a, bER.. 
Also 1 + be = 1+ (1/5) C1) = 6/5 
> 1+bc>0 => (6,ch)ER, 
Now 1 + ac = 1+4(-1)=-3 <0 
=> (ac) ER, 


R, is not transitive. 


Equivalence Relation as well as transitive. The equivalence relation 1s denoted 

by ~. e.g Relation ‘is equal to' (Equality). Similarity and 
A relation R from a set X to set Y (R: X > Y) 18 said to | congruency of triangles, parallelism of lines are equivalence 
be an equivalence relation iff it 1s reflexive, symmetric | relations. 


ILLUSTRATION 20: Let A = {1, 2, 3}. Which of the following is not an equivalence relation on A? 
(a) (C1, 1), @, 2), G, 3)} (b) {(1, 1), @, 2), G, 3), C1, 2), 2, D5 
(ey {CL LG, 2), 3, 3), 3), G, 23} (d) None of these 


SOLUTION: All the subsets of A x A, given in (a), (b) and (c) are equivalence relation on A, as they are 
reflexive, symmetric and transitive. 


ILLUSTRATION 21: Prove that the relation R on the set Z of all integer numbers defined by (x, y) € R 


<> x —yis divisible by n is an equivalence relation on Z, where v 1s a fixed integer. 


SOLUTION: We observe the following properties 
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ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


Reflexivity: For any ac 7, we havea—a=0xn>a-aisdivisible byn>(a,a)ER 
Thus, (a, a) € R for all a € Z. So, R 1s reflexive on Z. 
Symmetricity: Let (a, b) ¢ R. > (a-— 5) 1s divisible by n 
=> (a-—b)=npforsome pe Z > b-a=n(-p) 
=> b-as divisible by n > (bajyeR 
Thus (a, b)e R => (6,a) € R forall a, b € R. So Ris symmetric on Z. 
Transitivity: Leta, b,c € Z, such that (a, b) € R and (b,c) € R. Then (a, bbe R 
=> (a-b)d)1s divisible by n 


y 


a—b=npforsomepe Z, (b,c)eER 


= (b-c)1s divisible by n => b-c=ng forsomege Z 
(a,b) e Rand (b,c)e R => a—b=npandb-c=ng 
=> (a—b)+(b-c)=np+ ng > a-c=n(p+q) 
=> a-cisdivisible by n > (a,c)ER 
Thus, (a2, 6) e Rand (b,c) eR => (a,c)e€Rforalla,b,ce Z 


So, & is transitive relation on Z. 
Thus, R being reflexive, symmetric and transitive is an equivalence relation on Z 
Given the relation R = {(1, 2), (2, 4)} on set of natural numbers N, add a minimum 


number of ordered pairs so that the enlarged relation is symmetric, transitive and reflexive, 
1.€., equivalence. 


The enlarged relation = {(1, 2), 2, 1), @, 4), 4, 2), U, 4, 4 D, d, 0), @, 2), 
(4, 4)} 1s reflexive, symmetric and transitive 1.e., equivalence. 


2, — 2, 


A relation R on the set of complex numbers C is defined by z,Rz, iff is real. Show that 


eae 
R is an equivalence relation. 


2; — 29 


Given z, R z, iff is real. 
Ze Zs 
ss : 4) oa 2) : : : : - . 
Reflexivity: Now z,Rz, if is real. 1.e., 1ff O 1s real, which is true. 
Z,+Z 
1 1 


=> The relation R is reflexive 


For Symmetry: Also z, R z, is real 
Ai 25 
aes ee 
is real => z,Rz.. 
Zio Zs 


=> the relation R is symmetric. 
For Transivity: Let z, = a+ ib,z,=c + id,z, =e + if be any three complex numbers, 
where a, b, c, d, e, f are reals. 

22. (a—c)+i(b-d) |. 


is real, 1.e., ff —————————_ 1 real. 
ae ee (a+c)+i(b+d) 


_ .. (a—c)+i(b-d) (at+c)-i(b+d) . 
That 1S, iff (0 Hbed). eo 2ibsd) is real 


That is, iff (a’ —c’ +b°—d*) + i[(a+c)(b-d)-(a-c)(b+d)] erie 
(at+cy +(b+dy 


Then z, R z, uff 


ILLUSTRATION 24: 


SOLUTION: 


ILLUSTRATION 25: 


SOLUTION: 


1.€., 
1.€., 
Le: 


Now Z, R Z, and Z R Z: 


=> 
=> 
=> 


Relations 


iff (a + c) (b-d)-(a-—c) (b+ d)=0 

iff (ab — ad + be-cd-—ab—ad-+ be + cd)=0 

iff 2bc — 2ad = 0 1.e., ad = be. 

=> ad = bc andcf=ed 
adcf = bced => af = be when cd#0 
z, R z, and when cd = 0, then transitivity is obvious 

the relation F 1s transitive. 


Hence, the given relation R is an equivalence relation. 


< 


1.25 


If R, and R, are two equivalence relations on a non-empty set A, then show that R, U R, need 
not be an equivalence relation. 


When R, and R, are equivalence relations, then both R, and R, are reflexive as well as 
symmetric. 


Also R, vu R, will be reflexive and symmetric, but R, U R, need not be transitive. 


For example, on set A = {1, 2, 3} 


Both R, = {(1, 1), 2, 2), (3, 3), C1, 2), 2, 1} and R, = {(1, 1), @, 2), G, 3), (2, 3), 3, 2)} 
are equivalence relations but R, u R, is not an equivalence relation as (1, 2) € R, U R, and 
(2,3) eR, UR, but (1, 3) ¢ R, UR, thus showing that R, v R, 1s not transitive. 


Which of the following is not an equivalence relation on Z, the set of integers? 


(a) 
(c) 


xRy <x + y 1s an even integer. (b) xRy Ox <y. 
xRy <> x — y 1s an even integer. (d) xRyOx=y 


(a) Reflexivity: Let xRx iff x + x 1s an even integer 


y 


YUU Y 


(c) 


iff 2x 1s an even integer, which is true. 

Symmetry: Let xRy > x + y 1s even integer > y + x 1s even integer 

yRx 

Transitivity: Let xRy and yRz > x + y 1s even integer and y + z 1s even integer. 
(x + y) + (y + z) 1s even integer 

x + 2y + z 1s even integer 

x + z 1s even integer as the sum of two even integers is an even integer. 

xRz. 

Thus, the given relation is an equivalence relation 

Reflexivity: Let xRx iff x <x which 1s false. Thus R 1s non-reflexive. 
Symmetry: LetxRy>x<y#% y<xie, yx. Thus R is non-symmetric. 
Transitivity: Let xRy and yRz >x<yandy<z—>~x <z. Thus R 1s transitive. 
Thus, the given relation is not an equivalence relation. 

Reflexivity: Let xRx 1ff x — x 1s an even integer. 

Iff zero 1s an even integer, which is true. 

Symmetry: Let xRy > x-— y 1s even integer > y — x 1s even integer. 

yRx 

Transitivity: Let xRy and yRz > x — y 1s even integer and y — z 1s even integer. 


(x — y) + (y — z) 1s even integer 
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ILLUSTRATION 26: 


SOLUTION: 


ILLUSTRATION 27: 


=> 
=> 


(d) 


=> 


x — z 1s even integer 

xRz = R1s transitive 

Thus the given relation is an equivalence relation 

Reflexivity: Let xRx iff x = x which 1s true. Thus, RF 1s reflexive. 
Symmetry: LetxRy >x=y > y =x. Thus, R is symmetric. 
Transitivity: Let xRy and yRz >x =yandy =z 

x =z. Thus, R 1s transitive. 


Thus, the given relation is an equivalence relation. 


Let A = {a, b, c} and R = {(a, a), (6, 5), (c, c), (b, c)} be a relation on A. Show that R is 


(a) 
(c) 


reflexive (b) non-symmetric 


Anti-symmetric (d) transitive 


(a) Reflexivity: Since x R x for all x € A, therefore, R 1s reflexive. 


(b) 


(c) 


(d) 


Non-symmetry: As bRc bute Kb ie., (b, c) € R but (c, b) ¢ R, therefore, R is not 
symmetric. 


Anti-symmetry: As for any two distinct x, y € IR, both (x, y) and (y, x) do not belong 
to R. 


Therefore, R 1s anti-symmetric. 
Transitivity: Further 2 1s transitive as whenever xRy and yRz, then xRz. 
(Here, bRb and bRe => bRc). 


Equivalence class of an element: If R is an equivalence relation on a setA1e.,R:A 
— A is an equivalence relation, then for an element x € A, equivalence class of element 
x 1s denoted by [x] and is defined as [x] = {a € A: (a, x) € R}. 


Further various equivalence classes of elements of A are either identical or disjoint and 
their union covers the set A. 


If A, A,, A, ....,A, are equivalence classes on set A, then either A, = A, or An A, =oV 
i,j and 4 =A. 
i=] 


The sequence A,, A,, A,, ... , A, called a partition of A if each A, represents a different 
equivalence class, 


i.e. Ai Aj = o and (J Ai= A. 


i=] 


In the set W of whole numbers an equivalence relation R 1s defined as follows. ‘a R 6 iff both 
a and b leave same remainder when divided by 3’. 


SOLUTION: Equivalence class of 1 = [1] = {ae W,aR1}={ae W,a=5p+r,1=5q +r, for some p, 
qe W)} 
={aeW,a=S5p+ l|lsasl=5qt+r 


=> 


q=0,r=1 
[1] = {1, 6, 11, 16, 21 ...} 


COMPOSITION OF RELATIONS 


Let R and S be two relations from set A to B and B to C 
respectively. Then we can define a relation SoR from A to C 
such that (a, c) €e SoR <4 5b € B such that (a, 5) € R and 
(bcaeS. 

This relation 1s called the composition of R and S. 
Diagrammatically it is as shown bellow. 
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FIGURE 1.38 


og ERSE OF A RELATION 


Let A, B be two sets and let R be a relation from a set A to 
B. Then the inverse of R, denoted by R™, is a relation from 
B to A and 1s defined by R™ = {(6, a): (a, b)ER}. Clearly, 
(a,bhe RO (baeR". 

Also, Dom (R) = Range (R") and range (R) = Dom (R"). 

e.g. Let A = {1, 2, 3, 4} and B = £2, 3, 4, 5}. 

Define a relation R from A to B as xRy iff y =x + 1, 
then R = {(1, 2), (2, 3), G, 4), (4, 5)}. 

=> R= {@, 1), GB, 2), , 3), 6, 4} 

Thus, we can define R™ a relation (say R,) from B to A 
as xR y iffy = x— 1. The arrow diagram given below repre- 
sents the relations R and R™. 


REMARK: 


R:R(x)=x+1 


R-t: R-'(x) = x-1 
FIGURE 1.39 


(SoR)"' = R"'0S"'; where R is a relation from A to Band S is a relation from B to C. 


Proof: Let (x, y) €(SoR)"' 
<> (y,x) € (SOR) = (SOR)(y) =x 
= SIR(y)] =x = (Rly), x) € S$ (x, Rly) eS"! 
<= SO) =Riy) <> RW) =S 0) SRS 00) = 
© R'oS' (x)=ya (x,y) € R'0S" 
<> Sok =k oS”. 
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=) 


=) 


IMPORTANT REMARKS AT A GLANCE 


If number of elements in A: n(A) = m and n(B) = n, 
then number of elements in (A x B) =m x n. 

Since A x B contains all such ordered pairs of the type 
(a, b) such that a €A and b € B, that means it includes 
all possibilities in which the elements of set A can be 
related with the elements of set B. Therefore, A x Bis 
termed as largest possible relation defined from set A 
to set B, also known as universal relation from A to B. 


If A CB, then (A x B) A (Bx A)=A2=AXA 


If A has m elements and B has n elements, then number 
of relations that can be defined from A to B = 2”*”. 


If A 1s a set containing n elements, then the number of 


relations that can be defined on set A = (2) 


2 
n 


L) If A and B are two non-empty sets having n elements 


in common, then A x B and B x A have n’ elements in 

common. 

If A is related to B, then symbolically it 1s written as 

(aRb), where a 1s pre-image and 5 is image. 

If A is not related to B, then symbolically it is wntten 

asa & b. 

Every relation from A > B 1s a subset of A x B. 

Every function is a relation but every relation cannot 

be a function. 

Relations can be represented in following 5 ways 

1. As aset of ordered pair: (Roster form) 

2. Graphically (by lattice) — Plotting the points 
on x —y plane 

3. Diagrammatically (by using arrow diagrams) 


4. Analytically (set builder form) > Representing 
relation as an equation in x andy. e.g., y = Vx 

5. Tabular form: Arranging the elements of set A 
along first column and the elements of set B along 
first row and putting '1' in the row containing a 
and column containing 5 if (a, b) € R and 0 if 
(a,b) ¢éR 


L) All identity relations are reflexive but all reflexive 


relations are not identity. 


L) If a relation comes out to be neither One-—many nor 


Many-one, then it 1s classified as One—one relation. 


LY » or £ } is called null or void relation. 1.e., relation 


having no element. e.g. If A = {2, 3, 5}, B = £7, 11}, 
then the relation R from A to B defined by (a, b) € R, 
if 'a divides 5'1s a null or void relation, because there 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


. Let R be a relation from N to N defined by 
R = {(a, b): a + b? = ab}. Are the following true? 

a) (jaeRVaeNn 

ai) (aa bbe RO (baeR 
au) (a,b) é R, (b,c) Ee R>(a,ch)eER 
. Let R be a relation from Q to Q defined by 
R = {(a, b): a,b € Q anda—be Z}. Show that 

(i) (a,a)e Rforallae Q 
a) (a,bheR>(baeR 
. Let A = {2, 3, 6}. Which of the following relations on 
A are reflexive? 

G) R, = {@, 2), G, 3), (6, 6)} 

(iu) R, = {(2, 2), G3, 3), G, 6), (6, 3)} 
Gi) R, = {(2, 2), (3, 6), (2, 6)} 
OW) P= 425. 2)sG 3)3195-6);- (6,0) (05.3)} 
. Let A = {1, 2, 3, 5}. Which of the following relations 
on A are symmetric? 

G) R, = {C, 2), @, 3)} 

Cu), = 4.1, 2)(2,3), 355); G, 2) O13) 2, )} 
Gu) R,= {(1, 1), 2, 2), G, 3), G, 5), 3, 5)} 
Gv) R,=AxA 
. Let A = £2, 3, 4, 5, 6}. Which of the following 
relations on A are transitive? 

G)-K, = 1233); G;6)} 

(Gi) A= 42, 2),G, 4), 4, 4), G4; 9)3 
Gu) R, = {(2, 4), (4, 5), (2, 5)} 
Gv) Ry = 4 293) Gy 2)4, 5), O.4)5 


LJ 


6. 
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is no element in A which divides any element of B. 
1e.,R={}oro. 

Every null relation 1s a transitive relation. 

Every singleton relation 1s a transitive relation. 


Universal and identity relations are reflexive, as well 
as transitive. 


Identity relation 1s 
anti-symmetric both. 


symmetric as well as 


Union of two reflexive (or symmetric) relations on a 
set A also reflexive (or symmetric) on set A. 


Union of two transitive relations need not be transitive 
on set A. 

Union of two equivalence relations need not be 
equivalence. 


Let A={1, 2, 3, 4}.Which of the following relations on 
A are reflexive, symmetric and transitive 
G) R, = {C, D, @, 2), GB, 3), 4 4), C, 3), BG. 4} 
(1) R, = {(@, 4), , 2)} 
(i) R, = {(4, 3), 2, 4} 
(iv) R,=AxA 


. Let R be the relation on the set R of real numbers 


defined by (a, b) € Rif 1 —ab> 0. Show that the rela- 
tion R is symmetric, but not reflexive and transitive. 


. Test whether the following relations are reflexive, 


symmetric and transitive. 
(i) R, on Z defined by (a, b) € R, iff |a—b| <7 
(11) R, on Q defined by (a, b) € R, iff ab = 4. 
(1) R, on R defined by (a, b) € R, iff a’ — 4ab 
+ 3b? = 0. 


. Classify the following relations in terms of Reflexive 


(A) Symmetric (B) and Transitive (C) relations also 

state which of them are equivalence relation. 

R;: Z> Z, ( aR, b iff ais divisible by b;} where Z is 
set of all integers. 

R,: A > A where A 1s set of all triangles defined as{A, 
R, A, iff A, and A, are similar} similarity of triangles. 

R,: L— L, where L 1s set of all lines on a given plane 
defined as {L,R, L, iff L, 1s || L, } parallelism of 
lines 

R,;: L +L, where L 1s set of all lines on a given plane 
defined as {L,R, L, if L, 1 L, } perpendicularity 
of lines 
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(a) (a, b) R (c, d) iff ad(b + c) = be (a+ ad) 
(b) (a, b) R (c, da) iffat+d=bt+e 

(c) (a, b) R (c, d) iff ad = be 

(d) None of these 


R.: H — H, where 7 is set of all members of a family 
and relation is being sister of. 1.e., {a R, 6 iff ais 
sister of b} 

Rz N +N, where N is a natural numbers defined as 
{aR, biffa—be N} 

R.: RK — R; where R is set of real numbers defined as 
{aR, bitfazb} 


10. Let N denote the set of all natural numbers and R 
a relation on N x N. Which of the following is an 
equivalence relation? 


11. For real numbers x and y, we writex Ry Ox -y 
+3 is an irrational number. Then the relation 
Ris 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


Answer Keys 
1. G) False (i) True (iii) True 
3. (1) and (iv) 4. (a1) and (iv) 5. (111) 


6. (1) only reflexive (ii) only symmetric 

(iv) Reflexive, symmetric as well as transitive 1.e., equivalence. 
7. (1) Reflexive and symmetric but not transitive. (11) only symmetric. 
Or er ADC Re AB CR eB ha CC AC 
10. a, b,c ll. a 


(1) Nothing 


(111) only transitive. 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


1. Define a relation R on set A = £2, 3, 4, 9, 16} as xRy (a) reflexive and transitive 


if 'x? = y', then ROR" is 

(a) Identity relation on set A 

(b) Identity relation on Domain set of R™ 

(c) Reflexive relation on A 

(d) Reflexive and symmetric relation on Domain of R™ 


2. Define two relations R, and R,on set {10, 20, 30, 


40, 50} as xR,y if 'y—x = 10! and xR,yif x divides 

(x + y); then the relation (R, 0 R,)'is 

(a) {(20, 10), (30, 10),(30, 20), (40, 10), (40, 30), 
(50, 10), (50, 20), (50, 40)} 

(b) £(20, 10), (30, 20), (40, 30), (50, 20)} 

(c) {(20, 10), (30, 30), (40, 40), (50, 20)} 

(d) None of these 


. The relation on set of natural numbers defined as xRy 
if 'x + y + 4xy' is an even number, then R is 
(a) reflexive (b) symmetric 


(c) transitive (d) equivalence 


4. Let A = {2, 3, 4, 5} and let R = {(2, 2), G, 3), (4,4 


(5, 5), (2, 3), GB, 2), 3, 5), (5, 3)} be a relation in A. 
Then R is 


(b) reflexive and symmetric 
(c) reflexive and anti-symmetric 
(d) None of the above 


. If Risarelation on A such that R = R", then R is 


(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


. Let R and S be two relations on a set A. Then: 


(a) Rand S are transitive, then R U S1s also transitive 
(b) R and S are reflexive, then R U S 1s equivalence 
(c) R and S are symmetric, then R U Sis equivalence 
(d) R and S are reflexive, then R U S'1s reflexive 


. A set of points in a plane is denoted by P. Let 


P,P, € P, then P,R P, & P, and P, are equidistant 
from origin; then which statement(s) 1s/are correct? 
(a) R is reflexive but not symmetric. 

(b) R is reflexive, symmetric but not transitive 

(c) R is reflexive, symmetric and transitive 

(d) R is not an equivalence relation. 


. N isthe set of natural numbers. The relation R is defined 


on N as follows (a, b) R(c, 2) @at+d=b+teis 


10. 


11. 


12. 


13. 


(a) reflexive (b) symmetric 


(c) transitive (d) All of these 


The relation R defined on the set N of natural numbers 
by xRy © 2x’- 3xy + y?=0 1s 

(a) symmetric but not reflexive 

(b) only symmetric 

(c) not symmetric but reflexive 

(d) None of these 


The minimum number of elements that must be 
included to the relation R = {(1,2), (2,3)} on the set 
{1,2,3} so that it 1s equivalence is 

(a) 4 (b) 7 

(c) 6 (d) 5 


If R is a relation from a set A to a set B and Sis a 
relation from set B to a set C, then the relation SoR: 
(a) is from A to C (b) is from C to A 

(c) Does not exist (d) None of these 


If Rc Ax BandS cB x C be two relations, then 
(SoR)" is equal to 
(a) S'oR" 

(c) SoR 


(b) R'oS? 
(d) RoS 
Consider the following statements: 


(1) Identify relation on a finite set A is the greatest 
relation on A 


Answer Keys 
1. (bd) 2 (a) 3. (a,b,c,d) 4. (b) 5. (b) 
11. (a) 12. (b) 13. (b) 14. (b) 15. (a) 


14. 


15. 


16. 
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(2) The universal relation on a set containing at least 
two elements is not anti-symmetric. 

(3) The union and intersection of two symmetric 
relations are also symmetric relations. 

(b) only 2 and 3 

(d) All of these 


(a) only | 
(c) only 3 and | 


If R and R' are symmetric relations (not disjoint) on a 
set A, then the relation R ~ R'is 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


Let m = number of elements in a reflexive relation 
defined on set A and nm = number of elements in an 
identity relation defined on set A, then 


(a) m2n (b) m<n 
(c) m=n (d) None of these 
The set S = {1, 2, 3, ..., 12} 1s to be partitioned into 


three sets A, B, C of equal size. Thus, AU BUC =S, 
ANB=BAC=AQC =9. The number of ways to 
partition S'is 


12! 12! 
@) FB ©) Gp 
12! 12! 
(c) Bn! (d) 304)? 
6) 72© &d) 9966) 100) 
16. (b) 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 


OBJECTIVE-TYPE SOLVED EXAMPLE 


1. If A = {1, 2, 5, 6} and B = {1, 2, 3}, then 


(A x B)  (B x A) equals. 

(a) {C, 1), 2, 1), ©, 1), G, 2)$ 

(b) {C, 1), C1, 2), @, 1), @, 2)5 

(c) {U, 1D, @, 2)3 

(d) C1, 1), C1, 2), (2, 5), 2, 6)} 

Solution: (b) 4 = {1, 2,5, 6} and B = £1, 2, 3} 
Now (A x B) 9 (8 x A) = (ANB) x (BO A) 

D. (AxB)aA(CxD)=(4N0C)x (BaD) 

=(4 7 B)x (AN B)= {1,2} x £1, 2} 

= iC, 1), C, 2), 2 D, ©, 2)5- 


. If A, B, C are non-empty sets such A 4 C = 9, then 
what is (A x B) mM (C x B)? 

(a) AxC (b) Ax B 

(c) BxC (d) o 


Solution: (d) (4x B)A(C xB) 

=(AnNC)x (BOB) 

=9xB=9 

. If A = {a, b}, B = {c, d}, C = {d, e}, then {(a, c), 
(a, d), (a, e), (b, c), (6, d), (6, e)} 1s equal to 

(a) AN (BUC) (b) AU(BNC) 

(c) Ax (BUC) (d) Ax (BOC) 


Solution: (c) Clearly AN (BUC) 

and A U (B JC) do not contain ordered pairs. 

So the answer can’t be (a) and (5) 

Now (B 4 C) = {d} anddA x (BOC) 

= {a, b} x {d} = {(a, d), (6, d)} 

So (d) 1s incorrect. 

Next (B U C) = fc, d, e} 

> Ax (BUC) = {a, b} x {c, d, e} = {(a, c), (a, d), 
(a, e), (6, c), (6, a), (6, e)} 


(c) 1s correct. 


ah Oe (2 Ss ZO} Sa Deed) 4c, 
J}. The number of elements of (S, x S,) U (S, x Sj) 1s 
(a) 100 (b) 120 

(c) 140 (d) 40 


Solution: (b) S, x S, has 20 x 4 = 80 elements 

S, x S, has 20 x 4 = 80 elements 

Number of common elements = 20 x 2 = 40 

[’.. 5 and d are common elements in S, and S,] 
Number of elements of (S, x S,) U (S, x S,) 
= 80 + 80 — 40 = 160 — 40 = 120. 


. LetdA = {@, vy): vy=e%~ix € R}, B= {x y) vy = e%, 


x € R}. Then: 

(a) AN B=0 (b) AN BO 
(c) AUB=R (d) None of these 
Solution: (b) y = e* andy =e* 

=> e=e* = a a | 

=> e* =e? => 2x=0 

=> x=0 

. p=e=] 


A and B meet at (0, 1) 
Hence, AN B40 


. LetA = {@, vy): y=e7,x€ R}, B= {& y):yv=x,x 


e€ R}. Then: 
(a) BCA (b) ACB 
(c) ANB=0 (4) AUB=A 


Solution: (c) y=e*andy =x 

=> €:=x 

=> Nox € R as e* and y = x do not intersect each 
other. 
Hence A 1 B= 9. 


. Consider the following with regard to a relation R on 


a set of real numbers defined by xRy if and only if 3x 
+ 4y = 5. Consider the following three statements: 


] 
1. ORI 2. IR- 
2 
ee 
3 4 


Which of the above are correct? 
(a) 1 and 2 only (b) 1 and 3 only 
(c) 2 and 3 only (d) 1,2 and 3 


Solution: (c) 3x +4y=5 
5—3x 
4 


> y= 


10. 


. If the 


2 
we are to find y for x = 0, 1, 3 (By given options) 


] 


=> y= —forx=0;y= Pe eS 


2 
forx = — 


3 
2.3 

=> I1R— and —R-— 
2 3 #4 


= (2) and (3) are true 
=> (c) is correct option. 


set A and B 


y= 


ry 
Klw BIlN 


are defined as: 


l 
A= {cuyiy=t0exer}.B {(x, vy): y=-x,x 
x 


e R}, then 
(a) AN B=A 
(c) AN B=9 


(b) ANB=B 
(d) None of these 


| 
Solution: (c) y= — andy=-x 
x 


oe 


> X=- 
> xé€éR. 
. ANB=0. 


. What is the set of points (x, y) satisfying the equation 


xr +y=4andx+y=2? 

(a) {(2, 0), (2, 0), O, 2)5 

(b) {(, 2), O, -2)} 

(c) 10, 2), (2, O)§ 

(d) {(2, 0), (-2, 0), (, 2), 0, -2)$ 


Solution: (c) r+y=4;x+ty=2 
> r+(2-xy=4 
=> 2x?-4x =0 
=> x=Oorx=2 

for x = 0,y = 2 and forx = 2, y = 0 

{@ y)ixe t+ y=4,x ty = 2} = {O, 2), 2, 0)} 
Let R = {(1, 3), (4, 2), (2, 4), 2, 3), G, 1)} be a 
relation on the set A = {1, 2, 3, 4}. The relation 
Ris 
(a) a function (b) reflexive 


(c) not symmetric (d) transitive 


Solution: (c) R& is not a function as element 2 has 
two images 4 and 3. 

Also R is not reflexive as no element of A is related 
with itself. 


11. 


12. 


13. 
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Further (2, 3) € R but (3,2) ¢ R 

Hence, R is not symmetric. 

Also R is not transitive as (2, 4), (4, 2) € R but 
(2,2) ZR. 


Let R = {(G, 3), (6, 6), (9, 9), 12, 12), (6, 12), 
(3, 9), (3, 12), (, 6)} be a relation on the set 
A = £3, 6, 9, 12}. 

The relation 1s 

(a) reflexive and transitive only 

(b) reflexive only 

(c) an equivalence relation 

(d) reflexive and symmetric only 


Solution: (a) R is reflexive and transitive only. 

Since (3, 3), (6, 6), (9, 9), (12, 12) E R 

=> R1s Reflexive 
and (3, 6), (6, 12), (3, 12) E R 

=> R is transitive. Further R is not symmetric as 
(3, 9), (6, 12), (3, 6), (3, 12) € R but their inverses 
(9, 3), (12, 6), (6, 3), (12, 3) € R. 

Let W denotes the set of words in the English 

dictionary. Define the relation R by: R = {(x, y) € 

W x W | the words x and y have at least one letter in 

common}. Then R is 

(a) not reflexive, symmetric and transitive 

(b) reflexive, symmetric and not transitive 

(c) reflexive, symmetric and transitive 

(d) reflexive, not symmetric and transitive 


Solution: (b) Reflexivity: Clearly (x,x)<& RVxeE 
W as every word has all letters common to itself. So, 
R is reflexive. 

Symmetricity: Let (x, y) € R, then (vy, x) € R asx 
and y have at least one letter in common. 

So, R is symmetric. 


Transitivity: But R 1s not transitive for example let 
x = DELHI, y = CHANDIGARH and z = AMBALA, 
then (x, vy) € R and (y, z) € R but, z¢€R. 


Let X be the set of all graduates in India. Elements x 
and y in_X are said to be related if they are graduates 
of the same university. Which one of the following 
statements is correct? 

(a) Relation is symmetric and transitive only 

(b) Relation is reflexive and transitive only 

(c) Relation is reflexive and symmetric only 

(d) Relation is reflexive, symmetric and transitive. 


Solution: (d) Reflexivity: xRx iff x and x are 
graduates of same university, which is true. 
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14. 


15. 


Symmetricity: 
same university 


xRy => x and y are graduates from 


=> y and x are graduates from same university 

=> yRx 

Transitivity: xRy and yRz 

=> x andy are graduates from same university as well 
as y and z are graduates from same university. 

=> x,y and z are graduates from same university 

= x and z are graduates from same university 


=> xRz. 


Let M be set of men and R 1s a relation ‘is son of’ 
defined on MZ. Then R is 

(a) an equivalence relation 

(b) a symmetric relation only 

(c) a transitive relation only 

(d) None of the above 


Solution: (d) Reflexivity: As nobody can be son 

of himself so the relation R can’t be reflexive 

Symmetric: xy 

=> xisson of y 

= y is father of x 

=> ycan’t be son of x 

> yRx. 

Transitivity: Let xRy and yRz 

= xisason of y and y is a son of z 

=> x 1s a grand son of z 

> xKz. 
The given relation is neither reflexive nor 
symmetric, transitive 


Let R be the real line. Consider the following subsets 
of the plane R x R. 

S= {x y):y=x+ 1 and0 <x <2}, T = {@, y): 
x — y1s an integer}. Which one of the following 1s true? 
(a) neither S nor 7 is an equivalence relation on R 
(b) both S and 7 are equivalence relations on R 

(c) Sis an equivalence relation on R but 7 is not 

(d) 7 is an equivalence relation on R but Sis not 


(d) Reflexivity: T= {(x, y):x-ye Z} 
xTx iff x —x = 0 €Z; which 1s true 


Solution: 


= T1s a reflexive relation 

Symmetricity: Let x/y 

>x-yel => y= eel 

=> ylx T is symmetrical also 
Transitivity: Let x7y, yfz 

> x-yeZandy-zeZ 
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> (x-yt+Qqy-zeZ 
>x-zeZl => xz 
= Ts also transitive. 
Hence, 7 is an equivalence relation. 
Clearly,x#x+1 35> @wwNES 
.. S1s not reflexive 
= Scan’t be an equivalence relation. 


Consider the following relations. R = {(x, y) | x, 
y are real numbers and x = wy for some rational 
number w} 


m 
S = { (2) | m,n, p and q are integers such that, q 
nq 


#0, #0 and gm = pn}. Then 

(a) Neither R nor Sis an equivalence relation 

(b) Sis an equivalence relation but R is not an equiva- 
lence relation 

(c) R and S both are equivalence relations 

(d) R is an equivalence relation but S'is not an equiva- 
lence relation. 


Solution: (b) Reflexivity: xRx as x = 1.x and 1 is 
a rational number. 


— §— iff m.n = m.n, which is true. 
n on 


Thus, R and S are reflexive relations. 


Symmetricity: Let xRy 
=> x =wy for some rational number w 
| 
> yr —%X 
Ww 
= ykRx provided w # 0, but if x = O and y 1s any 
non-zero integer, then x = Oy and there exist no 
rational number w for which y = wx. 
=> yx thus R is not symmetric. 


Next let moe 
nh q 


=> mgq=pn => pn=mgq 
m 
_ Pym 
q sn 


= Sis asymmetric relation. 

Transitivity: Let xRy and yRz 

=> x=wyandy =w,z for some w,,w,< Q 
> x=w,(w,z) = (ww, )z 

=> xRzasw,.w,eQ 


Now let Ce and ac n,g,t#0 
n q q t 


17. 


=> mg = np and pt = qr 
=> mapt = npqr 
=> mt =nr,asq #0, p #0 (asif p = 0, then mg = 0 
m r 
> m=0> maf. 0) 
noqit 
m 
eee 
n t 
= Sis transitive. 
= S is an equivalence relation but R is not an 


equivalence relation 


Consider the following relation R on the set of real 

square matrices of order 3. 

{(A, B)|A =P" BP for some invertible matrix P} 

A: R 1s an equivalence relation. 

R: For any two invertible 3 x 3 matrices M and N, 
(MN) = N'M!". Now answer 

(a) If both assertion and reason are correct, and reason 
is the correct explanation of the assertion. 

(b) If both assertion and reason are correct, but reason 
is not correct explanation of the assertion. 

(c) If assertion is correct, but reason is incorrect 

(d) If assertion is incorrect, but reason is correct 
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Solution: (a) Reflexivity: As A = PAP when 
P = IJ,, the identity matrix of order 3, 


we get (A, A) € R V real square matrix A of 
order 3. 
R 1s reflexive. 


Symmetricity: Let us assume (4, B) € R 

= There exists a non-singular matrix P such that 
A=P" BP 

= B=PAP'=(P")' AP! 


E |\P "|= a #0 > P'is invertible 
Thus, (B, A) € R 
R 1s symmetric 
Next, assume that (4, B) € R and (B,C) eR. 

=> A =P" BP and B = Q' CO for some invertible 
matrices P and O 

| A=P7@Q'1C QP =(P7Q)C @P) 
= (OP)' C (QP) [using Reason] 

> 4%0€ER.[°- |OP| = |O|P| 40 as |P| 4 0, |O| #0 

‘. Assertion is true and Reason is true and is correct 
explanation for Assertion. 


SECTION-II 


SUBJECTIVE-TYPE SOLVED EXAMPLE 


. Let A = £1, 2} and B = {3, 4}. Write all subsets 


of A x B. 


Solution: Given, A = {1, 2} and B = £3, 4} 

. Ax B= {C1, 3), d, 4), 2, 3), 2, 4)} 
Subsets of A x B are o, {(1, 3)}, £1, 4}, £(2, 3)}, 
{(2, 4)}, 1C, 3), C1, 43. 1d, 3), @, 3)3, tC, 3), 
(2, 4)}, (0, 4), @, 3)3, aC. 4), 2. OF, 1G 3), 
(2, 4)5, (CL, 3), C, 4), 2, 3)55 UCL, 3), C1, 4), Z, 4), 
{(1, 4), 2, 3), 2 HD}, {, 3), @, 3), 2, Dj, A x B 


. IfA = §2, 33, B = {4, 5} and C = £5, 6}, then find 


(i) Ax (BUC) 
(iii) (Ax B)U(Bx ©) 


Solution: (1) BUC = {4, 5, 6} 
Ax(BOOC) = {2, 3} x {4, 5, 6} = {(2, 4), (2, 5), 
(2, 6), (3, 4), G3, 5), (3, 6)5 
(1) BAC = £5} 
Ax(BOC)= £2, 3} x {5} = {(Q, 5), 3, 5)} 


(ii) Ax (BOC) 


(iii) A x B= {2, 3} x {4, 5} = {(2, 4), (2, 5), G. 4), 
(3, 5)5 
Bx C = {4, 5)} x {5, 6} = {(4, 5), (4, 6), (5, 5), 
(3, 6)§ 
(A x B)U (Bx C) = {(2, 4), (2, 5), 3, 4), GB, 5), 
(4, 5), (4, 6), ©, 3), O, O)5 


3. Let A = £1, 2,3, 4} and S = {(a,5):aeA,beA,a 


divides b}. Write S explicitly 


Since | divides 2, 3, 4 and 2 divides 4 
3 does not divide any of 1, 2 and 4 


Solution: 


4 does not divide any of 1, 2 and 3 
Also 1 divides 1, 2 divides 2, 3 divides 3 and 4 divides 
4. 
Hence, S = {(a, b):a € A, b € A, a divides b} 
= 4d) Cl 2) Cla) Cl C228 3, 3), 
(4, 4)} 


4. If R is the set of all real numbers, what do the 


Cartesian products R x R and R x R x R 
represent? 
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Solution: Rx R = {(@, y):xe R,ye R} 

Hence R x R represents the coordinates of all the 
points in x-y plane 

Again R x R x R= {(@, y,z)}: x,y,z e€ R } 

Hence R x R x R represents the coordinates of all the 
points in three dimensional space. 


. IfAx B= {(a, x), (a, y), (6, x), (6, y)}. Find A and B 


Given A x B = {(a, x), (a, y), (b, x), (b, y)} 

‘. A =set of first components of all ordered pairs in 
A x B = {a, b} and B = set of second components 
of all ordered pairs in A x B = {x, y} 


Solution: 


. If A and B are two sets such that A x B consists of 


6 elements and if three elements of A x B are (3, 3), 
(1, 3) and (2,5), then what are its remaining elements? 


Solution: Since (1, 3), (2, 5), (3, 3) € A x B. So 

clearly 1,2,3 € Aand3,5¢€B 

Given n(A x B) =6 => n(A). n(B)=6 

But 1,2,3 € Aand3,5e8B 

Hence, A ={1, 2, 3} and B = £3, 5} 

. Ax B= {d, 3), 0, 5), @, 3), 2, 5), GB, 3), B, 5)} 
Remaining elements of A x B are (3, 5), (1, 5) and 
(2, 3). 


. Let A and B be two sets such that n(4) = 5 and 
n (B) = 2. If a, b, c, d, e are distinct elements and 
(a, 2), (b, 3), (c, 2), (d, 3), (e, 2) are in A x B, then find 
the sets A and B. 


Solution: Since a, b, c, d, e are distinct and (a, 2), 
(b, 3), (c, 2), (d, 3), (e, 2) are elements of A x B. 
Therefore, a, b, c, d, e are in A. 
But n(A) = 5 
. A= {a, b,c, d,e} 

Again n(B) = 2 and (a, 2), (6,3) € A x B 

B = §2, 3}. 


. The Cartesian product A x A has 9 elements among 
which two are (—1, 0) and (0, 1). Find the set A and the 
remaining elements of A x A. 


Solution: Let n(A) =m 
Given, n(4 x A)=9 => (A). n(A)=9 
>m.m=9 > m=3 
n(A) = 3. 
Now (-1,0) Ee A x A 
> -leAand0OeEA 
Again (0,1) € AxA 
> 0OEeAandleA 


9; 


10. 


11. 


12. 


Thus, -1 € A,0 € Aand1l eA 

But A has exactly three elements, therefore 
A = {-1, 0, 1} 

Remaining elements of A x A are (-1, -1), 1, 1), 
(0, -1), (0, 0), 1, -1), G1, 0), C1, 1). 


Prove that A x o = 6 for any set A. 


Solution: (x,y) € Axo > ye 6 (contradiction) 


Thus there is no element (x, y) in A x o 
. Axd=0 
Prove thatdA x B=0GA=oO0rB=6 


Solution: Let A x B = 6 .Then it is to prove that 
either A = dor B=0 

Suppose, if possible, neither A = o nor B=0. 

Then there are elements x € A and y € B so that (x, y) 
EAxB=6O16e., (x,y) Eo 

This is a contradiction 

Hence, our supposition is wrong. So either A = 6 or 
B=$ 

Thus,A x B=o0>A=o0rB=0 (1) 
Conversely, let either Ad = 6 or B = 9, then it 1s to 
prove that A x B = 9. 

Suppose, if possible A x B # 9, then there is an 
element (x, y) € A x B so thatx € A andy e B, 1e., 
A#oandB#oO 

This is contradictory to our supposition 

. Ax B#o 1s impossible 


. AxB=0 
Thus A = oor B=0 
> AxB=0 weal) 


From (1) and (2), we have Ax B= 0 @A=0 
or B=0. 


If A and B are two sets, then prove A x B and 
Bx A have an element in common iff A and B have an 
element in common. 


Solution: (4 x B)A(C x D)=(4ANC)x (BND) 

. (Ax B)n (Bx A)=(AN B) x (BNA) 
=(ANB)x (AN B)=CxC, whereC =ANB 
(Ax B)A(BxAD#¥ORBQCxC#OSOC#HO 
SANBFEO 


If A and B are any two non-empty sets, then prove that 
AxB=BxASA=B. 

Solution: If part: LetA =B (1) 
To prove AxB=BxA 

Now, AxB=AxA [-- B=A] 


13. 


16. 


=BxA [-. A = B] 
Only if part: LetAx B=BxA ...(2) 
To prove A = B. Leta e Aandbe B 
=> (a,b)EeAxB 
=> (a,b)EBxA [From (2)] 
> aeBandbead 

Thus a € A > aeB 
> AcBandbeB D> bEAD BCA ...... (3) 


ThusA cBandBCAD>A=B 


Let A and B be non-empty sets such that 


AxB=AxC. Show that B=C 


Given, A x B=AxC ... (1) 
A and B are non-empty sets. We are to prove B = C. 


Solution: 


Let 5 be an arbitrary element of B. A is non-empty 
= there existsa € A 
Now,aeAandbe B 
(a,b)EAxB 
(a,b)EAxC 
beC 
Thus, b € B 
=> BEC 
Again, let c be an arbitrary element of C. 
A is non-empty 
= there exist a é€ A. 


[Ax B=AxC] 


Y Ud 


> beEC 
i'(2) 


Now,aeAandceC 
(a,c) EAXC 
(a,c)E AXxB 
ceB 
Thusc eC 
= CCB 

From (2) and (3), B =C. 


[From (1)] 


YU d 


=> ceB 


. (3) 


Find the linear relation between the components of the 
ordered pairs of the relation R, 
where R = {(2, 1), (4, 7), (1, —2),... } 


Given R = {(2, 1), (4, 7), (1, -2)...} 

Let y = ax + 5b be the linear relation between the 

components of R. 

Since (2,1) ER 

> py=ax+b>1=2a+b “u) 
Also (4,7) € R 

=> y=ax+b>T7=4at+b ont) 
Subtracting (1) from (2), we get 2a =6 >a =3 
Substituting a = 3 in (1), we get b = —-5 


Solution: 


Substituting these values of a and b in y = ax + 
b, we get y = 3x — 5, which 1s the required linear 
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relation between the components of the given 
relation. 


17. Let A = {1, 2, 3, 4} and B = {x, y, z}. Let R be a 


relation from A into B defined by 
R= XI, x), (1, 2), G, x), 4, 3 

(1) Draw arrow diagram of relation R. 
(11) Represent R in the tabular form 


Solution: (1) Given R = {(1, x), (1, z), (3, x), (4, y)} 
As 1Rx, 1Rz, 3Rx and 4Ry 

Therefore, the given figure below is the arrow 
diagram of relation R. 


R 


A B 


(i) Given A = {1, 2, 3, 4} and B = 
R= {C1 x), (, 2), G, x), 4, y)5 
Here 1Rx, 1Rz, 3Rx and 4Ry 
While representing a relation R from A to B in 
tabular form, we write elements of A in first 
column and elements of B in first row, keeping 
the position corresponding to first row and first 
column to represent relation R. 


1X5. Ve Zhe 


If (a, 5) € R, we write 1 in the row containing a 
and column containing b and if (a, b) ¢ R, then 
we write 0 in the row containing a and the column 
containing 5. The tabular form of relation R has 
been shown in the table given below. 


Solved Column Matching 


1. 


Column I 
(i) R = {(x, y) : &. y) is a perfect square of a natural 
number and x,y € N}is 
Gi) R = {(x, vy): y = (x) for some n € N; 
x,yEeN}is 
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(1) R = {(x, vy) : (&, y) 1s a point on circle of 
radius 2V2 units having centre at origin and 
x? y* = 0} is 

(iv) R= {@, y): kk-y|<4;x,y © R} is 
Column II 

(a) Reflexive 

(b) Symmetric 

(c) Transitive 

(d) One—many 

(e) Many—one 


Ans. (1) — (a), (b), (c), (), (©); 
(11) — (a), (c), (), (©); 

(111) — (a), (b), (€), (A), (©); 

(iv) > (a), (©), (€), ), (©) 


Solution: (1) R = {(. y):x.yisa perfect square of 
a natural number} 
xRx as x? is a perfect square of natural number x 
Now xRy => xy 1s a perfect square 
=> yx is aperfect square => yRx 

Also xRy, yRz 
=> xy=k?,yz=k, for somek,,k, e N 

Now (y) (vz) =k? . ky 


2 ran Hitl (Mi), 
y 4 
which must be square of a natural number as left 
hand side is also a natural number. 
=> xRz = Rs transitive. 
Since 2.2=4=(2)"> 2R2 
Also 2.8 = 16=(4"=> 2R(16) 
Thus the relation is one—many. Also the relation 1s 
symmetric 
=> The relation is many—one 
“. () > (a), (b), (©), @), (©) 
(ii) R = {(@, y): y = (x) for some n € N; x,y € N} 
Since x = (x)7 VxeEN 
xRx 
R 1s reflexive. 
Now if we consider 3 = (27)! 
=> 27=() 


=> 
=> 


] 
= 273 as the power of 3 is not of the form —; 
n 


neN. 


= Ris not symmetric. 


Now xky, yvRz 


=> x=(y)'" for some n € N, 
and y = (z)'™ for some m € N, 

=> x =(z)m = Ris transitive. 

Also 2 = (8)'* and 2 = (64)! 

2R8 and 2R(64) 

R 1s one—many 

Also, 8 = (64)!” and 4 = (64)'8 

= 8R(64) and 4R(64) 

=> Ris many-one. 

=> (u) > (a), (C), @), (©) 

(1) R = {(x, y) : (x, y) 1s a point on circle of radius 2v2 
units having centre at origin and x” — y” = 0} 
WV) Gr eg Ok OF 
={%, yi ty =8, y = tx} = {@, ty) 2x? = 4} 
= {@, $x) 1 x = +2$= {@, -2), @, 2), (-2, 2), 

(—2, —2)5 
(2, 2), (-2,-2) Ee R 

=> Rs reflexive. 

Also aRb 

bRa V a, b € {2, -2} 

R is symmetric 

Also aRb and bRe 

aRc V a, b,c € {2, -2} 

R is transitive 

Also 2R(—2) and 2R2 

= R 1s One-—many 


YU 


YY 


R 1s symmetric 
= Ris Many—one 
=> (i) > (a), (b), (), (), (©) 
iv) R= {(@, y): |x-y|<4;x,y € R} 
Since |x —x| =O <4 


=> xRx VxeER = Ris reflexive. 


Further xRy => |e-yl| <4 
=> y-x|<4 => Ris symmetric. 
Now let xRy and yRz 


=> |x—y| <4 and y-2|<4 
Now |x -z| =|&-y)+W-z)|sk-yw+y-2zs 
4+4=8(. la + bl <|al + [d)) 
xRz 
=> Rs transitive 
Now 2R2 and 2R4 as |2 — 2| < 4 and |2 — 4| < 4 
=> R 1s one—many 
R 1s symmetric 


R 1s many—one 


(iv) + (a), (0), (©), @), (©) 


Y J 
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TUTORIAL EXERCISE 


SECTION-—III 


OBJECTIVE-TYPE QUESTIONS (ONLY ONE CORRECT ANSWER) 


. If a set A has n distinct elements, the number of all 
relations on A is 

(a) 2" (b) # 

(c) 2” (d) None of these 

. Let A = {2, 3, 4, 5} and let R = {(2, 2), (3, 3), (4, 4) 
(5, 5), (2, 3), G, 2), (3, 5), (5, 3)} be a relation on A. 
Then R is 

(a) reflexive and transitive 

(b) reflexive and symmetric but not transitive 

(c) reflexive and anti-symmetric 

(d) none of the above 


. If Ris arelation on A such that R = R", then R is 
(a) reflexive 
(c) transitive 


(b) symmetric 
(d) None of these 


. If A ={x : x? — 3x + 2 = 0}, and R is a universal 
relation on A, then R is 

(a) {C1, 1), @, 2) (b) {1, 1} 

(c) {o} (d) {C1,1), 1.2), 2,1), (2,2)$ 


. An integer m is said to be related to another 
integer n if m is a multiple of n. Then the relation 
R:Z~{0}—Zis 

(a) reflexive and symmetric 

(b) reflexive and transitive 

(c) symmetric and transitive 

(d) equivalence relation 


. If A = {5, 6, 7} and B = £1, 2, 3, 4}, then number of 
elements in set (4 x B) x B 1s equal to 

(a) 36 (b) 48 

(c) 16 (d) None of these 

. If R be a relation from A = {2, 3, 4} to B = £3, 5} 
such that a < b ((a, b) € R), then RoR" does not 
contain 

(a) (3, 3) and (5, 5) 
(c) G, 5) 

. If R and R’ are symmetric relations (not disjoint) on a 
set A, then the relation R ~ R' is 


(b) (3, 3) 
(d) None of these 


10. 


11. 


12. 


13. 


14. 


15. 


(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


. A and B are two sets having 3 and 4 elements 


respectively and having 2 elements in common. The 
number of non-empty relations which can be defined 
from A to B 1s equal to 

(a) 2° (b) 2'°- 1 

(c) 2"-] (d) None of these 


If the relation R : A — B, where A = {1, 2, 3, 4} and 
B = {£ 1,3, 5} 1s defined by R = { (x,y); x<y, xe A, 
y € B}, then R" o R is equal to 

(2) XC. 3) Chs5)3(259) 425.5), 49,.9)s (4.9) 

(Dy 4G3-1),C; DG; 2uS,3) O34} 

(ce): 4633), Gx); Oy 3)3O52)} 

(d) None of these 


The relation ‘less than' in the set of natural numbers 
is 

(a) only symmetric 

(b) only transitive 

(c) only reflexive 

(d) equivalence relation 


Let P = {(x, y)| x7 + y= 1, x, y € R}. Then P is 
(a) reflexive (b) symmetric 
(c) transitive (d) anti-symmetric 

Let R be an equivalence relation on a finite set A 
having n elements. Then the number of ordered pairs 
in R is 

(a) less than n 

(b) greater than or equal to n 

(c) less than or equal to n 


(d) None of these 


For real numbers x and y, we write xRy @& x —y + V5 
is an irrational number. Then the relation R is 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


Let X be a family of sets and R be a relation on XY 
defined by ‘A is disjoint from B’. Then R is 
(a) reflexive (b) symmetric 


(c) anti-symmetric (d) transitive 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


The relation R defined on the set A = {1, 2, 3, 4, 5} 
by R = {(x, y) : |x? — y’| < 16} is given by 

(a) {0 1), @, 1, G, D4 D, CG, 33 

(b) {(2, 2), G, 2), 4, 2), 2, 9} 

(C) 2053); 54)s O54)G;. 3); Os-l)s 

(d) None of these 


A relation R is defined from {2, 3, 4, 5} to {3, 6, 
7, 10} by xRy © x 1s relatively prime to y. Then 
domain of R is 
(a) {2, 3, 5) 
(c) {2, 3, 4} 
If R = {(x, y)|x,y € Z,x? +y < 4} is arelation on Z, 
then domain of R is 
(a) {0, 1, 2} 

(c) {-2,-1, 0, 1, 2} 


(b) {3,55 
(d) {2, 3, 4,5} 


(b) {0, -1, -2} 
(d) None of these 


Let R be a reflexive relation on a set A and J be the 
identity relation on A. Then 

(a) Rel (b) [CR 

(c) R=1 (d) None of these 


The relation '1s subset of' on the power set P(A) of a 
set A is 

(a) symmetric 

(b) anti-symmetric 

(c) equivalence relation 

(d) None of these 


The relation R defined on a set A is anti-symmetric 
if (a,b) €e R= (6, a) € R for 

(a) every (a,b) ER 

(b) no (a,b) ER 

(c) no(a,b)Ee R,a#b 

(d) None of these 


The void relation on a set A is 
(a) reflexive 

(b) symmetric and transitive 
(c) reflexive and symmetric 
(d) reflexive and transitive 


Which one of the following relations on R is an 
equivalence? 

(a) aR,b & [al = |d| 

(b) aR,b SG azb 

(c) aR,b & a divides b 

(d) aR,ba<b 


If R an equivalence relation on a set A, then 
R'is 


25. 


26. 


Zi. 


28. 


29. 


30. 


31. 


32. 


(a) reflexive only 

(b) symmetric but not transitive 
(c) equivalence 

(d) None of these 


The relation ‘congruence modulo m' is 
(a) reflexive only 

(b) transitive only 

(c) symmetric only 

(d) an equivalence relation 


Let R and S' be two equivalence relations on a set A. 
Then 

(a) RU S1s an equivalence relation on A 

(b) Ro Sis an equivalence relation on A 

(c) R—S1is an equivalence relation on A 

(d) None of these 


Let R = £(1, 3), 2, 2), 3, 2)} and S = {Q, 1), 
(3, 2), (2, 3)} be two relations on set A = {1, 2, 3}. 
Then RoS = 

(a) {C1, 3), @, 2), G, 2), 2, D, @, 35 

(b) {(3, 2), C1, 3)} 

(c) {@, 3), G, 2), @, 2)} 

(d) {(2, 3), (3, 2)} 


x? = xy is a relation which is 
(a) symmetric (b) reflexive 


(c) transitive (d) None of these 


The number of reflexive relations of a set with four 
elements 1s equal to 

(a) 716 (b) 912 

(c) 2° (d) 2% 


If A is the set of even natural numbers less than 8 and 
B 1s the set of prime numbers less than 7, then the 
number of relations from A to B is 

(a) 2° (b) 9? 

(Ce) 37 (d) 2?-1 

IfA = {@, y): x7 + y? = 25} and B = {(x, yy): x7 + 
Oy? = 144}, then A q B contains 

(a) one point (b) three points 


(c) two points (d) four points 


Let R be the relation on the set R of all real numbers 
defined by aRb iff |a— b| < 1. Then R is 

(a) reflexive and symmetric 

(b) symmetric only 

(c) transitive only 


(d) anti-symmetric only 


Relations < 1.41 


SECTION-IV 


OBJECTIVE-TYPE QUESTIONS (MORE THAN ONE CORRECT ANSWER) 


. Let X = £1, 2, 3, 4, 5} and Y = {1, 3,5, 7, 9}. Which 
of the following is/are relations from X to Y? 

(a) RH yly=2t+x,xeX, ye V} 

(0) tks 4 Chel) 2 1), 3,3) As 3 )O.)s 

(Cyn, = 405 1) C23), G,.3), Os) Oy 15 

(d) B= 11, 3),4259),.2, 40.9) 

. N is the set of natural numbers. The relation R is 
defined on N as follows (a, b) R(c, d) GS a+d= 
b+ cis 

(a) reflexive 

(b) symmetric 

(c) transitive 

(d) anti-symmetric 


. If A ={(x, y): y = e*, x € R} and B ={(x, y): y =e, 
x € R}, then: 

(a) ANB)=9 

(b) ANB)¥ 4 

(c) A Bis a singleton set 

(d) None of these 


. IA ={@, y) xe +y< 1; x,y € R} and B ={(x, y): 
xr +y>4;x,y € R}, then: 

(a) A-B#o (b) B-A=¢0 

(c) ANB)#9 (d) ANB) =9 


5. ArelationR : R > R such that aRbd iff a < Bb? is. 


(a) reflexive (b) not symmetric 


(c) non-transitive (d) not equivalence 


. Arelation R on set A = {1, 2, 3, 4, 5, 6} given by 


R= {,y): y=xt lis. 

(a) not reflexive 

(b) symmetric 

(c) non-transitive 

(d) not an equivalence relations. 


. Let R and be two relations on a set A. Then 


(a) R and S are transitive, then R U S'1s also transitive 

(b) R and S are transitive, then R J S'1s also transitive 

(c) R and S are reflexive, then R ~ Sis also reflexive 

(d) R and S are symmetric, then R vu S 1s also 
symmetric 


. Let n be a fixed positive integer. Define a relation R on 


the set Z of integers by aRb = n |(a— b). Then Ris 
(a) reflexive 

(b) symmetric 

(c) transitive 

(d) an equivalence relation 


. Let A be the non-void set of the children in a family. 


The relation 'x is a brother of y' on A is 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


SECTION-V 


ASSERTION AND REASON-TYPE QUESTION 


. A: A relation R : Z > Z defined such that aRb 


iff alb (a divides 5), then R 1s reflexive relation. 
R: A relation R : A —> B 1s called reflexive 
iff aRa Va eA. 


. A: If n(4) = m and n(B) = k, then total number of rela- 
tions that can be defined from set A to set B = 2*”. 
R: Every relation R :A > Bis a subset of A x B. 


. A: A relation R : C > C such that (a, b) € R iff 
la — b| < 1, then R 1s an equivalence relation. 


R: A relation is called equivalence iff it 1s reflexive, 
symmetric as well as transitive. 


. A: Arelation A x B is universal relation (largest rela- 


tion) defined from set A to set B. 


R: Any relation R : A > B 1s always a subset of 
A x B. 


. A: A relation R: R > R such that aRb iff 2|(a — b) is 


not an equivalence relation. 


R: For a relation to be an equivalence it has to be 
reflexive, symmetric as well as transitive. 
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SECTION-VI 


(c) R, and R, both are reflexive 


LINKED COMPREHENSION-TYPE QUESTIONS 
(d) R and R, both are not reflexive 


A: Arelation R on a set ‘B’ is a subset of B x B,i.¢., R = 2. Which of the following is true? 
{(x,y): x,y € B} CBx B. If (x, y) € R, then we write (a) R, is symmetric but R, is not symmetric 
this fact as xRy (read as ‘x 1s related to y’). Now R is (b) R, and R, both are symmetric 
called Reflexive, if x Rx V x € B, symmetric if xRy (c) R, 1s symmetric but RK, 1s not symmetric 


ee (d) R, and R, both are not symmetric 
=> ykx and transitive if : 


3. Which of the following 1s correct? 


xRy and yRz => xkz. If R 1s reflexive, symmetric and (a) R, is transive but R, is not transitive 
transitive, then it is called an equivalence relation. (b) R. and R. both fransiuve 

1 2 
Let R, and R, be two relations on the set (N x N (c) R, is not transitive but R, is transitive 
where N is set) of natural numbers defined as R, (d) R, and R, both are not transitive 

] 


{((a, 5) (c, d)) : ad = be} and R, = {((a, 5), (e, a) 


a+d=b+c }. Now, choose the most appropriate 
alternative in the following 


4. Which of the following 1s true? 
(a) R, and R, both are equivalence relations 
(b) R is scitivalence but R, is not 


1. (a) R, 1s relfexive but R, 1s not reflexive (c) R is not equivalence but R, is equivalence 


(b) R is not reflexive but R, is reflexive (d) R and R, both are not equivalence. 


SECTION—VII 


COLUMN MATCHING-TYPE QUESTION (iv) R : H + H where H is set of Human beings 
defined as 
1. Column A R = {(x, y) : x and y have same age} is 
(i) R:A—A where A = {1, 2, ....., 14} defined by Column B 
R= {(x%, y): 3x-y> 0} 1s (a) Reflexive 
ai) R: N—-N defined by (b) Symmetric 
R= {(x,y):y=x+t+4and x <4} 1s (c) Transitive 
(111) R:Z- Z defined by (d) Equivalence 
R= {@, y): x-y € Z} is (e) Anti-symmetric 
(iv) R.:A— A, where A 1s set of humans in a town (f) None of these 


defined by R ={(a, 5) :a and 6 work in same place} 
1S 
Column B 

(a) Reflexive relation 


3. Column A 
a) R={XHY:X,Y € PAXAY 49}, 
where P(A) denotes the power set of A, 1s 
Gi) R: {@, y):x,y € N and L.C.M. (x, y) = 12} 1s 
(ul) R= {(x, y): x, y € C and y is complex conjugate 
of x}; C is the set of complex numbers. 
(iv) R= {(x, y) : 2x? + 3y’ — 5xy = 0; x, y € R} 1s 


(b) Symmetric relation 

(c) Transitive relation 

(d) Equivalence relation 
(e) Anti-symmetric relation 


Column B 

2 Column A (a) Reflexive 
a) R: R > R: defined as aRb iff a<b (b) Symmetric 
ai) R: RR: defined as aRb iff a< b’ is (c) Transitive 
(1) R:A— A defined as (d) Surjective 


R = {(a, b):|a — b| is even}; A = £1, 2, 3, 4, 5} 1s (e) Injective. 


Relations < 1.43 


Answer Keys 
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SECTION-V 
1. (d) 2. (a) 3. (d) 4. (a) 5. (d) 


SECTION-VI 
1. (c) 2. (b) 3. (b) 4. (a) 


SECTION-VII 
1. G) > (a) (11) — (c),(e) (111) —> (a,b,c,d) (iv) —> (a,b,c,d) 
2. (4) > (a,c,e) = (1) (ff) (111) —> (a,b,c,d) (iv) — (a,b,c,d) 
3. (1) > (b) (11) —> (b) (111) — (b,d,e) (iv) — (a,d) 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1, A=-{e xe N,x <4} = 11,.2,3,4;¢ 8-& y € Woy <2} 
AO boy. 
(a) Ax B= {(1, 0), C, 1), C, 2), 2, 9), (2, D, (2, 2), G, 0), 
(3, 1), (3, 2), 4, 9), (4, D, (4, 2)3 
(b) n(A x B) =n(A) x n(B) = 4 x 3 = 12 
2. (a) A= {x:x ER, 1<x<43,;B= fy: ye W,y<2} 
=> A=[1,4] and B= £0, 1, 2} 
(A x B) will be plotted in shown below. 


x 
(B-set) 


t 2 
(B x A) 
(b) A= fy. ve R,0<y<2};B={e xe N,x <4} 
=> A=[0, 2] and B= {0, 1, 2, 3, 4} 
(A x B) and (B x A) will be plotted in shown below. 


: (B-set) 


x 
1 2 3 4 Beet) 
(B x A) 


3. A= {x xe R,-1l<x< 13}; B= ve R,-l<y<} 
=> xéEA=[-1, lJandye B=[-1, land |x| + |p| <1. 
The common region is shown by shaded portion and equals 


4 [F2) = 2 sq. units. 


Here = =(A x B); a = {(x, y): |x| + ly] < 1} = common 
Area. 


. A= {x: x € non-negative integers and x? — 2x — 8 < 0} and 


B= {x.x € N and x*- 5x + 4<0} 


=> 


Y y 


A= {x.x20,x € Z and (x—4) (x + 2) < 0} = £0, 1, 2, 
3, 43 and B= {x: x N and (x— 1) (x- 4) <0 } = {1, 2, 
3, 4} 

AnB= &i, 2, 3, 4} 

We know that [(4 x B) A (B x A)] = [(A ANB) x (Ba 
A)] 

n[(A x B) AN (B x A)] = n[(A NB) x (BO A) = [2A rn 
B)|’ = (4)? = 16 


If elements of set A are natural, and that of B are real in 
above problem, then 

A= {1, 2,3, 4} and B = [1, 4]; then (A 4 B) = £1, 2, 3, 43 
n[(A x B) A (B x A)] =n[(A NB) x (BOA )] = [n(An 
B)|’ = (4)? = 16 

If elements of the set A and B are real numbers, then A 
= [- 2, 4]; BUI, 4] 

(A ~ B) = [1, 4] having infinitely many uncountable 
numbers of elements 

n[(A x B) A (B x A) ] = [n(4 FB)? = infinitely many 
found in area of 9 square units bounded by straight lies 
Peo 

x=4 y= 1y=4. 

(A x B) and (B x A) will be plotted as shown below. 


(AxB), A=[-2,4], B= [1, 4] 


(Bx A); B=[1,4]; A = [-2, 4] 


If elements of A and B are rational or irrational, then it is 
impossible to represent A x B and B x A. Geometrical as 
between any two real numbers, there lie infinitely many 
rationals and irrationals . 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


. (b) *. A—(B~ C)isa subset of A; where as (A — B) x (A-C) 
is a subset A x A 
Thus the equality is invalid. 


. (c,d) A «x B)x C= {@ y), 2): x E€ A,ye B,zeC}, 
similarly A x (B x C) 
Where as A x Bx C= {(x, y,z):x €A, ye Bz € Ch, 
(Ax B)xC#AxBxC#Ax(BxC) 
=> (c)1s not true. 
Also (d) is not true. 
See the Venn—Diagrams 
Clearly, (4 —B)-C#A-(B-C) 


. (d) -. Ax Bx C)= {(%, (2): x € A, y € B, z € C}, where 
as (A x B) x (A x C)= {(@ y), (2, w)); x, z EA, yy EB, 
weC} 

Clearly, then elements of two sets are of different forms, 
thus equality for two sets 1s invalid. 


. (a) «. A x Bisa subset of Ux U 
= (a) is not true. 
. (a, b, c, d) Each of the options can be verified by using the 
results 
That 4) If A c Band C CD, then (4 x C) c (8 « D) 
a@i)IfAcB,thendA NB=AandAUB=B. 
. (a), (c), (d) It is standard result that if (4 x B) c (C ~x D), 
thenAcCandBcD, 
= (a), and (c) are true, but (b) is not true. 
Also, 4 x B=CxD @& A=CandB=D 
= (d)is also true. 


. (©) n(A x B) =n(A) x n(B) = 4 = 26 = 104 


. (a), (b), (©) n(PE « B)= (24 xB) = (2y") x n(B) = (2)**5 =(2)?° 
= (4)!"= (16) 


- © A= {3,B= KG35,nG * B)=n@ x n(B)=1*1=1 


10. 


11. 


12. 


13. 


14. 


15. 


Relations < 1.45 


(d) If none of A and B is infinite, A x B can’t have infinitely 
many elements. Thus at least one of A and B must be 
infinite set for A x B to be infinite. 


(b) A= {@% y):x% ye Rand x = 4y}and B ={(x, 4), x € R} 
A represents an upwards parabola and B represents a 
straight line y = 4. 

A -B represents two points of intersection of parabola 
and straight line which are (-4, 4 ) and (4, 4). 

(A VB) vu £0, 0)} = {- 4, 4), (4, 4), (0, 0)} forms an 
isosceles triangle which is not equilateral. 


(a) A= {(% y): x, y € Rand x = 4y} 
B= {x y): x, y € R and y= |x|} 
A represents upwards parabola x? = 4y, where as B rep- 
resents curve y = |x| 
=> Ac Bis the set of their points of intersection. 
=> raids => xxt+4)=0 
=> x=Oorx=+4 
= {(0, 0), (4, 4) and (— 4, 4)} is the set (A 7B). 
=> 


Area of A formed by these points of intersection = = 
(8) (4) = 16 square units. 2 


(a), (b), (A= fo, {L533 
n(A x A) = n(A) x n(A)=4 
=> n{P(P(A x A))} = (2) = 16 
=> n{P(PC ~ A))} = (2)! = (16)* = (256)? 


(b) n (A) = 50, n (B) = 60, n (A UB) = 100 
=> n(A AB) = nA) + n(B) - n(4 Vv B) = 50 + 60 — 100 


= nf(A x B)A(B « A)] = [n(4 AB)? = (10)? = 100 


(c) nf(A « Bx C)A(Bx Cx A) =n(ATB) «WBA 
x WC AA) =2 x3 5 =30 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


. A= {1,2,3,4,6} and R= {(a, b): a, b € A, bis divisible by 


a} 

@ A= id, D, , 2), C, 3), 9, CL, 6), 2, 2), 2, 9 2; 
6), (3, 3), G, 6), (4, 4), (6, 6)5 

(ii) Domain of R = D, = {1, 2, 3, 4, 6} =A 

(iii) Range of R= P, = {1, 2, 3,4, 5,6} =A 


- R={@w y:x%yeZ (x+y) ~& + 2004) + 1 = 0} 


(x + y) (vy + 2004)=-landxyeZ 
=> xt+y=-l,y+ 2004=lorx+y=1,y+ 2004=-1 
=> x= 2002, y = — 2003 or x = 2006, y = — 2005 
Gi) R= {(2002, — 2003), (2006, —2005)} 
(ii) Domain R = D, = {2002, 2006} 
(iii) Range of R = R, = {-2003, —2005} 


. A= {1,2,3,4, 5} and B= {1,2, 3... 66, 67}. 


(i) aRb Sais square root of band Rc(A x B) 
=> R= it, 1), @, 4), (G3, 9),4, 16), (, 25)} 
=> D,= t1,2, 3,4, 5} =A and R,= {1, 4, 9, 16, 25} 
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(ii) aR b Sais cube root of b and Rc (A x B) 
= R= {t(1, 1), @, 8), GB, 27), 4, 64} 
=> D,= {1, 2,3, 4} and R, = {1, 8, 27, 64} 


4. (i) R={(x, x’): xis a prime number less than 10} 

= {(2, 8), (3, 27), (7, 343)} 

= 1D. 42,3,5, 7) Ro = 18,24 1,125,343} 

(ii) R= {(4x + 3, 1-—x),x<4,;x% EN} CN x N (given) 
={tasl-xeN 3B 1-21 

=> x<0 
Which is impossible as x € N. 

> D,=0,R,= 8 


(iii) R = Gea Gened and x e N} CN ~ N (given) 
x 


= ae e N, which is impossible. 
x 
= R= {} => D,= {} and R, = {}. 


5. R= {(~ y),x% vy EW, y = 2x- 4}; (a,-2) € Rand (4, b’) eR 
=> -—2=2a-—4and b*=8-4 
=> 2a=2 and b?=4 => a=-landb=+2 
R, = {@ 5)} = {C, 2), A, -2)$ 


6. Let R= {(, y)} = {(0, 2), (1, 5), (2, — 4)} and for linear 
relation between x and y. 
Let y=ax+b => 2=band5=-a+b 
=> a=-b-5=2-5=-3 
> y=-3x+2 = ser yaZ2 
7. A= {1,2,3,4}; B= {1,2,3, 4,5} and RCA x B; where a 
Rbsal/b 
=> R= {(1, 1), (1, 2), C1, 3), C1, 4), C1, 5), (2, 2), (2, 4), G3, 
3), (4, 4)$ 
(i) (Representation of R by Lattice diagram) 
y 


Set B 


—_ Bo Mm 
e 
. 


Go 42s 4 
ee, 
Set A 


(ii) (Representation of R by tabular form) 
Bo 


8. A= {1, 2,3}; B= {4,5}; RCA x B given by 
R= {@, 4), 2, 5), 3, 5)} 


9. i) R= {(~% y): vyax-2Zandxe {5, 6, 7}} 
(il) R= {G, 3), (6, 4), (7, 5)$ 


10. (a) = 2x-3 


(2,-1) and (2,1)eR 
= Ris one—many. 
From graph of 7 = 2x — 3 


Clearly by horizontal line test, the relation is injective 
but range of R = (— ©, ©) > Ris subjective with co- 
domain R. 
(b) y=x'°+4 
"’ (1,5) and (1,5) eR 
=> Ris many—one 
Also y2>4 
= Ris not surjective with co-domain R. 
(c) y=axr+ bxt+e 


[=- ky }ana{ +h.) eR V é R as graph is 
2a 2a 


=> Ris not injective 


, ; —b 
symmetric about the line x = a 
a 


= Relation R is many-one, 1.e., not injective. 


(0 — 4ac) (b — 4ac) 
Also y =>-~—————. for a> 0 and y < -—————> 
4a 4a 

fora <0O 


= Range # R R is not subjective with co-domain R. 
(d) y =5x+4 
=> y= 3¥5x+4eR and range of relation = R. 
= Ris subjective. 

Now, x, > x, 
= 3x, +4>5x,+4 
3,/5x, +4 >3,/5x, +4 


y, > y, where (x,, y,) and (x,, y,) € R 


=> 5x,> SX, 


Y J 


= Forx, #x, andy, #y, 
= Relation is injective. 
(e) y= vV3x-4 

Clearly range of relation = [0, 0) # R 
= Relation is not subjective, 

Also for x, >x,, 3x, -4 > ./3x,-4 
=> y,>y, for (x,,y,), @y,) € R 
= Forx, #x,,y, #y, 
= Relation R is injective. 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


. (b), (c) No. of relations from A to A; where A = {2, 3, 4, 5} 
= number of subset A x A 


= (2)" (A xA) — (2)*” = ys = (16) 


iV (c) A = {a, €, 1, O, u}, 
Number of relations on power set of A = (2)" 04» ?@) 


= (2)Par 


= QP") =(2)71 =(2) 


. (a) A= {1, 2, 3} and B= fa, b,c, d}; 
Number of relations from set of set A to set B 
= gna x B) — 23 x4 — (2)? 


. (c) n(A) =m, n(B)=nand m>n. 
k= n[P(A x B)] = (2)"4*® = 2)" and P = n[P(B x A)] 
= (2) (Bx A) = 2)" 

=> k=p 


. (c) A= §2,3,5, 6, 10} and ‘x Ry if x <y and x divides y’; 

Rc * A) 

=> R= {(2, 3), 2, 5), (2, 6), (2, 10), (3, 5), (3, 6), 3, 10), 
(5, 6), (5, 10), (6, 10)} 

= Domain of R= {2, 3,5, 6} 


. (c) RCN «N; x Ry if 63x + 5y = 53’ 
For x = 1, y= 10; For x = 6, y= 7; For x = 11, y= 4; For 
x= 16,y=1 

= Range of relation = {1, 4, 7, 10} 


. (b) A= {2,3, 5, 7, 10} 
R= {% y): xy — 1}, R, CA « A and R, = {(%, y): x + 
y=103;R,cAxA 

=> R,= {(, 3), 2, 5), (2, 7), (3, 7), 3, 10)} and R, = {G3, 
7), GD, 5), 7, 3)3 

=> R=R,OR,= {B.)} 


. (bd), Q) RCN «N andx Ry if 'x + y divides 10' 

=> R= {71, 1), 4), 2,3), G, 2), 4, 1), C, 9), 2, 8), G; 7), 
(4, 6), (5, 5), (©, 4), (7, 3), (8 2), 9, D 
Clearly the relation is one—many as well as many—one. 


. (c), (d) *cA < A; where A = {2,7,9, 11} andx Ry if'x 
divides y' 
=> R= {Q, 2), (7, 7), Y, 9), 1, 11} 
Clearly R is one-one. 
Also each element of set A has a unique image in A. 
Thus R is also a function from set A to itself. 


10. 


11. 


12. 


13. 


Relations < 1.47 


(a), (c), (d) For a relation to be a function from set A to set B, 
it must be one—one or many—one and must have its domain 
A. 


(d) A = {x : x*-3x+2=0;x € R} 
=> A= {1,2} andR=AxA 
=> R= {1, 1), (1, 2), 2, 1), (2, 2)} 


(a) A = £1, 2, 3} 
R, = tC, 2), 3, 2), C1, 3)§ 
RK, = tC, 3), G, 6), @, D, C1, 2)$ 
Clearly R, is one—many relation as well as many—one 
but R, is one-many as (1, 3), (1,2) € R, 
But 6 ¢ A, implies R, is not a relation on A. 
(c) A = {a, b, c, d}; B= {b, c, d, e} 
n[(A x B) VN (B x A)] =n [(A NB) x (BO A)] 
= [n(4 1 BYP = BY =9 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


. RCN <N such that R = {(a, b); a® + b? = ab} 


(i) (aja)e RVaEN 


Se eae => a*=0, which is impossible 
= False 

(ii) (a, b5)E R > @a+b=ab 

> h+a’*=ba > (baeR 

= True 

(iii) (a, 5) E R => ah =ab 


=> a@-—ab+bh=0 
It is a quadratic in ‘a’ (or b) with discriminate = b* — 4b 
=—3b°<0 

= No real values of a and 5b satisfy a* + b* = ab 

= =f 
Thus, by default R is transitive \ 

= True 


. (i) Foreverya€0,a-a=-0EZL 


=> (a,a)E RVaEO 
(ii) Fora, b€0,a-bEZ 
> (b-aeEeZ 
(a, b)ER > (baEeERVabEd 


(2, 2), (3, 3), (6, 6) € R,,R, and A = {2, 3, 6} 
= R, and R, represented in (1) and (iv) respectively reflexive. 


SATO 35} 


Clearly, whenever (a, b) € R, 

=> (baer, 

= Rk, is symmetric 
Also R, = A = A being universal relation on A is sym- 
metric. 


(2,6) € R, >R, 1s not transitive. Similarly (3, 5) € R, 
= Rk, is not transitive. 

Also (2, 2), (3, 3), 6,5) € R, 
= R, 1s not transitive. 

R, is the only transitive relation. 


. (i) Only reflexive 


(ii) Only symmetric 


1.48 > Relations 


10. 


(iii) Only transitive 


As there are no ordered pairs (a, b) and (6, c) € R. 


(iv) R,=A x A, being universal relation is reflexive, 


Symmetric as well as transitive, 1.e., equivalence. 


. (i) Leta=2 


= Pq? =1.=4==3-) 0 
=> (a,a),(2,2)¢R 

= Ris not reflexive on R. 
(ii) Clearly (a, b)e R 
=> l-ab>0 

=> 1-ba>0 

=> Ris symmetric 


> (baeR 


(iii) Let a = <b - a7 =4 


= ia ghS ie SG 
10 10 
> (a beR 
4 1 
Also 1— be =1- —=— >0 
5 5 
> (badeEeR 
Now, 1 -—ac=1-2=-1<0 
=> (a,c)¢R 


= Ris not transitive. 


. R, and Z and (a, b) € R, & |a—- 5| <7 


(a,a) € R, @ |ja— b| <7 0 <7, which is true. 
=> R, 1s reflexive. 
Now, (a, 6) € R, @ |a— 5| <R, 
&|b-al<7TO (ba €R, 
= R,1s symmetric. 
Further, let a = 2, b = 8, c = 12, then |a — b] =6 <7 
=> (4 deER, 
And |b—c|=4<7 
=> (b,c)R, 
But |a—c|/=l0 47 => (a,c)R, 
= R, 1s not transitive. 


R.: alaVaeZanda #0, but 0 does not divide 0 


= R, 1s not reflexive 

But a/b # b/a 
(hayek, # (4, DER, 
R, is not symmetric. 
Clearly, a/b and b/c 

=> alc 

= transitivity of R, 

=> Rk, (€) 

R,: Since each triangle is similar to itself 
=> 


Reflexivity holds 
Also A, ~ A, 
> Ar~A => Symmetricity 
Also A, ~ A, and A,~ A, 
=> A ~A, =  Transitivity 
= R, 1s equivalence relation 
=> R,>~A,B,C 


RL, |£,£,\|£L, > ££, 
And Ll, ||L,||L, => £, || L, 

R, is equivalence relation 

k,-> A, B,C 

R,: No line is Lr to itself 


yy 


= R, 1s not reflexive. Also L, Ir L, 

> L,IirL, 

=> L|L, => R, 1s not transitive. 
. R,>@) 


R,: No girl can be sister of herself 
R, is not reflexive 


Also if ‘a is sister of b’, then it is not necessary that ‘b 


is sister of a’ as, “b may be brother of a’. 
Thus, a R, b 

bR,a 

R, is not symmetric. 

Further (a, 5), (6, c) € R, 

‘ais sister b’ and ‘bd is sister of c’ 

‘a is also sister of c’. Thus, R, is transitive. 
R, > (c) 

=> Ri a-a=0VaeN 

=> (a,a)¢R,foranyae N 

=> R,: is not reflexive 


yy 


“YY 


Now (a— b)e N => -(a-be¢eN 

> (b-ae€N = ,is not symmetric. 
Alsoa—be N => a2>b+landb-ceN 

=> bec => a2z(e+1)+1 

=> (a-—c)22anda,ce N 

=> (a,c)e N = R,1s transitive 
Thus R, >(c) 


Rs a=aVaeR 
=> R_ 18 reflexive. 

Alsoazb#X# baeg.,7>2H2>7 
=> R, 1s not symmetric. 

Nowa2bandb2c 
=> a2Cc 


R, > (A), (©) 


= R, is transitive. 


. (a) (a, b) Rc, d) Sad(b+c)=bce(a+d) 


Reflexivity: (a, 5) R (a, b) 

<= ab(b+a)=ba(a+ b), which is true 
=> Ris reflexive. 

Symmstricity: (a, b) R (c, d) 

= ad(b+c)=bce(at+d) 

= bce(at+ da)=ad(b+c) 

= ch(d+a)=da(ctb) 

= (c, ad) R(a, b) 

=> Ris symmetric 

Transitivity: Let (a, b) R (c, d) and (c, d) R Ce, f) 
=> ad(b+c)=be(atad) 


- . +4) : (= ++] (dividing by abcd) 
b da 
And cf(d+ f)=de(c+f 


= ( + “| E (= + | (dividing by cdef) 
Cc 


12; 


1 1 1 1 1 1 i ore Pea | 
= Se pa eerie gee 
c d abe feabeé f 
1 1 1 1 
=> —+—=-+- => be(at+tfp=af(b+ e) 
a f be 
=> (a4 bReef => Ris transitive. 


(b) (a,b) R(c, diffat+d=bt+e 

Reflexivity: (a, b) R(a, b) S a+b=b6b + a, whichis true 
Symmetricity: (a, b)R(c,d)@Sat+d=bt+e 

= b+ce=atd 
& (c+ b)=(dta) 
= Ris symmetric. 


Transitivity: (a, b) R(c, d) and (c, d) R(e, f) 


= (c, d)R(a, b) 


& a+d=b+candc+f=dte 

= a-b=c-d=e-f 

= a-b=e-f & afb 2 
© (a b)Ree/f/ 

=> 


R is transitive 
Thus (a), (b), (c), all represent equivalence relations. 


xRy@x-y? + V3 1s an irrational number 


Reflexivity: x Rx 

& xx + V3 1.€., V3 is irrational, which is true. 

Symmetricity: x R y 

= x —y +3 1s irrational, but # vy — x + V3 is also 
irrational. 


e.g., let x= V2.4V3;y = 4V3 


=> y+ J3=2V3- 343 = 2V3 which is irrational . 

=> xRy, but y—-x+ IPSs 9 44/3 0 which is 
rational. 

> (xE€éR => Ris not symmetric. 


Transitivity: Let x Ry and y R Z. We claim that x R z is 
nodal ways true. 


Consider, x = 43, y=1, z=V2 43, 
then x? — y? + V3 = V3-14+V3=2V3-leQ= xRy 


Now, y? — z7 + ¥3 $1223 44/3 =1=\3e0 
=> yRz 

Further, 2 — 22+ J3 = /3-2V3+ V3 =0eEQ 
~H xRz 
=> Ris not transitive. 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


. (b, d) R= {@, 4), G, 9), (4, 16)5 


=> R= {(4, 2), Y, 3), (16, 4} 

=> R,R'= {4, 4), Q, 9), (16, 16)} 
Which is identify relation on domain set of R™. 
Also it is reflexive and symmetric on domain of R" 


2. (a) R, = {(10, 20), (20, 30), (30, 40), (40, 50)} 


R, = {(10, 10), (10, 20), (10, 30), (10, 40), (10, 50), 
(20, 20), (20, 40), (30, 30), (40, 40), (50, 50)} 

=> (R,0R,)'=R,0 R27 = {(20, 10), (30, 10), 30, 20), 
(40, 10), (40, 30), (50, 10), (50, 20), (50, 40)} 


Yue 


Relations < 1.49 


3. (a), (b), (©), (d) 


xRy &x+y+ Axy is even number 
Reflexivity: x Rx @ x +x + 4x = 2x + 4x’ 1s even, which 
is true. 

Svmmetricity: x R y 

= xtyt 4xy = 2k, for some k EN. 

&S ytxwt Axy = 2k 

= yRx 

Transitivity: x Ry 

= xt+yt 4xyisevenandyRz 

= yt+z+ 4xy is even 

= x+y=2k andy + z= 2k, for some k,,k, <¢ N 
Case (i): If y is odd, then x, z are odd 

=> (x+z)1is even 

=> x+2z+ 4yxz is even 

=> x kZ 

Case (ii): If y is even, then x, z are even 

=> (x+z)is even 

=> x+z+ 4xz is even 

= xz 


. (b) A= £2, 3, 4, 5} 


R= {(2, 2), 3, 3), 4, 4, G, 5), 2, 3), GB, 2), GB, 5), G, 3)$ 
Clearly R is reflexive and symmetric, but (2, 3), (3, 5) 
e Rand(Q,5)¢R 

= Ris not transitive. 
Also (3, 2), (2, 3) R and 2 #3 

= Ris not anti-symmetric 


. (b) R=R? 


> @wyyEeR 

& (~yeR' 

=> (yi y)eRandy,xeR 
=> Ris symmetric. 


. (d) (b) and (c) are wrong as if 


A = {2, 3, 5} and R, S are relation on set A defined by R = 
{(2, 2), 3, 3), (5, 5)} and S= {(2, 2), (3, 3), (5, 5),2, 5)}, 
then ( R u S) is not equivalence, also union of two 
transitive. 

=> (a)is false. 


Clearly OP, = OP, for each P, € P 
PRPN Pe P 

R is reflexive. 

Also OP, = OP, OP = OF; 
PIP. Vee a oe 


=> Ris symmetric. 
Also OP, = OP, and OP, = OP, 


=> OP,=OP, = Ris transitive. 

. ) (a, bd) Re a) S&S. a+d=b rc 
(a, b) R(a, b) = at+b=bta 
Which is true = Ris reflexive. 

(a, b) R(c, da) = at+d=bte 

= bt+c=atd = ct+tb=dta 
= (c, ad) R(a,d) => Ris symmetric 


Also, (a, b) R (c, d) and (c, d) R (e, f) 
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10. 


11. 


12. 


13. 


14. 


= a+d=b+candc+f=dte 

= a-b=c-—dandc—d=e-f 

= a-b=e-f = at+f=bte 
© (a b)Ree,f/) = R's transitive. 
(c) 2x°-3xy + y =0 


2x? —-2xy-xy + y=0 

2x(x— y)-—y(x-y) = 0 

(2x - y) (x- y) = 0 

2x=yorx=y 

R is reflexiveasx=xVxeEN 

(2,4) € Ras 2x =y holds, but (4,2) ¢ R 

Ris not symmetric. 

Also (2, 4) and (4, 8) € R as 2x = y in each pair, but (2, 
8)¢R 


= Ris not transitive. 


(b) R= £1, 2), 2,3)}; A= {1,2,3} andRCAxA. 
To_make FR reflexive: (1, 1), (2, 2), (3, 3) must be 
included. 

To make R symmetric: (2, 1), (3, 2) must be included. 
To make R transitive: (1, 3), (3, 1) must be included. 
Thus total 7 elements are required to be included in R. 


(a) R:A>BandS: BC; 
(SO R) &) =S (R(X) 
=> xeEA 
Also R(x) EB 
SOR: A73C 


(b) RcCAxBandScBx«C 
(SOR)! = R' O S* (standard result of composition of 
two relations) 


Std? 


Ys 


> S(R(@EC 


(b) Universal relation on set A, 1.e., A x A is the greatest on 
set A 
= 11s incorrect 
LetA = {a,,4,,....,a};n22 
=> AxA= {(a, 4), (4, 4,), (@,, @,) ,...(@, , @,), (@,, 4,), 
(45) \ Oss G.) 5. axing (Aye Vy ant (OQ) (8 5Os)yea: 
(a,, 4,)} 
(a,, a,), (a,, a,) € R, but a, #a, 
R is not anti-symmetric 
(2) is correct 
We know that union and intersection of two is also sym- 
metric 
= (3) 1s correct 
If(a bbe RUS 


Yi yr 


=> (a bbeRorS 
=> (b,a)€RorS(.. R,S are symmetric) 
=> (bayERVUS => RUS is symmetric 


Parallely if (a, b)eE RAS 
=> (a b)eRandS 
=> (b,a)eERandS 
=> (bayeRDS 
=> RoS is symmetric 


(b) Intersection of two symmetric relations is symmetric. 


15. 


16. 


6. 


(a) In an identity relationa Ra and aR b for a # b, however 
in a reflexive relation a R a and a may be related to any 
other element different from a 

= n (reflexive relation ) =n (identify relation) 

=> m2n 


(b) S= {1,2,3,..., 12} 
Let a, = number of elements in set A 
a, = number of elements in set B 
a, = number of elements in set C 
A, B, C are of equal size 
=> a,=a,=a,=4 
Thus, we are to divide 12 elements equally among 3 
naming groups. 
By the knowledge of permutations, number of ways = 
12! 12! 


4!4!4! (4!) 


SECTION-3: (ONLY ONE CORRECT ANSWER) 


. (a) Relation from A to A is a subset of A x A 


Number of relation on A = Number of subsets of A x A 
= (121m) = Oy 


. (b) A= {2,3,4, 5} 


(2, 2), (3, 3), (4, 4), (5,5), Ee R 
= Ris reflexive. 

(2, 3), (3, 2), (3, 5) and (5,3) ER 
= Ris symmetric. 

(2,3), (3,5) € R, but 2,5) ¢R 
= Ris not transitive. 


. (bd) RcAxAandR=RF'! 


=> (a, b)ER,R' 
= R must be symmetric 


=> (ba)ER,R 


. (d) A= fx: x? -3x+2=0} => A= {1,2} 
=> R=AxA= {(1, 1), C1, 2), 2, 1), (2, 2)} 
. (b) R= (m,n): mak ke Zk #03 


} 


Reflexivity: 

m=l1.m Yme Z-— {0} 
=> (m,m)eVme Z-— {0} 
=> Ris reflexive 
Symmetric: 

(4,2) € Ras 4 = 2(2), but 2 # k(4) for anyk € Z 
> Q2,4¢R => Ris not symmetric 
Transitive: 

Let(m,n)€ Rand(n,kAeER 

=> m=knandn=kkk k,eZ 
=> (mkye 

= Ris transitive. 


(b) A = {5, 6, 7} and B= {1, 2, 3, 4}; 
n[(A x B) x B)=n (A x B) xn(B) 
=n (A) x n(B) x n(B) 
=3x4x4=48 


10. 


11. 


12. 


13. 


14. 


15. 


(d) A = {2, 3, 4} and B= 33,5} 
R= {(a, b): (a<b} CAB 
B= 12,3), 425-9) (3 59) (45 9) 5 
Ha 4(352),(952).( 9,3) 505A); 
Ro R= {@, 3), 3, 5), (5, 3), (5, 5)} 


YuUY 


o~ 


b) R and R’ are symmetric 
Let (R J R’) contains (a, b) 
=> (a b)e RandR’ 
=> (b,a) € Rand R’ 
=> (bayEeRAR' 
=> (RO R’) 1s symmetric. 


(c) n (Relations form A to B) = 2"4 = (2)°4 = (2)? 
= Number of non-empty relations 2’? — 1 


(d) R= {@ y);x<y3AxB 

=> R= {(1, 3), (1, 5), (2, 3), (2, 5), (3, 5), (4, 5)} 

=> R°= {G, 1), G, 1), G, 2), G, 2), G; 3), 6, 4} 

=> ROR = {(1, 1), C, 2), (1, 3), 0, 4), (2, D, (2, 2), (2, 
3), 2, 4), 3, 1), GB; 2), GB; 3), B,D, 4, D, 4, 2), 4, 3); 
(4.4)5 


= None of these 


(b) “atava<b# b<aanda<b,b<c>a<c 
= Ris only transitive. 


(b) P= {(% y): x +y=1,x,y ER}, then clearly x R x 


1 
= +___ 
only for x = 
= Ris not reflexive. 
ety 
= Ris symmetric 
lix=Ly=0 
xRyandy=0,z= 1 
yRz 
But 1 KX l,i.,x Kz => Ris not transitive. 


=> 
=> 


(b) Ris any Equivalence relation on A and n (A) =n 
=> aRaVaead => n(R)2n 


(a) xRy@Sx-yt V5 is irrational . 
Reflexivity: x k x 
& x—x+-+5 1s irrational, ie, V5 is irrational, which is true, 
Symmetricity: Letx=2J5 yas , thenx—yt V5 =2 
V5 _ V5 + J5 =72 J5 which is irrational 
=> xRy. 
Buty—x + JAMS SQAS alS = 0 which 1s rational 
Vyx)éR 
R is not symmetric. 
Letx=2V5 ,y=V5 ,z=3V5 , thenx-y +5 =2V5 
> w~yeER 

Now, x —z + J5 =0 
> (x,z¢€R 
(b) A, BXandARBSANB=06 
Reflexivity: 4 \A=A4#O0VAX 
=> Ais not reflexive. 


Symmtricity: A 1 B= 6 
=> BonA=?0 


— 
— 


= Ris not transitive. 


=> Ris symmetric. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


26. 


- (d) 


Relations < 1.51 


Transitivity: Let A = {1, 2,3}, B= {4, 5, 6}, C = £2, 7, 8} 
Clearly AN B=6,;BAC=0,4ANC#O 
= Ris not transitive. 


(d) A = §1, 2, 3, 4, 5} 
R= {@ y): 2 -y| < 16} 
R=(% y): — 16 <x’-y < 16} 
R= {% y): 2 -y <16andx-y>- 16 
R= {(1, 1), 1,2), C1, 3), 1.4), C, 5), 2, D, 2, 2), 2, 3), 
(2, 4), B, 1), G, 2), G, 3), 3, 4), 4 D, 4, 2). 4, 3), 
(4, 4), (4, 5), (5, 4), GS, 5)3 


(d) R= {(x%, y): xis relatively prime to y} 
= {(22, 3), 2, 7), GB, 7), (3, 10), (4, 3), 4, 7), G, 3), 6, 7)} 
= Domain of R = {2, 3, 4, 5} 
=> xe [-2,2] 
=> xe {2,-1,0,1, 2} 


() xr +y<4 
Butxe Z 


(b) Identify relation is always not true 
=> IcR 


(b) AA,AB ® BA 

And A B,BC => AC 
= Ris reflexive and transitive. 
Also A Band BA 
A=B 
R is anti-symmetric. 


(c) *.. Ris anti-symmetric iff (a, b) and (6, a) ec R 
=> a=b 


=> 
=> 


(b) *.. > contains no elements 

=> (a,a)¢RforanyaeA 
Also by default three is no pair (a, 6) € R for which (6, a) 
éR 

= Ris symmetric. Similarly by default R is transitive. 


(a) Clearly R, is equivalence as |a| = |a|, |a| = |5| 
= |b|= Ia 

And |a| = |6], || = |e| 
= |a|=|e| 

R, is not equivalence as a <b 

& b<a 

R, is not equivalence as a/b 

#& bla 

R, is not equivalence as a < b 
& b<a 


(c) Since R™ of equivalence relation R is also equivalence. 


". a=a (mod m) as m/(a— a) 

Also a = b (mod m) as m/(a — b) 

=> mi(b-a) => b=a(modm) 
Further m/(a — b) and m/(b — c) 

=> mi(a—b)+(b-c) => mila-c) 

=> a=c(modm) 

(b) *.. Union of two equivalence relations need not be 

equivalence, but intersection of two equivalence rela- 

tion 1s equivalence 
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pak 


28. 


29. 


30. 


31. 


32. 


(c) R= tC, 3), @, 2), G, 2)§ and S = {@, 1), G, 2), 2, 3)3 
= Ros = {(2, 3), (2, 2), GB, 2)} 


(b) *.. x? = xy => xx-y)=0 

=> x=Oorx=y 

a Reve eA => Ris reflexive. 
Alsox Ry => x=Oorx=y 


When x = 0, then x” = xy; y #0, then y* # yx as L.HS. 
#0,R.HS =0 
=> Ris not symmetric. 
LetxRyandyRz 
=> Eitherx=Oorx=yandy=Oory=z 
Case (i): x = 0, y = 0 and z # 0, then x” = xz 
Case (ii): x = 0, y = z # = 0, then x? = xz 
= AZ 
Case (iii):x =y #0; y=z 
= x2 
= Ris transitive. 


=> xRz 


(b) Let A = {a,, a,, a,, a,}, then reflexive relation. 
R must contain atleast (a,, a,), (@,, @,), (a,, @,) and 
(a, 4,) 
A x A has 16 elements, out of these 16 elements, 4 ele- 
ments of type (a., a,) are include in reflexive relation. 
Now out of remaining 12 elements 0, 1, 2, 3, ...., 12 
elements can be include in reflexive relation. 
Thus number of ways = °C, + ?C, + °C, + °C, + ...+ 
Oe = (2) 


(a) A = {2, 4, 6} and B= {2, 3, 5} 

= Number of relation from A to B = n[P(4 x B)] = 2"4*® 
= 208) = (2)9 

(d) A= {(% y): 2° + y= 25} and B={(x, y): x? + D9’ = 144} 
A represents of circle of radius 5 and with centre at 


origin. B represents an ellipse with centre at origin with 
major axis length 12 and minor axis length 4. 


=> AandB have exactly 4 points common. 


(a) aRb = |a—b\ <1 

. aRbas|a—al=0<1 

=> Ris reflexive. 

Let a= 2, b = 2.5, c = 3.4, then |a — b| = 0.5 < 1 and 
Jb-—cl =0.9<1 

But |a — c| = |2-3.4)=1.4 41 

(a,c) ¢éR 

R is not transitive. 

Clearly |a—b| <1 


Y 


- (a), (b), (©) 


=> |b-a\<1 
=> Ris symmetric. 


SECTION-IV: (MORE THAN ONE ARE CORRECT) 


1. (a), (b), (©) X = {1, 2, 3, 4, 5,3; Y= {1, 3, 5, 7, 9} 


(a) R, = {C, 3), G, 5), 5, 7} is a relation for X to Y. 
(b) R,X x ¥>R, isa relation from X to Y. 

(c) R,X x Y > R, 1s also a relation from X to Y. 

(d) R,E Xx Yas7 ¢Xand4 ¢ Y. 

=> R, is nota relation from X to Y. 


(a, b) R (a, ) 
=> Ris reflexive. 
Also (a, b) R (ec, d) 


SS at+b=bta 


=> (at+da)=(bt+c) 
=> (b+c)=(at ad) => (c+ b)=(d+a) 
= (c,d) R(a, b) => Ris symmetric 


(a, b) R(c, d) and (c, d) R(e, f) 
=> at+d=b+t+candct+f=dte 
=> a-b=c-—dandc—d=e-f 
=> a-b=e-f => a+f=—b +e 
=> (a, b)R(e,f) = Ris transitive. 


. (b), (C) A = {% vy): y=e*, x € R} and B= {(x, y): y= e, 


xe R} 

Clearly (0,1)E ANB D> ANB#FO 
Also e* = e* = et] 

& x=0 

=> (A cB)1s singleton set. 


. (a), (A= {&% vy): x +yV<1,x%y € R} andB= {% y): 


v’?+y24,xye R} 

= As interior of circle x? + y? = 1 and B 1s exterior of 
circle x7 +y=4 

=> ANB=?o 

=> A-B=AandB-A=B 

=> B-AfoandA—-Bo 


- (b), (c), (d) 


aRa $a@<a@ 
©a=Oora=1 
= Ris not reflexive. 


aRb = ax 
& b<a = (baé€éR 
= Ris not symmetric 
. a<bandb<c? P ax<c 
Let a=2,b=—3,c=1, then a =2, b*>=9,c?=1,b 
=—3 
=> a<bandb<c’?buta>c 
= Thus,(a, b)é Rand (b)eER 
& (a,c)ER 
= Ris not transitive and equivalence 


- (a); (€),(d) R= {1, 2), 2, 3), GB, 4), 4 5), O; 3 


= Ris not reflexive, not symmetric and not transitive. 


. (b), Cc), (d) If R, S are reflexive, then RUS and ROS are 


also reflexive. 


8. 


9. 


Same is true when R and S are symmetric. If R and S are 
both transitive, then R 7 S is also transitive but not RUS. 


(a), (b), (c), (d) 
aRb © n|(a-—b) 
‘" ni(a—a)i.e., n\0 => Ris reflexive. 
=> aRb = n|(a-—b) 
=> n|(b-a) => bRa 
=> Ris symmetric. 
aRbandbRe 
=> n|(a-b) => n|(a-c) 
=> aRc = Riis transitive. 
= Ris equivalence. 
(c) Az 
> @w%xnERwWY)R 
=> (x) Ras xis brother of y may imply that y is sister of x 
=> (x y)R, 0,2) R 
=> (x,z) Ras xis brother and y is brother of Z 
= x1s brother of z 
= Ris transitive. 


SECTION-V: (ASSERTION AND REASON TYPE) 


(d) Clearly R is correct. 
Further a | a V a Z— {0}, but 0 does not divide itself. 
So R is not reflexive 

= Assertion is incorrect. 


(a) Reason is true 
= Number of relation A to B 

=P. BD) = rer 2 (2) 
= Assertion is true. 


(d) Clearly reason is true 
la—al<l 
ja—bl <1 => 
=> Ris symmetric. 
Ta=1,b>=15,¢c=24 
ja—b|<1,|b-—c| <1, but |a—c| £1 
R 1s not transitive and hence not equivalence. 
Assertion is incorrect. 


(a) °. A x B= {(a, b):aA and b B} and R: A 5B 1s arela- 
tion having some ordered pairs (x, y), such that x A and 
y B satisfying some given condition. 

Every relation is a subset of A x B 

A x B 1s the largest relation from A to B, 1.e., universal 
relation. 

Both assertion and reason are correct and reason cor- 
rectly explains assertion. 


= Ris reflexive. 
|b-a| <1 


Y 


Y 


y 


(d) Clearly the reason is correct 
2/(a — a) and 2/(a — b) 


=> 2/-(a-b) => 2/(b-a) 

= Risreflexive and symmetric, also 2/(a— b) and 2/(b— c) 

=> aRe 

= Ris transitive and hence equivalence. Thus assertion 1s 
incorrect. 


See gene! ae 
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SECTION-VI: (COMPREHENSION) 


(c) 
(b) 
(b) 
(a) 
Reflexivity: (a, 5) R, (a, 5) 
<> ab = ba, which is true 
=> R, is reflexive. 
Again (a, 5) R, (a, 5) 
=> at+b=b+a, whichis true 
= R, 1s reflexive. 
Symmetric: (a, 5) R, (¢, @) 
=> ad=be => bhce=ad 
=> cbh=da => (¢ aR «a, db) 
= R, is symmetric 
Again (a, b) R, (¢, d) 
=> a+d=bte => bt+c=at+d 
=> c+d=dta => (c, d)R,(a, b) 
=> R, is symmetric. : 
Transitivity: Let (a, b) R, (c, d) and (¢, d) R, (.f) 
=> ad=beandcf=de = ~=\and£=* 
a bd d f 
—=—> af =be 
b f 
> @bdR Cf) = Ris transitive. 
Again (a, b) R, (¢, d) and (¢, d) R, (e, f) 
=> a+d=b+candc+f=dte 
=> a-—b=c-—dandc-—d=e-f 
=> (a-b)=(e-/f) 
=> ayo pre 
=> @ dR, ef) R, is also transitive. 
= R, and R, both are equivalence relation. 
SECTION-VII: (COLUMN-MATCHING TYPE I, 
(i) > (a); (il) > (©), (e); (ill) > (a), (b) , (©), (Gd); Gv) > 
(a), (b), (c), (d) 
(i) R:A>A;A = £1, 2,3,...,-14} 
R= {(% y): 3x-y> 0} 
Reflexivity: 3x-x>0 @2x>0 
<= x>0, which is true forxA 
= Ris reflexive. 
Symmeticity: Lety=1 => 3y=3andx=4 
=> 3x= 12, then3x-y=12-1=11>0 
=> xRy 
And 3y—x=3-4=-1<0 
> VYxEéR 


Transitivity: Let x = 1 

=> 3x = 3-andy=2 

=> 3y=6and letz=5, thenxRyas 3x-y=3-2=1>0, 
yRzas3y—z=6—5=1>0, but @, z) ¢€ Ras 3x-z 
=3-5=-2<0 
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= Ris not transitive. 

=> Ris not Equivalence, also (1, 2) Ras 3 (1) —-2 > 0 and 
(2,1) Ras3(2)-1>0 
However 1 # 2 => Ris not anti-symmetric 

(ii) R: No N; R= {0% y): y=x+ 4 and x < 4} 

=> R= itl, 5), 2, 6), 3, 7} 

=> Ris not reflexive, not symmetric, but transitive and 
anti-symmetric by default. 

(iii) R: Z > Z, R= {(% y), x-z € Z} 
x-x=0O0eEeZ£ => Risreflexive andx—-ye Z 

> y-xeZ => Ris symmetric 
Alsox-y,y-zeZ> (x-y)t+tQ-zeZ 

> (x-zyeZ = Ris transitive. 
(2, 4), (4, 2) € Z, but2 #4 

= Ris not anti-symmetric. 

(iv) (a R a) as same person work with himself at same place. 
AlsoaRb => bRaandaRbishbRce 

=> aRc 

= (hk) is reflexive, symmetric, transitive and equivalence. 
However (a, 5), (b, a) € R,but a # 5 is possible for two 
different person a and 5. 

= Ris not anti-symmetric. 


- @)- (a), (©), (©); Gi) >; Gii) > (a), (b), (©), @; Gv) > 
(a), (b), (c), (d) 
(i) R= {(a, b),a<b,a, be R} 
aRaasa=a => Ris reflexive 
However,a<b #® b<a,eg.,2<3 
P 3<2 
R is not symmetric, also a< band b<c 
a<c 
Ris transitive, also 2 <3 and 3 <2 can’t hold simultane- 
ously. 
= Ris anti-symmetric by default. 
(ii) R= {(a, b): a < Bb} 
eh => a-ad0 
=> a(a*-1)0 => a(at+1\a—-1)0 
=> aeé|[-l,0] U[I1, o) 
=> Ris not reflexive. 
Also for a = 4, b = 65 
a< bias 4 <(65)’, but b € a’ as 65 £ 64 
R is not symmetric. 
Further for b = 4, b> = 64, c=2 


YuUY 


y 


=> c=8anda= 10, we have a <b’ as 10 < 64 

=> (a,b)R 

=> b<cias4<8 => (b,c.eRbutatcasl0¢8 
=> (a,c)€R 


R 1s not transitive. 
Also (2, 3) and (3, 2) € Ras 2 < (3) and 3 < (2)? 
= Ris not anti-symmetric. 
(iii) R: A> A; A= £1, 2, 3, 4, 5} 
R= {(a, b): la — b| is even} 
=> R= i, 3), G, ), , 5). 6, D, @, ®, 4, 2), GB, 5) G, 
3), , 1), 2, 2), 3, 3), 4, D3 
= Ris reflexive, symmetric, 
Also |a — b| = even 


=> a-—b=2k, and |b- c| = even 

=> b-c=2k, 

=> a-c=2(k, + k,) => |a-—c|=even 
=> aRc = Ris transitive. 


Also (2, 4), (4, 2) R, but 4 #2 

=> Ris not anti-symmetric. 

(iv) R = {(x%, y): x and have same age} 
Clearly, R will be reflexive, symmetric and transitive 
but aR band 6 Ra and a # bis possible 

= Ris not anti-symmetric. 


- @) > (b); Gi) (b), Gil)— (b), d), (©); Gv) >(a), (d) 


Gi) R={(KY):X% YePA) XY 49} 

Reflexivity: «© For X¥ #6, X AX =X= 9, butdnd=0 

=> oo 

Subjectivity: = R is not reflexive, alsoX NO=o0 VX e 

P (A) 

=> © ¢ range of Relation. 

=> Ris not subjective. 

Symmetricity: X R Y 

=> XNY#O 

=> LAA =O 

= Ris symmetric. 

Transitivity: X RY and YRZ 

=> XAY#oand YZ #4, but (XY Z) may be empty. 
e.g., 11 X = {1, 2,3}; Y= {2, 5, 6}; 2 = {5, 8}, then. X A 
LZ) AL — 45, OU OZ = 1) =o 

= Ris not transitive 

Injectivity: If X, Y, Z such that ¥ AZ40,XAZ#0 


=> YRX 


=> (xX, 2) (Y, Z) 

(ii) R= {@, y): x, y € N and Ris not injective. L.C.M (% y) 
= 12 

Reflexivity: *.. L.C.M (x, x) = 12 

So x= 12 => Ris not reflexive 


Symmetric: If L.C.M (x y) = 12, then L.C.M G, x) = 12 
= Ris symmetric 
Transitive: If L.C.M (x, y) = 12, then (x, y) Ee R 
=> R= {(1, 12), (3, 4), , 3), (4, 6), (6, 4), (2, 12), (12, 2), 
(12, 1)} 
(3, 4), (4,6) €e R but 3,6) zR 
=> Ris not transitive. 
Also (3, 4), (4, 3) € R but 3 #4 
=> Ris not anti-symmetric. 
. Range#N 
= Ris not surjective, also (3, 4), (6,4) e R 
= Ris not injective 
(iii) R = {(, y): x, ye Cand y= x }; Cis the set of com- 
plex numbers. 
Reflexivity: x R x — Lz 
=> xe Ri.e., (x, x) € R holds only when x is purely real 
= Ris not reflexive. 
Symmetricity: If x R y, then y= x 
=> yx > @wxeER 
=> Ris symmetric. 
Transitive: x R y 
— 2>-y. 


=> y= xandyRz 


> 2% Pp Z=xX 

= Ris not transitive. 

Anti-symmetric: x R y andy Rx forxyeg.,(2+ 3) RQ 
— 37), but 2 + 3i #2 — 31 

= Ris not anti-symmetric. 

Surjectivity: Let a + ib € ¢ then, (a — ib) € ¢ such that 
(a—ib) R(a + ib) 

=> Ris subjective. 

Injectivity: Let (z,, z,) <« R and @, , 


and z, = Z, 


2) ERC 32, 2 


=: 22> 2 = 2-—Z 

=> Ris injective. 

(iv) R= {(x, y): 2x? + 3? -— 5xy =0; x% y ER} 

Reflexivity: x R x & 2x7 + 3x? — 5x? = 0, which is 
true 

=> Ris reflexive. 


Symmetricity: 2x? — 5xy + 3)? = 0 
=> 2x°?-—2xy-3xy + 3y’=0 


Relations < 


=> 2x(x-y)—-3y(x—-y) =0 

=> (2x-3y)(x—-y) =0 

=> 2>=3y rx = y 
Let x = 3, y = 2, then 2(x) = 6 and 3(y) = 6 
2x = 3y 


=> xRy, buty R xas 2y =4 and 3 =9 
R is not symmetric. 
Teausitivite: Las 3.) =2.2= 
=> xRy 
And 2y = 3z 
=> (%,z)¢R 
= Ris not transitive. 


= then 2x = 3y 


=> yRz,; but xz and 2x 3z 


Surjective: Let y e R; then x = =y e€ R and 2x = 3y 


> @w~yeEeR = Ris surjective 
Injective: *.. (x, y) € R and (F».7] ER 


=> Ris not injective. 
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The term function was first used by Leibnitz to denote the 
dependence of one quantity on other quantities. 


Examples 


1. The area of a circle depends on its radius r through the 
equation A = rr’. Thus, we say that A 1s a function of r 
and to denote this we write A = f(r). 


2. If you are traveling on a motor bike, the distance 
covered by you will depend upon how long you 
have been driving. So, we say that distance covered 
is a function of time. Further, the distance covered 
will also depend upon the speed with which you are 
driving. Here, we are expressing the distance covered 
to be a function of speed and time, because if the 
speed or the time increases the distance covered 
will increase and vice versa. The symbol f does 
not have a special meaning, it simply indicates 
dependence of one physical quantity over the 
other. 


So, the concept of function is useful in defining the 
dependence of one thing (called dependent variable) on 
other things (called independent variables). In certain cases 
the dependent variables may not always increase with the 
increase in the independent variables. Also, the independent 
variable for one function may be a dependent variable for 
other function, which is studied under monotonicity of 
functions and composition of functions. 

We need to understand that any relationship between 
two phenomenons is not necessarily a function. Actually 
the functions are specific type of relations. In this chapter 
we will also learn how to graphically represent the func- 
tion and its applications to find out the solution of various 
problems. 


CHAPTER 


Functions 


PE oerinition OF FUNCTION 


Let X and Y be two non-empty sets. Then a function f 
from set X to set Y 1s denoted as f: X > Y ory = f(x); x 
€ X andy € V. A function f(x) from X (domain) to Y (co- 
domain) 1s defined as a relation ffrom set_X to set Y such 
that each and every element of X is related with exactly 
one element of set Y. 
Therefore, mathematically the function f:.X — Y is infact 

a specific relation satisfying the following three conditions. 

a) fcxxY 

(ii) foreachx € X > (x, f(x) ef 
Gu) @ y,) €fand (x, y,)ef>y, =y, 


Pictorially 
x fQ) =y 
“Ip. | “oume 
FIGURE 2.1 
eg: LetX = {0,1,2,3} and Y = {1,3,5,7,9, 11}; define 


a function f: X > Y by f(x) = 2x + 3; then 

F= {0, 3), C1, 5), (2, 7), (3, 9)}. Clearly fis a function. 
But above is not a function when: 

Set Y = {y: y is prime and y < 15}, because 9 does not 
belong to ¥ in that case. 


X  f(&X)=2xt3 OY 
FIGURE 2.2 


2.2 >» Functions 


Machine Model of Function: (x ¢ X) > f—7> («€ Y) 1s 
called as function of x and abbreviated as ‘y’1s fof ‘x’. 
If a pre-image is denoted by x and image is denoted by 
y, then we can write: 
y=f(x) 
Imagee Y Pre-image eX 
FIGURE 2.3 


A function works as a machine which gets an input and 
produces a corresponding output as illustrated in Figure 2.4. 


Input value x 


Output value 5x7+2 


FIGURE 2.4 


Notations: 


f:X 2>Y or X—5>5Y, which reads as ‘fis a function 
from X to Y’ or ‘fmaps X to Y’. 


Image and Pre-image: Let fbe a function from set X to 
set Y,1.e., f: X — Y and let an element x of set X be associ- 
ated to the element y of set Y through the rule ‘/’, then (x, y) 
E f,1.e., fx) = y, then y 1s called ‘image of x under f/’ and x 
is called ‘pre-image of y under /”’. 

e.g., LetX = {0, 1,2, 3} and Y = {1, 3, 5, 7, 9, 11}; 
define a function f: X > Y: 

fix) = 2x + 3; then f= {(0, 3), C1, 5), (2, 7), G, 9)}. 

Now, (0, 3) € f=> 0 1s pre-image and 3 is image, 

(1,5) € f= | 1s pre-image and 5 1s image. 

(2,7) € f= 2 1s pre-image and 7 1s image. 

(3, 9) € f= 3 1s pre-image and 9 1s image. 


DOMAIN, CO-DOMAIN AND RANGE OF 
EFUNCTION 


If a relation f (not one—many) maps independent variables 
(inputs) € X to dependent variables (outputs) € ¥, then the 
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subset of X containing elements x for which f(x) is defined 
(real and finite) and fix) € Y 1s called domain of f denoted 
by D, 

Les Do {x € X : f(x) is finite and real : fx) € Y}, and 
hence, f: D Fags becomes a function. 


2.4 > Functions 


(Set containing 
independent 
variables (inputs)) 


(Set containing 
dependent variables 
(outputs)) 


FIGURE 2.5 


Natural Domain: The natural domain of a function is 
the largest set of real number inputs that give real number 
outputs of the function. 


Co-domain: Set Y is called co-domain of function f 


Range of Function: If f: D F (< X) > Y is a function with 
domain D - then the set of images y (output €Y) generated 
corresponding to input x € Dis called range of function, 
and it is denoted by R , 


REMARKS 


1.€., i {f(x): xeD } cV. 

e.g., if fis a function from set XY = {1, 2, 3, 4} to set 
Y = £1, 4, 9, 16, 25, 36} defined by fx) = x’; then its range 
set = R= {fK1), f2), K3), K4)} = (1, 4,9, 16} oc V. 

Here, the elements 25, 36 are in the co-domain but not 
in the range. 


(Set containing 
independent 
variables (inputs)) 


(Set containing 
dependent variables 
(outputs)) 


FIGURE 2.6 


1. To find domain of function we need to know, when does a function become undefined and when it is defined, 


i.e, we need to find those values of x where f(x) is finite and real and those values of x where f(x) is either infinite or 


imaginary. 


2. When its value tends to infinity (0). 


eg, y= ae 


f(x) = R ~ {1, -1}. 


at x = +1; f(x) is not defined at x = +1 and defined xe R except for +1; therefore, domain of 


3. When it takes imaginary value. e.g., Y=VX-—1 V x € (-0, 1); f(x) is not defined on (-20, 1) and defined on [1, ~); 


therefore, domain of f(x) = [1, ~). 


4. When it takes indeterminate form, i.e., becomes of the form 


Example: 


, +] 0 
a) y= aa takes 0 form at x = —1, and hence, domain 


x°-] 
would not contain x = —1, also f(x) is not defined at 
x = 1, thus, D.= R ~ {1,-1} 


| ] 
——+——— takes  — oo form at x = 1, 
x —3x+2 


and hence, domain would not contain x = 1. Domain 
for this function 1s given by D= R ~{1, -1, 2} 


Gi) yes 


o|° 


00 0 AO 
—,l ,© ,O (O—ce!c . 
CO 


(111) y = sec x — tan x takes 0 — o form at x=(2n+1)— , 


n € Z, and hence, domain would not contain odd 


1 

integral multiples of 2: Here domain of function 1s 
1 

given by, D,= R ~ {(2n + 1) > sne LZ} 


(iv) y = (sin x)*"* takes 1° form at x=(2n 1); ned, 


and hence, domain would not contain odd 


; 1 
integral multiples of 5° D = R ~ 


(Ulen+x.an+a]}ofanen Sin E z}| 


neZ 


(v) y = (sin x)*"* takes 0° form at x = 7; D, would not 


contain {nx,;n € Z},1.e., domain would not contain 
the real numbers nx, n € Z. Domain of the function is 
given in above remark. 


(vi) y = (tan x)°** takes oo° form at x=(2n+1)—, and 


hence, domain would not contain odd integral multi- 


ples of — Here domain of function is given by 
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D= U [20 (2 + =| U (on +1)z,(4n+ )5)| 


neZ 


1.e., we excluded those real numbers for which tan x 
becomes negative and those for which cot x becomes 
infinite. Also at x = (2n + 1)x; y = (0) — 1 = 14, not 
defined. Also we excluded those real numbers for 
which the function takes indeterminate form 00°. 

1.e., excluding from the set of real numbers the set 


n+) nia |} (4n+3)Z2n+2.¢ 


VneZd 
To find range of a function first of all domain D p is 
determined and the range consists of images f(x) for 


each x € Dy 


2.6 > Functions 


ILLUSTRATION 9: 
SOLUTION: 


ILLUSTRATION 10: 


SOLUTION: 


For domain of g(x) = V8x+3 , 8% +320 
> x>-3/8 
3 3 
= Domain of g(x) = D, = {0} as <a 3 = Range of g(x) = R, = {f(0)} = {V3}. 


Find the domain and range of f(x) =3- Vx-4 

For f(x)= 3-Vx-4 to be meaningful the square root of x — 4 must be make sense; that 
means domain must consists of all real numbers x such that x — 4 > 0 or, equivalently, x > 4. 
That 1s, the domain 1s the interval [4, 00). As x varies from 4 to larger numbers, f(x) decreases 


from f(4) = 3-V4-4 =3 to arbitrarily smaller values. Thus, the range of f consists of all 
numbers less than or equal to 3, that is, the interval (—so, 3]. 


Find the domain and range for the following functions: 


(i) fix) = vx-5 (ii) fix) = V5-x 
(iii) fix) = Vx’ -5x+6 (iv) fo) = VP +x41 


—] 1 
(v) fix) = — 


<a (vi) f(x) = J@ bad 
(vii) fx) = vsinx (viii) fix) = ./sin(2x +3) 


(i) f(x) = V¥x-5 ; for domain x — 5 >0 


=> D,= [5, %) 
Let y = ¥x-5 
> y=x-5 >x=y+5 
But x >5 => y+5>5 
> y>0 >yeER 
But f(x) =y = vx-5 >0 (principal square root 1s always non-negative) 
=> y20 => R,= [0, «) 
(11) Aix) = V5—x ; for domain 5—x>0 
> x<5 
=> D,=(~, 5] 
Let y = V5-x > y=5-x 
> x=5-y 
Asx <5 > 5-y<5 
> y2>0 >yeR 


But y = V5-x20 (principal square root 1s always non-negative) 
=> y20 = Range of function = R ‘p= [0, 2). 
(iii) {x) = Vx° —5x+6; for domain x? - 5x +6>0 
=> (x-2)(-3)20 
> x<2orx>3 (*.. either both factors are positive or both non-negative) 
=> D,= --, 2] uv [3, 0) 


Also y = f(x) = Vx? —5x+6 = f(x —2)(x-3) ; for x > 3; (x — 2) (x — 3) € [0, 2); also for 


x € (-0, 2], « — 2) (x — 3) € [0, w) 


=> y= (x-2)(x-3) €[0,00) = [0, sd 


(iv) f(x) = Vx? 4x4 =e +447 +3 = (3 
1 
As (+5) + 43) >O0VxeER 
2 2 
=> fx) 1s real for all values of x => D,= R = (-2, 0) 
2 
1] 2 
Also (x43) + 3 — VxeR 
2 2 4 
3 
=> y= sf VxeR 
= Range of function f(x) == 2 


—] 
(v) f(x) = — - y is not defined for x = 4 
x— 


=> D,=R~ {4} 


NowyS— 
> xw-4y=x-]1 => xy-1]l=4-1 

ya 7! 

y-l1 

forx ce R,y#1 i R,= R~ {1} 
(vi) fe) : For domain (x — 1) («—2)>0 
Vi1 YY) SeSKREe—r— , KOT GOMAIN (X — x-— 

(x -—1)(x- 2) 


=> x<lorx>2 
=> D,= a, 1)u @, ») 
Now for x > 2, (x — 1) & — 2) € (0, «) 


—_ V(x-1)(x- 2) E (0,00) 
1 
jene 


Range of function R yi (0, 00) 
(vil) f(x) = Vsinx . For domain of function, sin x > 0 
=> xe [2nn, (2n+l1)al;ne Z 
=> D,= U[2n2,(2n+1)z] 


nez, 
Now for y = Vsinx to be real, sinx € [0, 1] 
=> sinx € [0,1] 
Range of function = R,= [O, 1]. 
(vii) f(x) = /sin(2x +3) . For domain of function sin (2x + 3) >0 
=> (2x + 3)e [2nn, (2n+1)a|,;ne Z 
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=> 2x € [2nn—3,(2n+1)x-3|:neEeZ 


3 c | 
=> xE| nz—-—,n7+|—-—]||:neZ 
2 2 2 


3 a 3 
Domain = D.= Une —3.ne {2 -3)] “nel 


ned 


Clearly for x € D, sin (2x + 3) € [0, 1] 


=> fx) = Jsin(2x+3) © [0,1] 


= Range of function = R,= [O, 1]. 


ILLUSTRATION 11: f(x) = log x is defined only for x > 0; a> 0 and a # 1, and it is known that log x increases 


SOLUTION: 


from —oo to 00 as x increases from 0 onwards to 0 for a> 1 and log x decreases from 0 to —o 
as x increases from 0 onwards to 00 for a € (0, 1). On the basis of above information, find the 
domain and range of following logarithmic functions. 


(a) (i) log (x«- 1) (ii) log, V¥x-4 
(1) log, , x + 4) (iv) log, x’. 
(v) log, |x 


(b) Find the domain of f(x) = log, . (x — 2) 


(a) () Given that log x is defined only forx > 0,a>0,a¥#1 
For domain of f(x) = log,~—1);x-1>0 > x>1 
D,= (1, ®) 
Since base a = 2 > 1, value of log,(x — 1) increases from —co to 00 as (x — 1) increases 
from 0 to oo. 
As x approaches to 1, (x — 1) approaches to 0, and hence, log,(x — 1) approaches to —so. 


Range of function f(x) = R, = (20,00) 


(ii) log, Vx—4 ; For domain, x — 4>0 > x>4 “. D,= (4, 0) 
Herea =3>1 .. Range of function = f(x) =R p= (2, 2) 
(11) f(x) = log,, & + 4); Fordomain,x +4>0 > x>-4 => D,= (4, &) 


Here a = 1/3 € (0, 1), f(x) decreases from 10 to —co as x + 4 increases from 0 to o. 
Range of function = R Aa (—00, 00) 
(iv) f(x) = log, x’ 
Here x?>OVxeER. For domain x? > 0 => D,= R ~ {0} 
As a = 4> 1, f(x) increases from —co to 00 as x increases from 0 to +00. 
Range of function = R A (—00, 00) 
(v) fix) = log |x|; x] > 0 V x © R ~ {0} 
D,= R ~ {0} 
Also range of function = R a (—00, 00) 
(b) fix) = log, , (x - 2) 
For domain (x — 2)>0;5-x>0;5-x#1 
> xe (2,0),x<5;x744 
> xe (2,5) ~ {4} 
Domain of function = D, = (2, 5) ~ {4}. 
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ILLUSTRATION 12: Express the length 5 of one-side of a nght angled triangle as a function of the length a of the 
other with a constant hypotenuse c = 5. Graph this function and find its domain and range. 


SOLUTION: c=(a’ +b’)”” = b’ =(c’-a’) 
=> =25-@ => b=+(25-a’)” 
= b=(25-a’)'” (Since b being side length is non-negative) 
Thus, b = fa) = ¥25-a’ 
For domain a € [—5, 5]; but 0 < a < 5 (otherwise tnangle 1s impossible) 


Also a being the length of side of triangle can never be negative, therefore a € (0, 5). 
Therefore domain of /1s (0, 5). 


FIGURE 2.7 
Also range of function consists of all values attained by 5 when a € (0, 5). 
Range of f=R 7 ~ (©, 5). Figure 2.8 represents the function 5 = V25-a’ 


ILLUSTRATION 13: A right circular cone 1s inscribed in a sphere of radius R. Find the functional relationship 
between the lateral surface area S of the cone and its generatrix x. Indicate the domain of 
definition of this function and its range. 


SOLUTION: S = aril = urx (. 2=x) 


2R 
Le SC 
90°—A 
D 
FIGURE 2.8 
: r 
Now 1n AACE, sin A = — ... (i) 
x 


V4R? — x’ 
r 


And in ACDE, cosec (90° — A) = 


VAR? — x 
=> secA = Se ... (11) 
r 


2.10 >» Functions 


2 I 1 r? 
OY eae aa ee 
r’ r’ xV4R? — x? —- : 
> 1- 2 = AR? x2 —> Fr nr) ae (Using (1) and (11)) 
mx? V4R? — x? 


2 


Domain of function S = f(x) = (0, 2R). 
(.. 4R2-x?>0 =x &€ [0, 2R] but for x = 0, 2R, cone cannot be constructed) 


8R? — 3x" 2J/2R 
Range of function: As /'(x) i a = 0 for x = WW2R ag x=0 
2R V4R?- x’ v3 
2V2R 
At x = O, f(x) attains minimum value O, where as at x -t f(x) attains its 
8 8 82 R? 87 R? 

maximum value = = (FR) 4R? ——R? = i . Thus, range = (— 

2R\3 3 3/3 3/3 


ILLUSTRATION 14: In the Figure 2.9 express y analytically as a continuous function of x with natural domain. 
Also find the range of function. 


FIGURE 2.9 


SOLUTION: ASC isa semi circle with ends of diameter as (1,1) and (3,3). 


Equation of Arc ABC is (x-2)?+ (y-2)?=2 or y-2=+W4x-x’-2 (1) 
Clearly for x € [2 = V2,1| f(x) 1s not a function as it has two output for each input given 


by above analytical relation in equation (1) . Therefore to convert it to function, isolating 


24+V4x-x?-2 sy2>2 


the two branches, we get y= 2) 
2-V4x-x’-2 ;sy<2 

Now / to be continuous function rejecting the negative branch, 1.e., for y < 2, we get 

f(x) = eine ~2:2-J2<x<3 


333<x<4 


TEXTUAL EXERCISE-1: (SUBJECTIVE) 


. If fx) = Vx’ -4, find the values of f(1), (2), A-3), if 

they exist (1.e., real). 
(x— 2) 

(x —4)(x-5) 

which f(x) is not defined (not real and finite). 


, find the real numbers for 


. If fix) = 


| 
. If f(x) = ———; then find the real numbers for which 
(x—1) 


fx) is not defined. Also find the real number(s) which 
the function f(x) cannot attain. 


. If f(x) = if (x —1)(x —4) , then find the interval 
(i) For which f(x) is not defined 


(i) For which FG) is not defined 


(x) 


(111) Containing all values of f(x) 


l 
(iv) Containing all values of ——- 
I(x) 
. Find the set of all values of x, for which the following 
functions (expressions) are defined: 
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1 x°-x 
= b 
(a) x(x-1)(x-2) >) x +x 
x+] | 
<a d 
Ser rare (d) = 
(e) Vx-4 (f) V¥x-24+Vx4+2 
l 
Vx-44+V7-x be 
i © Jr-4—Joa 
(i) Vx-7-V3-x 
. Find the domain of definition of the following 
functions: 
Vx-1 x-1 


(a) A ali rear (b) S(x)= (a 


(©) fy= (d) (vx -1)(6-Vx] 
(e) (J/x -1) (6—x) 


. Find the domain of definition the following 


functions: 


(a) f(x)=Vx-1V6—x (b) f(x) = y(x-1)(6-x) 
(c) f(x)=Vx-x° 


2.12 


8. 


10. 


11. 


12. 


Answer Keys 

1. f(1) does not exist; (2) = 0, f-3) = V5 

2. 4,5 

3. fix) is not defined for x = 1; f(x) cannot attain O value. 

4. a) C1, 4) (ui) [1, 4] 

5. (a) R ~ £0, 1, 2} (b) R ~ £0, -1} 
(e) [4, 0) (f) [2, 2) 

6. (a) [1, 6) (b) [7/2, 6) 

7. (a) [1, 6] (b) [1, 6] 

8. (1) [2, 5] (1) 

9. Domain = {1, 2, 3} and Range = 1V3,V7,vi3} 


11. 


12; 


14. 


15. 


> Functions 


Find the domain of the following functions: 
(i) VS-x+vx-2 
(ii) V3-x+vVx-5 


. Find the domain and range of the function f(x) defined 


by Ax) = Jy? 4,41 from a subset of set A = {0, 1, 
2, 3} to B = set of irrational numbers. 


Find pairs of functions from the following function(s) 
whose domain and range are same? 


@) fe)=Vi-r Gi) ge=— 


l 
(Gu) A@)= y= (iv) o(x) = V1-x° 

Ux 
Find the domain and range of the function f(x) from a 
subset of set A = {x : x 1s a +ve integer divisor 
of 36} to set of real numbers (IR) defined by 

x 

IO) = CDG _D(ax—3).xe 10) 
Let A = {9, 10, 11, 12, 13} and let f: A > N be 
defined by fim) = the highest prime factor of n. Find 
the range of f 


Domain = {12, 18, 36}; Range = 4—, , 
Li 7? 


Range = {3, 5, 11, 13} 


ED 65 = 2414209) 


sc: aaa 


12 18x7! 36x25! 
35! 


13. A cylinder is inscribed in a sphere of radius R. 


14. 


15. 


Express the volume J’ of the cylinder as a function of 
its height x. Indicate the domain of definition of this 
function. 


O 1s a fixed point on a circle of unit radius whose 
centre is P. A chord perpendicular to OP at a distance 
x from O cuts the circle at A and B. Express the area 
of the segment AOB as a function of x. 


In the Figure 2.10, BC = b and AH = h; where AH L 
BC. If EF = x, where EF | BC, then express the area 
and perimeter of the rectangle DEFG as functions of 
x. 


A 
D E 
B G H F e 

FIGURE 2.10 
(11) [0, 00) (iv) (0, ©) 
(c) R (d) (3, 2) 
(g) [4, 7] (h) [4,6]~ {53 @o 
(c) [1, 0) ~ {6} (d) [0, 00) (€) [0, 6] 


(c) [0, 1] 


10. (g(x), A(x)) and (Ax), (x) 


2 
13. 0<x <2R: mR] 


cos'(1 —x)-(1 —x)J/9y_x?,0<5x< 1 and x-cos’@-1)+ (@-1)Joy_,x?, 1 <x 2. 
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TEXTUAL EXERCISE-1: (OBJECTIVE) 


1. If f=, then (4) is 


x ] 
oe OP ge 
(c) — (d) None of these 
2. The domain of function f(x) =log(1-—x)++vx’ -1 is 
(a) [-1, 1] (b) (1, &) 
(c) (co, -1] (d) None of these 


3. If f(x) = ax? + bx + c, then the values of a and b for 
which the identity fix + 1) — f(x) = 8x + 3 1s satisfied are 
(a) a=4andb=-1 (b) a=l1andb=4 
(c) a=-landb=4 (d) None of these 

4. Let p(x) = a + bx, g(x) = |x? + mx + vn. If p(l) - 
q(1) = 0, p(2) — ¢(2) = 1 and p(3) - q¢(3) = 4, then 
Pp(4) — g(4) equals 


(a) 2 (b) 5 
(c) 9 (d) None of these 

5. The domain the function 
f(x) = ./logdog x) —log(4—-logx)-log3; (base of 
log is 10) 
(a) [103, 10%) (b) (103, 10%) 
(c) [10%, 0) (d) None of these 


6. The domain of the function y = f(x) given by 
3” +2" =2*"> is 
(a) (-Y3, V3) (b) (-V3, -1) u (1, V3) 
(c) (00, V3) U (N3, 0)(d) None of these 


7. The domain of definition of the function 
2x+1 as 
Sgeeat is given by 
Answer Keys 
1 (a) 2. (c) 3. (a) 4. (c) 5. (a) 
11. (a) 12. (c) 


m@ REPRESENTATION OF FUNCTIONS 


Analytical Representation: When a function is denoted as 

y=f(x) or fx, y) =0, then itis called analytical representation. 
ax’ +bx+c 

eg.,y= Vx +1, ffx) = cc aera 


e* sin! x — 


Inx+e* 
or f(x) = 
sin Xx 


Nn 


a) R~f-1,1133 (©) R 
(c) (0, 0) (d) None of these 
8. The domain of the function f(x) = ,/log, (cos(sin x)) 
iS 
(a) R (b) (0, 00) 


(c) {mt,n € Z} (d) None of these 


] 


9. The domain of the function f(x) = ——————— 
Vx° -13x4 +36x? 
is 

(a) (0, 2) U (3, &) 

(b) (-00, -3) U (-2, 0) U (0, 2) U GB, &) 

(c) R ~ {-3, -2, 0, 2, 3} 

(d) None of these 


10. The range of the function f(x) =x°+— 4 
x 

(b) (0, «) 

(d) None of these 


(a) [1, 0) 
(c) [2, 0) 


11. The domain of the function f(x) = log,(log, (log, 
(18x — x? — 77))) is 
(a) (8, 10) (b) (-8, 10) 
(c) (co, 8)U (10, ©) (d) None of these 


12. Let the function f: D > R, f(x) = log.(log,,, log, 
(2x + 1)); where D is the natural domain of f If 
S represents the sum of the absolute values of all 
integers from D, then the value of S is 


(a) 4 (b) 5 
(c) 6 (d) None of these 
6. (b) 7. (a) 8. (c) 9. (b) 10. (a) 


The advantage of analytical representation is the 
compactness and the possibility of evaluating fx) for any 
value of x in the domain. This is the most effective way 
of representation of a function which allows application of 
techniques of calculus. 

Most of the functions encountered at basic level are de- 
fined by means of a single equation. 


2.14 > Functions 


For example, f(x) = x? — 2; f(x) = Vx+1. However, it is 
not true that a function in analytical representation always 
use a single equation. We may require more than one 
equation to represent a function analytically, depending 
upon its domain. 


Example: 
(i) foo) Vx—-1 for x>1 
1 x)= 
2x-—2 for x<l 
sinx forx<-z 
(ii) g(x)=4xt+a for-z<x<7 
tanx forx>z 
l 
x xsin— for x #0 
Gu) A(x) = x etc 


0 for x=0 


The function defined above using more than one equations 
are called piece-wise defined function. 

A piece-wise defined function has different analytical 
expressions (formulae) on different parts of its domain 
as illustrated in above examples. In a piece-wise defined 
function, the domain is the union of the sub-intervals. To 
evaluate the function at a particular value of x, we choose 
the appropriate formula. 

For instance, for the function f(x) illustrated above 
fi-3) = 2(-3) - 2 =-8 and f(4) = V4-1 = V3. 

The independent variable used in an _ analytical 
representation may be continuous or discrete. In the 
examples given above f(x), g(x) and h(x) have continuous 
independent variable. 

Now consider the function fx) = "C, + "P_; where 
C and P are combination and permutation has discrete 


REMARK 


independent variable x and having domain {0, 1, 2, 3, ..., 
n} consisting of first (n + 1) whole numbers. 

Analytical representation may use either explicit form 
of representation or implicit form of representation. 1.e., in 
the form y = f(x) or f(y, y) =0e.g.,y=x’?-lory—x’?+1=0 

Generally we deal with functions in which the 
dependent variable y is explicitly related to independent 
variable x. Such functions are called explicit function. 

A function is an implicit function, if it 1s defined by 
an equation not solved for the dependent variable y. For 
example y’ — x? = 5x; 2xy — 5 tan?y = 0 etc. 

Here, y is not directly expressed in terms of x. However, 
in some cases, an implicit function can be converted into an 
explicit function. 

For example, y> — x? = 5x; can be expressed as 
y = (x? + 5x)'8. Sometimes, the conversion can change the 
domain. But we must consider the domain of the original 
expression. 

e.g., log ?-— 1) + log y—5=0 

=> log(x’-ly=5 

> (e-ly=e 


5 
e 


=) 


having its domain R ~ {1}, but if we observe the original 
equation, for log y and log(x* — 1) to be defined x* — 1 > 0, 
y>0 

=> (x-]l@’+x+1)>0 

=> x> 1,1¢e., the domain of original function ex- 

pressed in implicit form is (1, 0). 

Thus, the domain is changed, so care must be taken 
while converting the function given in explicit form to 
function in implicit form and defining the domain of 
converted function. 


=> 7 tl) 


Some of the implicit equations do not represent functions. For example, the equation 9x? + 4y? = 36 represents an 


2 
ellipse and on solving it for y, we get y* = acc => 
4 


Thus, corresponding to each input x, we get two outputs 


Paes cas 


a 


Thus, the given equation does not represent a function. In fact it represents amany-—many relation. 


However, we can define two functions here: 


36 -9x? 
b=1% Yi y= ke [-2, 2]} andy ={(x, y) :y=- 


Such a relation is sometimes called a multi-valued function. 


V36-9x? 
2 


ee [-2, 2]} 
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ILLUSTRATION 15: Consider a circle of radius v Let f(x) be the length of a chord AB of circle at a distance x from 
the centre of the circle. Express the function f(x) analytically and find its domain of definition. 

SOLUTION: Let A/ be the midpoint of the chord AB and let C be the centre 

of the circle. Note that CM = x and CB = a. By Pythagoras 


theorem, from right angled ABCM 


we have, BM =\Va* —x’°. Hence, AB =2Va’ —x* 


Thus, fix) = 2Va*—x* is the required function in algebraic form 


Now f(x) produces real values for a*— x? >0 > x € [-a, a] 


But x being distance cannot be negative. > x € [0, a]. For x =a, 
length of chord = 0, 1.e., no chord. Hence, the domain of definition 


of the function fis [0, a]. 


m FUNCTION AS A SET OF ORDERED PAIRS 


Let A and B be two non-empty sets. A relation ffrom A to 
B, 1.e., a subset of 

A x Biscalled a function (or a mapping or a map) from 
A to B iff 


(a) For each a € A there exists b € B such that ordered 
pair (a, bye f 

(b) Also if (a, b) € fand (a, c) € f 
Thus, a non-empty subset fof A x Bis a function from A 
to B if each element of A appear in some ordered pair in f 
and no two ordered pairs in f have the same first element. 
If (a, 6) € f then 5 is called the image of a under fand a 1s 
called pre-image of b under f 

Therefore, a function y = f(x) can be expressed as a set 
of ordered pairs. 

That is, if f: A > B 1s a function, then f= {(a, fa)): a 
€ A and fa) € B} 1s representation of function as a set of 
ordered pairs. 

If f: X > Y 1s a function defined as f(x) = 2x? + 1 such 
that X = {0, 1, 2, 3} and Y = {1, 3, 5, 7, 9, 11, 13, 15, 
17, 19} can be expressed as a set of ordered pairs given by 


f= {@, 1), CG, 3), 2, 9), 3, 19)5- 


Graphical Representation: Being a set of ordered pairs, 
a function can be represented graphically on (x, y) plane, 
where each point (x, y) on the graph represents an input x 
and the corresponding output y of the function. The use of 
graph gives a visual representation and shows the various 
characteristics of graph viz. concavity, convexity, monoto- 
nicity and the domain of definition of the function. 


> b=ec 


For example: 


1. The graph of fx) = is shown in 


Figure 2.12. 


ae if x>1 


2x-2; if x< 


FIGURE 2.11 


FIGURE 2.12 


Corresponding to real numbers less than one the graph of 
function is a straight line y = 2x — 2 and for real numbers 
greater than or equal to 1, the graph of function is a 
portion of parabola y’ = x — 1. Thus, the given function 
is a combination of a straight line and a parabola. Clearly 
the function is defined that 1s function takes real and finite 
values V x € R. Thus, the domain of function is R. Also 
the function takes all real values from —co to ©, 1.e., the 
range of function is R. 

From the graph of given function we see that the 
function is monotonically increasing on R. Also the 
function 1s concave downwards on (1, 0). The function 
is neither concave upwards nor concave downwards, 
1.e., linear for x € (-co, 1]. 


2. f(x) = 2x? + 1 can be represented graphically as shown 


in Figure 2.13. 


FIGURE 2.13 
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Observing the graph of given function we find that for x € (-cc, 0) and monotonically increasing for 

the domain of function is R and the range is [1, ©). x € (0, 0). Also x = 0 is a stationary point, 1.e., the 

Clearly the graph is concave upwards for all x € R. point in the domain of function corresponding to 

The graph of function is monotonically decreasing which the point on the function has horizontal tangent. 
REMARK 


Most of the functions can be represented graphically but there are some functions which cannot be represented by a 
graph. For example: 


(i) 


(ii) 


(iii) 


(iv) 


0, when x is rational 


The Drichlet-Function which is defined as f(x) “4 cannot be graphed since there exist 


1, when x is irrational 
infinite number of rationals as well as irrationals between any two real numbers. 

Consider the Euler's totient or Euler's phi function >(n) = Number of positive integers less than or equal ton and 
co-prime to n; where n is a natural number. 

The domain of 9 is the set of positive integers. Its range is the set of positive integers 
fhe, 3) uals 

We cannot represent this function analytically. A portion of the graph of (n) is 
shown below for the understanding of the function. 


Since g.c.d. (1, 1) = 1 = Ol} =1. 
Now g.c.d. (1, 2) = 1 => 02) =1 fla S546 
Further ¢.cd. (1,0) = 0... (2,3) = land 1,2<3 = o(3)=2 

eas FIGURE 2.14 
Similarly, g.c.d. (4, 1) = g.c.d. (4, 3) =1 = o4)=2 
anda g¢.c.d. =), 5)\=9:c.0d(2, Sia occd.(3; 5) =giad.(4,5)=1 = o(5)=4 


Consider another function called prime number function defined by f(x) = number of prime numbers less than or 
equal to x; where x is positive real number. 


Then domain of f(x) is (0, 0) and range is the set of non-negative integers, i.e., {0, 1, 2, 3, ...,}. 
The graph of function is shown below y 


As x increases, the function f(x) remains constant until x reaches a prime, at which 
the graph of function jumps by 1. Therefore, the graph of f consists of horizontal 
line segments. This is an example of a class of function called step functions. 


Another function, which is so complicated that it is impossible to draw its graph, 


x, if x is rational 
hia x 1234 5 6 
——, ifxisirrational. 
2 FIGURE 2.15 
As we know that between any two real numbers, there lie infinitely many rationals 
and irrational numbers, so it is impossible to draw its graph. 
m PARAMETRIC REPRESENTATION a Ae, | mr 
y=y(t) 


If each of the dependent and independent variables of a 

function can be represented as a separate function of a third | where ¢ assumes values that lies in the interval [a, 5]. To 

variable called parameter, then the function represented | each value of ¢ there corresponds values of x and y (the 

by dependent and independent variables as functions of | function @ and yw are assumed to be single valued). If the 

parameter is called in parametric representation. ordered pair (x, y) be regarded as the coordinates of a 
i.e., if y = f(x) is a function such that point in a coordinate xy-plane, then to each value of ¢ there 


correspond a definite point in the plane. And when tf varies 
from a to b, the point will describe a certain curve giving us 
the graph of function y = f(x). 

Equations (1) are called parametric equations of this 
curve, ¢ is the parameter, and the curve is represented 
parametrically by equations (1). 

The direct relationship between the variables x and y 
(not involving the parameter ¢) from equation (1), can be 
obtained by eliminating ¢ from equations (1). 

1.e., the function x = (f) has the inverse, t = o71(x), 
then y = y(4) 

=> y=vyl[o'@)] eke) 

Thus, equation (1) defines y as a function of 
x, and we say that the function y of x is represented 
parametrically. 

For example, consider the function defined parametri- 
cally byx =t+2;y=f-1,;teR 

We have t=x-—2 andy=f-1 

> y=(x-2y-1 

=> y=x?-4x+3 


REMARKS 
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which represents an upward parabola with its vertex at 
(2, —1) as shown in Figure 2.16.. 


¥ 


FIGURE 2.16 


A parametric representation of a function (or of a 
curve) is sometimes more convenient than other ways of 
representing the function as the parametric equation may 
express a complicated relationship between x and y in a 
simpler manner. 


(i) If at least one of the functions of parametric equation is constant, then it is impossible to eliminate the parameter 
t to obtain a functional relationship y = f(x). For instance, the equations x = 2, y = cost would not provide us a 
functional relationship between x and y. Here they would contain the ordered pairs (2, cost); t € R. 


i.e., the graph is a straight line segment joining the points (2, -1) and (2, 1). y 


Let us consider the function represented parametrically as x = at*, y= 2at;te R 


Analytically the above relation represents a right handed parabola y’ = 4ax as shown 


in Figure 2.17. 


The geometric significance of the parameter t in the above equations is as follows: Xx Xx 


When the parameter t ranges from 0 to « the variable point traverses the upper half 
portion of parabola from the point (0, 0) to the point (~,%) and if t varies from 0 to 
—o it describes the lower half portion of parabola from (0, 0) to (<0, -00). Hence, if t 


continuously varies from —« to «, the moving point traverse the parabola from (, 
—o ) to («%, 2) continuously in clockwise directions as represented by arrows on the 


graph of function (parabola). 


FIGURE 2.17 


(ii) Parametric representation of curves is widely used in mechanics. If in the xy-plane there is a certain object in 
motion and if we know its laws of motion horizontally and vertically, i.e., the relationship between distance 


traveled horizontally and vertically with time. 


_ x= l(t) 
l.e., 
y=yt{t) 


s(3) 


where the parameter 't' is the time. Then equation (3) are parametric equations of the trajectory of the moving 
object. Eliminating from these equations the parameter t, we get the equation of the trajectory in the form y = f(x) 
or f(x, y) =0. 


Consider some examples of curves in parametric form. 


2.18 > 


1. 


Functions 


For a circle with centre at the origin and radius r. Let t denotes the positive 
angle between x-axis and the radius vector at some point P(x, y) of the circle as 
shown in Figure 2.18. 


Then the coordinates of point P on the circle is expressed in terms of the 


x=rcost 
parameter t as follows. i ,0<t<27 
sin 


These are the parametric equations of the circle. lf we eliminate the parameter 
t from these equations, we will have an equation of the circle containing 
only x and y. Squaring the parametric equations and adding, we get y' 
X*+y? =r? (cos*t + sin*t) or x? + y*=r’. 


FIGURE 2.18 
2 2 


x 
Given the equation of the ellipse in standard form me + — = (1) 


Letx=acost 


Putting this value of x in equation (1), we gety = bsint 


X =acost 


The equations v= bsint | O<t<2z7 are the parametric equations of the ellipse (1). 


The Asteroid is a curve which is amany-many relation and not a function as shown in Figure 2.19. 


x=acos’t y 


The parametric equations of Asteroid are } O<t<2z ...(1) 


y =asin’t 

Ba 
1 | 

when t varies from 0 to 5 point on curve traces the portion AB, from A ; 

to B, i.e., x decreases from a to 0 where as yincreases fromO toaasisclear C a x 

from the parametric equation (1) = ¢ 

1 
When t varies from > to m, point on curve traces the portion BC. i.e. x VD 


decreases from 0 to -a and y also decreases from a to 0. 


¥ 


Similarly when t varies fi sean ee nein 
im! ary W en t varies trom Tv to an 5 OZT € poin on curve FIGURE 2.19 


traces the portions CD and DA respectively. During the movement of 

point along CD, x increases from —a to 0 and y decreases from 0 to —a and during the movement of point along 
DA, x increases from 0 to a and y increases from —a to 0. 

Raising the terms of both equations (1) to the power 2/3 and adding, we get the following relationship 


2 2 2 2 2 2 
betweenxandy: x*+y° =a (cos? t+ sin’ t) or X°?+y*? =a? 


22 22) 
y?=a3-x3 => y?=|a3-x3 => 


Thus, an asteroid is a combination of two functions 6 = 4(x,y):y= 
2. 2y 
ax) - x €[-a,a] 


Here o represents upper half portion of curve, where as wy represents the lower half portion of curve andy =— 0. 


3 
;xe[-a,a]> and 


mg DIAGRAMMATIC REPRESENTATION 


(By using arrow diagram): If f: X > Y is a function, then 
we represent X and Y by two circles or ellipses containing 
independent and dependent variables respectively and 
join the inputs with their corresponding outputs (images) 
by using arrows. The function f(x) = 2x? + 1 from set 
X = {0, |, 2, 3} toset Y = {1, 3, 5,7, 9, 11, 13, 19} 1s 
represented diagrammatically as shown below. 


f:f(x)=2x?+11 


ea 


X Y 
FIGURE 2.20 
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Methods of Testing a Relation to be a 
Function 


Method 1: When the relation to be tested is repre- 
sented analytically. A relation f : X — Y defined as 
y = fix) will be function iff x, = x, > fix,) = Ax,) since 
otherwise an element of X would have two different 
images. 


f 


\ Ls 
| 


FIGURE 2.21 


2.20 >» Functions 


Method 2: When the relation to be tested is represented L) Set of abscissa of all ordered pairs is equal 


as a set of ordered pairs: A relation f: X — Y represent- to X 
ed as a set of ordered pairs will be function from X to O No two ordered pairs should have same 
Y iff abscissa. 

REMARK 


Because fis a relation from X — Y, therefore abscissa of ordered pairs must belong to X where as ordinates of ordered 
pairs must belong to Y. 


ILLUSTRATION 18: Test whether relation f : {1,2,3,4} — {2,3,4,5,6} as defined below is a function or not? 
(a) f, = {C1 2), (2, 4), 4, 3), G, 0)} (b) 7, = {0 3), 2, 4), G, 5)} 
(c) £= {0 3). @, 5), G. 4), C1, 6} (d) 7, = {(1, 6), @, 5), G, 4), G, 2)} 
SOLUTION: (a) f 1s not a relation from first set to second set because 0 is not in co-domain, and hence, 

not a function. 

(b) f 1s not a function from first set to second set as 4 has no image under /,, however, it is a 
function from set {1, 2, 3} to set {2, 3, 4, 5, 6}. 

(c) f, 1s a not a function from first set to second set as 1 has two images 3 and 6. 


(d) /, is a function from first set to second set as each element of first set has a unique image 
in second set. 


ILLUSTRATION 19: If A = {a, b, c, d, e} and B = {p, gq, rs, t}, then which of the following subset(s) of A x B 

is/are function(s) from A to B. 
QA={47,67,6 5), 20, © 9). G } 
Gi) f, = {i 7), G Pp). (4 0), G g)} 
(au) 7, = {@ p). G, 0, (er), (@ 5), (, g} 
Gv) f,={@ 7), G7. 7r),G@n, © n} 

SOLUTION: We check for the two conditions of the functions 

(1) Since 5 has two outputs (images) namely r and s, f 1s not a function 

(11) Since e, an element of A, does not have any image, it is also not a function 
(111) Since every element of A has only one output, it 1s a function. 


(iv) Even if every element’s output 1s 7 it is a function, as every element of A 1s participating 
and has a unique image 7 


ILLUSTRATION 20: Decide whether or not the following are functions from A to B; where A = {1, 2, 3, 4, 5} and 
B = {a, b, c, d, e}. If they are functions give the range of each. If they are not, explain why’? 
G) 7, = {., 2), (2, 4), G, 5), , e)} 
(Gu) 4, = {C1, e), G, @), G, a), (2, 5), (C1, a), (4, @)} 
Gu) 7, = {G, a), (1, e), 4, 5), GB, ¢), 2, a} 
SOLUTION: (1) Since the element 4 € A is not associated to any element of B, therefore, /, 1s not a 
function from A to B. 


(11) The element 1 € A 1s associated to two different elements e and d of B. Therefore, 7, 1s 
not a function from A to B. 
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Method 3: When the relation to be tested is represented 
graphically: relation f: X > Y ; y = f(x) 1s function iff all the 
straight line x = a; V a € X intersect the graph of function 
exactly once as shown below. 


D 


f 


FIGURE 2.23 


A relation f : X — Y will not be a function in the 
following two conditions. 


1. If for some a € X, line x = a does not cut the curve 
y = f(x). e.g., in the graph of function shown below 
the line x = ao does not cut the graph of function and 
ae X(D) = [a, b], 1.e., no output for input x = a. 


=> f(x) isnot a function from X to YL. 


y 


D 


f 


FIGURE 2.24 


2. If for atleast one a € X, fine x = aq intersects 
y = fx) more than once, 1.e., there exists an input 
having more than one output say at (a, y,) , (a, y,) 
and (a, y,). 

= For input x = a, f(x) has three outputs y, , y, as well as 
y, aS shown below 
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(2.,Ys) 


(a,Y) 


(a.,Y,) 


FIGURE 2.25 


Hence, f(x) is not function. 


It is one—many relation and one—many relations are 
never functions. 


Method 4: When the relation to be tested is represented dia- 
grammatically: A relation f: X — Y is a function if no input 


has two or more outputs in Y and no x € X 1s un-related. e.g., 


define a relation from set X having fathers x,, x, and x, to set Y 


2 


having sons y, and y, and a daughter y,. Let it be represented 
diagrammatically as shown. 


Xx 


(Father) a 


FIGURE 2.26 


Because father x, has son y, and daughter y, 1.e., input 
x, has two images 1.e., f1s one—many relation, and hence, 
not a function from set X to set Y. Moreover, x, has no child 
1.e., x, has no image under /, and hence, also from this point 
of view, fis not a function. 


SOLUTION: 


ILLUSTRATION 25: 


SOLUTION: 


ILLUSTRATION 26: 
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For (d) and (e) 


In the given domain each line drawn parallel to y-axis intersects the graph only at a single 
point and hence, the corresponding relations are functions in their domains. 


For (a), (b), (c) and (f) 


There exist lines parallel to y-axis intersecting the corresponding graphs in more than one 
point, and hence, the corresponding relations are not functions. 


Let A = {x:1<x<5} and B={y:1<y<4}. Define o={(,y): y>x+1]1,xEA, ye B}. 
Plot o on the x — y plane and determine whether it represent a function? 


Here A = {x: 1 <x<5} and B={y:1l<y<4},;0={@y):y2x+1,xeAandye B} 


Clearly 0 CA x B= [1], 5] x [1, 4], 1.e., the graph 
is entirely contained in the rectangular region R 
bounded by straight lines x =1,x=Sandy=l,y 
=4 


To obtain 9, first of all draw the straight line y = 
x + 1 with in the above defined bounded region R 
shown below 


Now the region above and on the line segment EF’ 
of straight line y = x + 1 and within the rectangle 
represents the region o defined in the given prob- 
lem. This region is shown in above diagram by 
shaded portion. 


FIGURE 2.27 


Clearly the above region 1s one—many relation. 


Which of the following is not the graph of a function on set A = [a, 5]? 
y 


(a) (b) 
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SOLUTION: 


ILLUSTRATION 27: 


SOLUTION: 


(c) x’ x 


No vertical line in the domain can meet the graph of a function in more than one point. In (c), 
the curve shown 1s a vertical line and 1n (d), y-axis 1s meeting the graph in two distinct points. 


In graph (b) there are some points in [a, 5] having no image under f, however except for 
those points graph represents the function on the remaining interval of [a, 5]. In graph (a) 
each element of domain [a, 5] has a unique image. Thus, the relation shown in Figure (a) 1s 
a function. 


Check whether the following functions expressed in analytical form are functions or not? 
(x1) 
(x—3) 


(ii) f, : [-5, 5] > R defined by f(x) = Vx-2 
(11) f,: [0, 00) — R defined by [f£(x)]? = x 

(iv) f, : [0, 20) > R defined by f(x) = vx. 

(v) £: R > R defined by f,(x) = |x — 4]. 

(vi) f,: R — R defined by f(x) = sin’x. 


(i) f,: [2, 7] > R defined by f(x) = 


Qi) *. f,G) 1s not defined 
.. f, isnot a function from [2, 7] to R; however, f is a function from [2, 7] ~ {3} to R 
(11) 7,@) 1s real for x — 2 >0 
= eZ 
“. $(x) is not defined from [—5, 5] to R; however, f(x) is a function from [2, 0) to R 
(ii) [4@x))? =x 
=> f,«%)=+ Vx 
for each x € [0, 00), f(x) 1s real but for each x, f(x) has two images, therefore f,(x) is not 
a function. 
(iv) f(x) = VvxeR Vxe [0,00) and f,(x) is unique for each x € [0, 2) 
“. J,(x) is a function from [0, 00) > R. 


(v) £: R — R defined by £(x) = |x — 4] is a function as f{(x) is real and unique for each 
xeR 


(vi) £(x) = sin*x € R and is unique for eachx € R 


= f(x) is a function from R to R 
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TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. 


Represent all possible functions defined from {a, B} 
to {1, 2} in the form of ordered pairs. 


Find the explicit form of the following functions 
(or relations): 

(a) log, x + log, y+ 2)=8 

(b) 3*9 Qe? -— 3) =x? — 27 

(c) y* = 8x — 4y. Also find their domain. 


Consider the functions defined by the following 
equations. In each case obtain y as an explicit function 
of x, and state for what values of x it is defined. 

(a) vy -2y-x=0,y21 

(b) -2y+x?=0,y< 1 


Give three examples of algebraic functions which 
cannot be expressed in explicit form. 


Test which of the following relations are functions 
(and also identify whether they are injective or not.) 
on their respective domain? 


(a) y2=3x+4 (b) y = 2x*+ | 
(cc) y=2tanx+5 (d) y=v3x+2 
x-l 
3= 9x2 _ |] as 
(e) y= 2x to 
(g) y= 4x —3 (h) y=axr’+ bx +e 
a) y=3x+1 


Which of the following represent functions? 
@) y= vx 

(il) x7 +2 =8 

(il) xr +y=4,y>0 

iv) xr +y=4,x>0 


2x+5; x20 
V ay eee 
(v) y ie eG 
4 
(vi) yy=x 
(vil) y+ = 2x 
. (a) The relation f : R —- R _ be defined 
by f(0) 2x+1; x<4 
xX) = 
‘ x+4;x>4 
(b) The relation h is defined by 
*- O<x< 
ey xe  QVSx<s 
3x; 3<x<10 


10. 


11. 


12. 


x; O<x<2 
3x; 2<x<10 


Show that f and A are functions and g is not a 
function. 


(c) The relation g is defined by g(x) -| 


. Give an analytical formula for the function f(x) equal 


to length of the path from A to B and from B to C for 
O <x <4 as represented by the following Figure 2.28. 


A 


f(x)=length of 
path ABC 


C 


FIGURE 2.28 


. LetdA = {x:0<x <4} and B= {y:1<y<3}. Define 


d0={% y):vex,xE€ AVE B}. 
Plot @ on the x — y plane and determine whether it 
represents a function? 


Draw the graph of the following functions: 


x° +4 if|x|>0 

a f0)={ 3 if x=0 

. _|x’°t+2 if x20 

o a= { if x<0 

Draw the graph of the following functions: 
2x+2 if x<-l 

Gi) f(x)=4x°-1 if -l<x<]1 
Zk=3 if x>1 
x°-1 if x<-l 

Gi) f(x)=4 4x0 if -l<x<l 


5-x’ ifl<x<2 


Define the following functions analytically: 
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(a) fx) = x° (b) fx) = 5x 
(c) fx) = 6x (d) fix) = Vx 
(e) Kx) =3x+1 (f) fix) = logx 
14. For which of the following functions is 
fiab) equal to f(a) fb) for all positive numbers 


a and b? 

(a) fix) = 8x (b) fix) = x° 
(c) fix) = 1/2 (d) fix) = vx 
(e) Ax) =x +2 


15. Let fhave as its domain the set of all integers. Assume 
that fix + y) = f(x) + fy) for all integers x and y, and 


fa)= 3. 

(a) Show that f(2) = 6 

(b) Show that /(0) = 0 

(c) What can you say about f(-1)? 
(d) Find a possible formula for f 


16. Let f be the subset of Z x Z _ defined by 


13. For which of the following functions is f(a + b) equal f = {(ab, a+ b): a, b € Z]. Is fa function from Z 
to f(a) + f(b) for all positive numbers a and 6? to Z? Justify your answer. 
Answer Keys 
1. 7, = {@, 1), (B DEA = {@ 2), B 235A = te VD, OB 2354, = ( 2), (B D} 
8 a 
2. (a) y =o 2, Domain = (0, «) (b) y= ae 2s Domain = (V3, V3) U (3, 0) 


] ; on . 
(c) y=-2+V8x+4; Domain = 3. ] . It represents a relation that is a combination of two functions. 


3. (a) y=ltvx't+l,xeER (b) y=1-V1-x° 5x € [-1, 1] 


4.yp-y-x=O0;y+yt+ 2x =0;y +y sinx + 2x = 0. 
5. b, d, e, f h, i functions) ; d and f i are injective. 


6. (i), (iii), (v), (vi) 8. fix) = Vx°-8x+25 +x? +16 


9. The shaded region represents o. Clearly is not a function, in fact 0 is a many—many relation. 


y 


FIGURE 2.29 


10. (i) x' 


; x (11) 


(1) y' 


x+2; —2<x<0 x+1; 
12. (a) 2; O<x<2 (b) a O< 
4-x; 2 <4 6-2x; 2 


13. (b) and (c) 14. (b), (c) and (d) 16. No 
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i= e720 

2 

x 
(c) as O<x<2 
2x-4,5 2<x<3 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


1. Which of the following relations are function from 
set XY to Y; where X¥ = {1, 3, 5, 7} and set Y = £2, 4, 
6, 8}? 
(a) 1G, 2), (3,4), 05.4), 7, 4), C1, 8)5 
(b) {C1, 2), C5, 8), (3, 6)§ 
(c) {C1,4), (3, 8), C5, 2), 7, O)§ 
(d) {( 1,4), (3.4), (5, 8), (7, 83 


2. Which of the following is/are function(s) from set N 
to set W (set of whole numbers)? 
(a) f={@y)iyaxt2 
(b) f= {@y):yax-43 
(c) f={@y)iy=ax+2;x%4yEN} 
(d) f={@y):pl=x-lLyeR 


3. 


Which of the following correspondences can be called 
a function? 

(a) f: {-2, 0, 2} > {0, 1, 8, 3}; fy) =x? 

(b) f: {0, 1,4} > {-2, -1, 0, 1, 2}; fx) =+ Vx 

(c) f: {0, 1, 9} > {-3, -1, 0, 1, 3}; fx) = ve 

(d) f: {0, 1, 9} > {-3, -1, 0, 1, 3}; fo) =- vx 


. Which of the following are functions? 


(a) f={@ y):y=xt+3,xeN ve WM 
(b) f={@, vy): y=x-lxre Nye MW} 
(c) f={@wy):v=axtlxreNye W} 
(d) None of these 


. Identify which of the following relations 1s/are 


function(s) from X > Y? 
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pat 
S 

< | = 
x 


(a) 
x y 
R 
~_ © 
O 
x y 
R 
es Oo * 
(c) ‘tee 
| 8) <> 
7. Which one of the following graphs represents the 
y function y = 1 + |x| for all x ER. 
: y 
i. 
. (—1,0) (1,0) 
nan (a 5 


x< 
< 


6. Which of the following’ graphs is/are 
function? 


laa 
9 
teas! 
< 
O 
< 
x< 


Ss 


PP 


lan 
o) 
eae’ 


8. The graph of a relation f(x) is as shown below 


FIGURE 2.30 


The domain in which the given relation represents a 
function is 

(a) [a, c] v [d, e] 
(c) [a, |) UG e] 


(b) [a, 6] v [d, e] 
(d) (a4, b)U Ge) 


9. The graph of a relation f(x) is as shown 


below 


FIGURE 2.31 


The domain corresponding to which the given 
relation represents a function with co-domain 
[0.5, 3] U [4, 6] is 


Answer Keys 
1. (c,d) 2. (a) 3.(c,d) 4. (a,b) 5. (a) 
10. (d) 11. (a,b,c) 
12. Ga) True (11) False (ii) True 


m@ MATHEMATICAL TOOLS USED TO FIND 
THE DOMAIN AND RANGE OF FUNCTIONS 


Laws of Inequality 


R(1): Adding same real number to both sides does not 
alter the nature of inequality. 
1e,a>braat+x>b+xVxeRanda<b 

=> a+x<b+xVxeER 
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(a) [1, 2) UG, 8] 
(c) [1, 2) U [5, 8] 


(b) [1,2) U[7, 8] 
(d) None of these 


10. Which of the following equations represent a 
function? 
(a) |x| + P| = 2 (b) k + yl=4 
(c) [yl =x° + sinx (d) y = |xP-x 


11. A is a point on the circumference of a circle. AB and 


AC divide the area of the circle into three equal parts. 
Let ZBAC = a, then which is/are correct? 


(a) o satisfies the function f(x) = c. (« + sin x — 
t/3) =0 


(b) a satisfies the function /(x)= [+ + sin x — <) 
neN 
(c) a+sina = . 


(d) None of these 


12. Consider the function f: R — {0} > R, defined by 


] 
f aaa Which of the following statements are 


always true? 
a”) _ f(a"). 
i joy 
(b) fa” + b”) = fla”) + fib”, née N 
(c) fla") = (fla))",neN 


] 
(d) fia’) s{ -|=15" EN 
a 
6. (c, d, f) 7. (c) 8. (c,d) 9. (b) 
(d) True 
R(2): ‘Transition property: a > 5b and b > c¢ 
>a-c. 
R(3): Multiplying by a real number & to both sides of 


inequality has the following effects on the nature of 


ak >bk if k>0 
ak =bk if k=0, 
ak<bk if k<0 


inequality a> b> 
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R(4): Law of addition: If a, >, a,> 6, ..,a,>6; 


neN 
=> (a,t+a,+a,t 


ILLUSTRATION 30: 
SOLUTION: 


ILLUSTRATION 31: 


SOLUTION: 


De Ocaceite 5a, >b>0,;neN 


at A (DD Or cid.) > GO iio i) OD 2 De Deis 


Ifx—-3>2+6x;y+6>5- 12x. Then prove that 2x + y> 9. 


Ifx—-3>2+ 6x; 

y+6>5-12x 

from (1) 2x -6>4+ 12x 

(11) + (411) gives 2x + y> 9, hence, proved. 


If given that x, > k V k EN; then show that 
(ee ce ae ee noe) 
(11) x,.x,.x,....x 20! 

(il) x, + 2x, + 3x,+... + mx 2 et 

(i) x, 21, x, 22;,x,23.....;x,2n, adding above inequalities, we get 


+1 
b ieee a a ee ae ee ee eee +n= n( 222) 


7 n(n +1) 


MX PRT i ee 7 
(1) x,21,x,22;x,23.....x, 2; multiplying the above inequalities, we get 
Be Be Me yeahs LZ, n=nl Ee ies x 2n! 


(i) x, 2 1, x,2 2; x,23 x, 2N; 


=> e221 2x, 2275 ok 3 nx_ >n’. Adding above inequalities, we get 


R(5): Law of multiplication: If a, > b, Orc 2 aS 


wo 
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R(6): Law of square/square root: This law can be extended for any even natural power 
(a) a>b (2n). 
a’>b’ ; ifbotha & b are non-negative (c) If a and b both are non-negative and 
=> ja =6? ; if |al=(p) Ja>Nb 
2 a, fe ; a>b=> 
a <b’; ifa & bare both negative 2a > Ib 


(b) If a and b have opposite signs and a> b, 1.¢.,a>0 
a’ >b’ iff |a|>|b| 
and b <0, then , a’ =b’ iff |a|=|D| 
a’ <b’ iff |a|<|)d| 


Conclusion Caselll: Ifa<0Oandb>0 
- a<x<b 
> a<x<0Oor0<x<b 


. > @2>xX200r0<x <b’ 
Casel: Ifaand 5 are non-negative 6 (0.a[wl08 


> @<xr<bh = xe |a* 5") 


If x is a variable such that a < x < b, then to find range of 
variation of x”: 


Case ll: If a and b are non-positive a 
> a<x<b 
TR AS? > xve[b,a’| 


x’ e€[0,a’] if ja|>|d| 
x’ €[0,b°] if |b|>Ja| 


=> x’ € [0, max {a’, b7}] 
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R(7): Law of cube/cube root: a > b => a’ > Bb and This law can be extended for any odd natural power 
A3>b3VabeR (2n + 1) and odd root. 

a<b > @ < B and al? < 46% Via, That is,a>boQa™ > Bb! and dl?! > b1°" VW a, 
be R be R 


R(8): Law of reciprocal: Given two real numbers | Conclusion 


a and b such that a> b 
Casel: Givenx é€ [a, b|: a and 6 are of same sign 


a < : iff a and b have same sign => pe Fal 

a b x Lba 

ue > az iff a and b are of opposite signs, i.e.,a>0,b<0 | Proofs “. a<x<b 

a b 
1 1.1 | ee | 
—2-2-— —<-—<- 
a x b b x a 


Case Il: If x e€ [a, b]; where a < 0 and b > 0 => ax<x<Oor0<x<b 
l l l 
then, He (0.2 ]u| 2. nee 
_ q b a x x Db 
11 
Proof: Breaking the interval at x = 0, we get x € [a, 0) U => -©<—S— or ~S—< 


[0, b]; x #0 1 1 
(otherwise 1/x is not defined) = =e [—e.2 U 4 


{POLYNOMIAL EXPRESSION 


An algebraic expression of type f(x) = a, + a,x + a,x’? + 
a,x>+ ...+ ax" is called polynomial in variable x, provided 
powers of x are whole numbers. 


Terms: Quantities separated by positive or negative signs. 
Coefficient: a,,a,, 4,, a, ....a,, are called coefficients of 
polynomial. 


Leading terms/leading Coefficient: The coefficient 
of highest power of variable x is called leading coefficient 
(because it governs the sign of f(x) when x — oo). For exam- 
ple, a x" is leading term and a_is the leading coefficient. 
If fx) = a,t ax + ax" + ax"’+ ...+ ax", then 
Ao a, a, 


a 
f(x)=3"( oF tas e+, 
xX Xx xX 


ion 

asx —> 0 ®& 

> -0; 

‘. Sign of polynomial expression at x + oo is same as that 
of leading coefficient. 


Be so.vine RATIONAL INEQUALITIES 


While solving rational inequalities the following facts 
must always be kept in mind: 


iO, 
g(x) 
; 
(1) J (x)and g(x) have 


same signs 


=> f(x) . a(x) > 0; 


=> 2x-1)>0 > x>l 


11 SS => . <0; 
O. oe: fix). g(x) 
opposite signs 
-—(x-1 
e.g., aio Ss Ae 2G 
x-1 x-1 


=> as; = = 1) <0 
x-1 
IM 59 f(x).g(x) >0 
g(x) oe 


f (x) and g(x)are of 
eRe signe OF F(x)=0 f (x)= 0 and g(x) #0 
x-1 


a Te aS | 


x-l 


> 0 => >0 orx—1=0 


€.2., 
S x-2 x- 


(x—1)(@-—2)>O0orx=1 
x € (0,1) U(Q, 0) orx = 1 
x € (oo, 1] U (2, 0) 


YUY 
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I <9 
g(x) 


«x “ 
f(x) and g(x) areof 
opposite signs or f(x)=0 


f(x). g(x) <0 
=> sor 
f (x)= 0 and g(x) #0 


> («-l)@-2)<0;x#2 


(iv) 


ewavy CURVE METHOD 
To find the set of solution for inequality f(x) > 0, 
fix) = 0, fx) < 0 or f(x) < 0; where f(x) 1s a polynomial (if 
the given inequality is rational inequality, then convert it 
into polynomial inequality as discussed 1n previous article). 


Step 1: Factorize the polynomial and find all the roots and 
arrange the factors in the increasing order of roots. 


eg. fix)=(«e-ay BY &-y) @-S)P, a< B<y <6. 


Step 2: Locate the roots (with their multiplicity) on real 
number line. 


Step 3: Keep the sign of expression in the right-most 
interval (same as that of leading coefficient). 


(+) R 
30 op v ,0 Sign of leading 


coefficient 
FIGURE 2.32 


Step 4: Moving towards left and on changing the sign of 
expression across the root with multiplicity odd, and retain 
the same sign across the root with multiplicity even. 


FIGURE 2.33 


fix) > 0 
> xE@ PUBYYUG, &) 
Also for f(x) = 0 
x € [a, B] U [B, y] v [6, 2) 
=> xe [a,y] vu [5, 0) 

Similarly for f(x) < 0 
=> xe (Co,a)U (y, 4) and f(x) <0 
x € (-o, a) U (7, 5) U (@, B, y, 9) 
x € (00, a] U [7, 6] UL {BP} 


y 


YY 
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ILLUSTRATION 38: Solve the following inequalities by using wavy curve method: 
(Gi) @— 1)? & + 2)' @—3)° @& + 5)>0 
(11) (ce — 1)? & + 3) (2x — 5)? OG —x}? 20 
(i) (2x — 9)? (x- 2)? 3-—x) <0 
(iv) (x — 5) (x — 1)? Qx—- 5) <0 


SOLUTION: (i) Given inequality is (x — 1)(x + 2)* («-—3})} («+ 5)>0 .. (i) 


Equating each factor to zero, we get x = 1, — 2, 3, —5. Arranging the above roots along 
real line, as shown 1n Figure 2.34. 


—O <____@_______#_____e___?> © 


—5 —2 1 3 
FIGURE 2.34 


Sign of leading coefficient 1s positive and arranging the factors according to increasing 
order of their corresponding roots, the given inequality becomes 


(x + 5) (x + 2) &— 1)? &— 3) >0 . id) 
a 21 3 ° 
FIGURE 2.35 


Now 1n the first interval (from right end) take the sign of leading term of inequality positive, 
that 1s, take the curve above the line and from now onwards go on changing the sign of 
wave for each odd powered factor of inequality observing from nght of inequality (11) and 
keeping same as that of previous for each even powered factor, we get the wave pattern as 
given in Figure 2.36. 


FIGURE 2.36 


x € (-00, —5) u (3, 0). 
Note: -5, —2, 1 and 3 are excluded, as at these points inequality vanishes. 


(11) On same steps as for part (1) the wave pattern for the inequality (x — 1)? (x + 3)* (2x — 5)? 
(5 — x)? > 0 will be as shown in Figure 2.37. 


FIGURE 2.37 


Ascending arrangement of factors of inequality is (x + 3)* (& — 1)? (2x — 5) 
(5 —x)?>0 


x € (-o,-3]U[-3,1]]U 35 or x€ (-90,]]U 3.5 


Functions < 2.35 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Solve the following linear inequations and express the (x +1)(x—8)\(x—6)?(x—5)4 
result in the form of intervals: (b) BiG. <0 
(a) x - 6x20 Oa ee S20 (G16) C= se F DSN WS3G 20 


(c) x*- 2x?-8 20 et 
5. Solve the following inequality for the variable x: 
2. Solve the following linear inequations and express the Gi 6220 


result in the form of intervals: ; 
—2x°7-820 

(a) (@?- 9) (& + 1) @?-2x-3)@-1)20 a : 
(b) (x? + 3x + 1) 24+ 3x-—3)25 (c) x°- 9x3 +8 <0 
(d) xt +x>-x-1>0 


(c) (x — 2)? (x — 3) («— 4) (x 6) 0 
(ec) (2 — 9)? (x + 1)? — 2x— 3) (x— 1) <0 


3. Find the range of variation of y for the following (f) x2-x—6>0 and x? -4x <0 

functions: ; (2) 4<x2<9 
(a) y= 55 if—2<x<4 (h) (+ 1) @-3) &-5) @-4Y &- 2) <0 

ee] GQ) «-—3)@4+1)@+2)@-9)20 
OS = ae a (j) 8 -—7x? + 14x-—8 <0 

1 (x—I(x—2)(5—x) 
= k) —————- << 0 

(c) ar Te if2<x<3 (k) (2x +5) 

x1. 6. Find the largest negative integer and smallest positive 
Os x +] ee ee integer which satisfy: 


4. Solve the following inequalities for x: (a) x°-—4x—-1220 (db) 3x°+5x-2<0 


cy EEDO=DE+4O-3) (c) eet 4 
(x + 8)(2x -3)(x -6)’ i 


2.36 >» Functions 


7. Find the number of positive integers satisfying 


Answer Keys 


1. (a) (-V6,0]U[V6,«) 
2. (a) (-«,1] U[3,0) 


] ] 
3. (a) [—, -;) U (] 


(b) (-0,1)U (2,0) 


2 
© (23 


4. (a) (-8.-4)o (4-1) {13 (b) (-0,-1)U (1,3) G,5)U (5,6) U (6,8) 


5. (a) (-0,-V6]U[0, V6] 
(d) (-2,-1)U (1,0) 
(g) (-3,-2)U (2,3) 
(h) (co, -lIU(, 3)U (3, U4, 5) 
(k) (0, -5/2) U(1, 2) U (5,2) 

6. (a) -2, 6 


(b) (-0,-4JU[ 2-1] V[L,~) 


(b) [=2;2] 
(ce) {-3,-HULL,3] 


(i) (—0,-2]JU[-1,3]U [9,«) 


(b) —1, does not exist 


2 
¥OU+2) 264 
x 


8. Find the number of integers satisfying 1 


(c) (—0,-2]U[2,0) 
(c) (—oo, 3] VU {4} VU [6,00) 


J 4 
© Li © [45] 


(c) [-4, -3] v [-2,-1] 


(c) [1,2] 
f) [3,4] 


Gj) x€(-~, l)UQ, 4) 


(c) does not exist, 2 Te 2 8. 3 


TEXTUAL EXERCISE-3: (OBJECTIVE) 


IS 2, ka 3 
4 5 
expressed in the form of interval is given by 


(a) (-0,2/9) (b) (—00,2/3) 

(c) (-0,1/9) (d) None of these 

_9< He 2) 
5 


1. Solution of the linear inequations = < 


2x+3 


2. Solution of the linear inequations 


expressed in the form of interval is given by 


(a) [-2,°) (b) [2,00) 
(c) [-l,«) (d) None of these 
3. Solution of the linear inequations 
x 


—x+ +2 
ee -2s PP) <2 expressed in the form of 


2 5 
interval is given by 
(a) [-2, ©) (b) 
(c) (3, 0) (d) None of these 


4. Solution of system of inequations x + 5 > 2 (x + 1) 
and 2 —x <3 (x + 2) expressed 1n the form of intervals 
is given by 
(a) (-1, 3) 
(c) (-2, 3) 


(0)-4=1,2) 
(d) None of these 


5. Solution of system of inequations 2(x - 6) < 3x—7 and 
1] — 2x < 6 — x expressed in the form of intervals is 


given by 
(a) (©, 5) (b) [5, 2) 
(c) [-5, 0) (d) None of these 


6. The range of y when-9<x<5,y=x' is 
(a) [125, 729] (b) (—729, 125) 
(c) [-729, 125] (d) None of these 


] 
7. The range of y, when 2 <x<5,y= —is 
x 


(a) (1/5, 1/2) 
(c) (1/5, 0) 


(b) (-1/2, 1/5) 
(d) None of these 


| 
8. The range of y, when -6<x<6,y= — Is 
x 


(a) (-1/36, 1/36) 
(c) (0, 1/36) 


(b) (1/36, 0) 
(d) None of these 
9. The range of y, when 9 <x? < 25, y = xis 
(553) By5) (0) C5=3) 
(c) (9, 25) (d) None of these 


Solution of the inequation x? — 3x +2 > 0 expressed 
in the form of intervals is given by 


11. 


12. 


13. 


14. 


15. 


16. 


(a) (0, 1)U[2,0) (b) -~, IU, &) 
(c) (-0,-1)U (2,0) (d) None of these 


Solution of the inequation x” — 3x — 4 < 0 expressed in 
the form of intervals is given by 

(a) [-I, 4] (b): [1,4] 

(c) (-1, 4) (d) None of these 


Solution of the inequation x? — 3x + 2 < 0 expressed in 
the form of intervals is given by 

(a) [1, 2] (b) C1, 2) 

(c) (00,1)U (2,0) (d) None of these 


. _ 4x43 
Solution of the inequation > 5 <6 expressed in the 


form of intervals is given by 


(d) None of these 


= 


expressed in the 


. x | 
Solution of the inequation > 
xX — 


form of intervals is given by 

(a) (-020, -5] U (5,0) (b) (-, -5] 

(c) (—5, 5] (d) None of these 

(x -1)(x-2)(5-x) 24 
(2x +5) 


expressed in the form of intervals 1s given by 


(a) (2. }u(1.2) 0 (5,0) 


Solution of the inequality 


(c) (—«,-5) U (-1, 2) U[5,00) 
(d) None of these 


x°-2x+5 1 
—>——— >= expressed 
aX 24>). 2 


in the form of intervals is given by 


Solution of the inequality 


Answer Keys 
1. (a) 2. (c) 3. (b) 4. (a) 5. (b) 
11. (a) 12. (b) 13. (c) 14. (a) 15. (a) 
21. (c) 22. (b) 23. (a) 


Vi. 


18. 


19. 


20. 


21. 


22. 


23. 


6. (c) 
16. (b) 
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(a) -5.-nu(2.3) (b) (-5,-1)U(2.3) 
(c) -s.yu(3.3) (d) None of these 


(x-1)?(x+1)° 


Solution of the inequality 7 <0 
x" (x-2) 

expressed in the form of intervals is given by 

(a) [-l, 2) (b) (2, 0) U (0, 2) 

(c) [-1, 0) U (O, 2) (d) None of these 

Solution of the inequality 

x(x +I(x—3) > 0 and G=x)xt2) <0 expressed in 
(x+4) (x-8) 


the form of intervals is given by 
(a) (-1, 0) U GB, 5) U (8, ~&) 
(b) (0, 1] 

(c) (-, 0) U [1, ~) 

(d) None of these 


The value of x satisfying the inequalities hold 
(2x —1)(x-1)*(x-2)* 2 


(x —2)(x—4)* 
@ |5.2] (b) R 
©) @ ($2) 


The set of all values of x for which (x — 2)* (x — 3) < 01s 


(a) (2, 3) (b) [2, 3) 
(c) (, 3) (d) (2, 3] 
(x - 2) x - 3¥ (x - 41 —x) <0. 
(a) (1,3) 


(b) (0, 1)U G, ~) 

(c) (0, 1] v [3, 2) U {23 

(d) None of these 

li =<, tle + d)xet.cd=<0 

(a) (-d, -c] (b) (-d, -c) 

(c) R (d) 

If a, b, c > O and a(l -b)>3 (1 -—c) > 7 and 


1 
c(1 -—a)> Fi, then 


(a) never possible (b) always true 


(c) cannot be discussed (d) None of these 


7. (a) 
17. (c) 


8. (b) 
18. (a) 


9, (a) 
19. (a) 


10. (b) 
20. (a) 


2.38 >» Functions 


m@ INCREASING AND DECREASING FUNCTION 


(1) Increasing Function: A function y = f(x) 1s called 
increasing function if its output f(x). (1.e., y) increases 
by increasing the input x (it may happen that by 
increasing the input x, output f(x) remains same for 
few but not all inputs x € D ) 


5%, 
X,>X, and f(x.,)>f(x,) 


but x,>x, and f(x,)=f(x,) 
FIGURE 2.40 


That is, x, > x, @ fx,) 2 f(x,) for distinct values of 
x, and x,. 

“ flx,) -fx,) 20 x,—-x, > 0 

POC. 
X,— 


= ue 0 (-." when (x, —x,) = Av > 0; (ff, — foe,) = 


— 


Ay — 0 or Ay = Q) 
= That 1s, instantaneous rate of change of f(x) always 
remains non-negative. 


REMARKS 


(i) Decreasing Function: 


A function y = f(x) 1s 
called decreasing function if its output f(x), (.e., y) 
decreases by increasing the input x. (it may happen 
that by increasing the input x output f(x) remains 
same for few but not all inputs x € D)) 

That is, x, > x, @ fix,) < fx,) for distinct values 
of x, and x.,. 
. f\x,) -f{x,) <0 x,—-x, > 0 


$OATE) 2% 


xX, —X, 


x,>x, and f(x,)<f(x,) 
but x,>x, and f(x,)=f(x,) 


FIGURE 2.41 


=> Zs 0 (." when (x,—x,) = Ax > 0; (f(x,) —fx,)) = 


Ay — 0 or Ay = 0) 


d 
= - = f' (x)<0. That is, instantaneous rate of change of 


f(x) always remains non-positive. 


f and f' have same monotonic nature. That is, either both increasing or both decreasing. 


By application of increasing function to both sides of inequality the sign of inequality remains unchanged. Same is true 
for removal of the function (i.e., application of its inverse function) 


By application of decreasing function to both sides of inequality the sign of inequality gets reversed. Same is true for 
removal of the function (i.e., application of its inverse function). 


ILLUSTRATION 39: Test whether the following functions are increasing or decreasing. 


Gi) ya x 
(iii) y = Vx 


(ay ya 


(iv) y= Vx 
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Functions 


MONOTONIC FUNCTION 


A function f(x) 1s called Monotonic iff either it increases V x 
e D,or decreases V x € D , wherever it is defined. 


1.€., x) 20 V x € Diorfix) <0 Vx € D, 
e.g., 2) y=x, y= x? are monotonic functions. 


(11) y = x” is not a monotonic function as it decreases 
for x < 0 and increases for x > 0. 


Pee intervar OF MONOTONICITY 


An interval belonging to domain of function in which 
function f(x) is monotonic, 1s called interval of monotonicity. 
ne for x>0 
eg, fory=x;f@~=2x = 
f'() = 0 only at x = 0; 
=> xe [0, 0)1sthe interval of monotonic increase and 


an 
—ve for x<0 


x € (-0, 0] is the interval of monotonic decrease. 


a ETO FIND INTERVAL OF MONOTONICITY 
Step 1: Find the derivative of function, 1.e., f'(x). Let f'(x) 
= (x— oa) @— B) &—Yy) &—9) (x). 


Step 2: Find the values of x € D F (critical points) where 
Jf '(x) = 0 or it is not defined. 
Step 3: Locate these critical points on (number line). 


Step 4: Find the sign of Be , 1.e., f(x) in these intervals 


Xx 
obtained. 


FIGURE 2.42 


Suppose f'(x) >0 V x € (a, BI] U [y, 5] U [k, 0) 

and f(x) <0 Vx € (-o, a] u [P, y] U [5, A), then fx) is 
monotonically increasing for x € (a, B] U [y, 5] U [k, ©) 
and f(x) is monotonically decreasing for x € (co, a] U [f, 
7] U [8, 4) 


2.40 >» Functions 


A function f(x) is said to be strictly increasing if 
f(x) 2 0 and f"(x) = 0 occurs only at isolated points 
1.e., f(x) does not has a line segment parallel, to 
x-axis as a part of its graph. 


m@ STRICTLY MONOTONIC FUNCTIONS 


These are of two types: 


(1) Strictly increasing function 


(ii) Strictly d oe ee (11) Strictly decreasing functions: A function y = f(x) 1s 
il rictly decreasing function 


said to be strictly decreasing on a set S(or D ) ifx,>x, 
(i) Strictly Increasing Functions: A function y = fx) => flx,) <flx,) 3x, x, € S(or D) 
is said to be strictly increasing on a set S(or D.) 
ifx,>x, > Kx,) > fx,) 5 x,, x, € S(or D) 


Case 1: decreases with increasing rate of decrease. 
Case 2: decreases with constant rate of decrease. 
Case 3: decreases with decreasing rate of decrease. 


FIGURE 2.45 
Case 1: Increases with decreasing rate of increase. 
Case 2: Increases with constant rate of increase. 1.€., 
Case 3: Increases with increasing rate of increase. PC) = lim f(xth)— f(x) = lim f(x-h)— f(x) 
FIGURE 2.44 ‘i ‘ me a 
| vo xth>x > fxth)<fx) 
bes f(x+h)- f(x) 
Z —~h)- 0 
R= lim LODE TS) ~ I) = him PACs C3) ~ J) h 
—0* —>0* — 
ep oie ss foe + h)> fc poem dais © => fix—h)> fix) 
_  Sx-h)— f(x) 
S(xth)— f@) : “h =U=> P(x) <0 
ee O 
1 . h A function f(x) 1s said to be strictly decreasing if 
a a = TY) f(x) < 0 and f(x) = 0 occurs only at isolated points, 
I (x-h)— f(x) >0 = f(x) >0 1.e., f(x) does not has a line segment parallel to x-axis 
—h 7 as a part of its graph. 


ILLUSTRATION 41: Find the intervals in which the function f(x) = x° — 7x? + 14x — 8, is strictly increasing and 
strictly decreasing. 


SOLUTION: Given function is f(x) = x° — 8 — 7x” + 14x = (x° — 8) — 7x(x — 2) 
= (x — 2) @? + 4 + 2x) — Tx(x — 2) = (x — 2) [x? + 2x + 4 -7x| 
= (x — 2) X?-—5x + 4) =(x—-2) «—- 1) &-4) 


fx) =0>-x =1, 2,4; are the critical points 
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. f@~>08SxeE0,2)0 4, o) 
Also f'(x) = 0 at isolated points x = 1, 2 and 4 


“. f{x)1s strictly increasing on [1, 2] U [4, 00) and f(x) 
<O Sx € («, 1) VU (Q, 4) 


and f(x) = 0 at isolated points x = 1, 2, 4. 


FIGURE 2.46 


.. f(x) 1s strictly decreasing on (—o0, 1] v [2, 4]. 


4x 
4-x" 
4x x _ (4-2x°)(4)- 4x(-2x) 
4-x° ney = (4-x’) 
_ M4—x +2x"] _ 44+2*) 
(4a (4-27 


ILLUSTRATION 42: Find the intervals of monotonicity of the function /(x) = 


SOLUTION: Given function is f(x) = 


>0 Vxe R~ {-2, 2} 


4x 
4-x’ 


. f(x) is strictly increasing on its domain R ~ {—2, 2}. Graph of f(x) = is as 


shown in Figure 2.47. 


y 
FIGURE 2.47 
x? 
ILLUSTRATION 43: Find the interval of monotonicities of function (x) =— ; 

D a — 

x’ 

SOLUTION: Given function is f(x) =— ; 
xX — 


Clearly domain of f(x) = R ~ {+1} 


Now f'()= (x” —1)(2x) — x*(2x) 


(x* —1)’ 
: 2x[x* —1—x7] _ 72x 
(x* —1)’ (x* -1)’ 


f(x) 20 for x € Coo, 0] ~ {-1} and f(x) < 0 for x e€ [0, 0) ~ {1} 


2.42 >» Functions 


Thus, f(x) 1s strictly increasing on (—00, 0] ~ {—1} and 1s strictly decreasing on [0, 00) ~ {1}. 
Graphically, it 1s shown in the Figure 2.48. 
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y 
FIGURE 2.48 
| | as } (x +2) 
ILLUSTRATION 44: Find the intervals of monotonoicities of the function /{(x) =———————_ 
(x -1)(x +1) 
+2 
SOLUTION: Given function is f(x) = we a 
(x -1)(x +1) 


Clearly domain of f(x) is R ~ {-1, 1} 
f'® (x—I(x+1)0)-(%+2)2x)_ x°-1-2x?-4x | -x’-4x-1 


[(%—-D@+))] (x* -1)’ (x* -1)’ 

2. f@20 > x*+4x+1<0;x#4!1 
o -4+/16-4 

Z 

+4x+1<0 > xe [-2-V3,-2+73]~ {-1} 

'. f(x) 1s strictly increasing on x € [-2 — V3, -2 + V3] ~ {-1} 
and f'(x) < 0, x # +1 implies x € (-00, -2 -V3] U [-2 + V3, 0) ~ {1} 
That is, f(x) 1s strictly decreasing on (-s0, — 2 — V3[ U [-2 + V3, 0) ~ {1} 
Graph of f(x) is as shown in Figure 2.49. 


=2473 


¥ 


y 
FIGURE 2.49 
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x’ —5x+6 


ILLUSTRATION 45: Find the intervals of monotonicity of the function {(x) =—, ie 
x — 


x’ —5x+6 
x” -16 
(x” —16)(2x —5)—(x? —5x +6)(2x) 

(x” -16)’ 


2x° —5x” —32x+80-2x°+10x7-12x 5x” -44x+80 
(x? -16) (x? - 16)? 

. f@)>0 => 5x?-44x+8020 

Corresponding quadratic equation is 5x? — 44x + 80 =0 


_ 4444)(-44)’ — (20)(80) J(-44)? — (20)(80) — 444+/16x121-1600 4444/21 


2(5) 10 10 
_ 22-2V21 22+2V21 

5 ° § 
5x2 — 44x + 80 >0 


[ASRS 10 


5 


SOLUTION: Given function is f(x)= ; Clearly domain of function is R ~ {4, -4} 


and f ‘(x)= 


That 1s, f(x) is strictly increasing on - , 


22 -2,/21 Beni (ay 


and f(x) is strictly decreasing on eae 5 9 5 


0 AM) Bn °}- 4} 


FIGURE 2.50 


NOTE 


Detail discussion of Derivatives and Monotonicity of Functions will be given in the chapters Methods of Derivatives 
and Application of Derivatives II of volume VI. 


2.44 > Functions 


TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. 


(a) Show that the function y = x° + x increases every 
where. 


(b) Find the intervals of monotonicity of the function 
y=x'-2x°-5. 


Find out the monotonic nature of the function y = sin x 
+ cos x in the interval (0, 7). Verify whether the inequal- 
ity (sin 23° + cos23°) > (sin 53° + cos 53°) is true? 


Find out the behaviour of the function pra in the 

sina sinf 

interval (0, 2). Verify whether ——- > —— V0<a< 
(O4 


B<T. 
Show that the function y = 2x? + 3x? -12x + 1 
decreases in the interval (—2, 1). 


Show that the function y = ./,_ ,? :imcreases in the 


interval (0, 1) and decreases in the interval (1, 2). 
Construct the rough sketch of the function. 


X 
Show that the function y= increases in any 


interval not containing the point x = 0. 


Find the intervals of monotonicity of the given 
functions. 


Answer Keys 


10. (a) [0, 2/6] 


8. (1) increasing 


1. (b) T for x € [-1, 0] or [1, ©); ¥ for x € (—, -1] or [0, 1] 
2. T forx e (0, 1/4]; \ forx € [x/4, 1); (false) 


3. decreasing 
7. (a) tT for x € (co, -1/2] U [11/18, ©) and \ for x € [-1/2, 11/18] 


(b) t for x € (v0, 0] and \ for x € [O, 00) 
(c) tT for x € [0, 2] and V for x € (-00, 0] u [2, «) 
(d) T for x € [e, 0) and \ for x € (0, e] - {1} 


(e) T for re| =| and \ for re [0,5 |u| 527 
3 3 3 3 


12 2 2 12° 


(a) y= (e-— 2) (2x + 1)" 


byrne 

(c) y=x°e* 

(d) ya 
nx 


(ce) y=x—2 sinx, whereO<x<2n 
(f) y=x +cos2x; where O <x < 21 


. Test whether following are increasing or decreasing. 


(i) f(x) = 2x + 3 
(1) f(x) =a*,a>1 
(1) f(x) =x? 
(iv) foc) = vx 
(v) fix) =x 
(vi) f(x) = log.x; a> 1 


. Show that the function f(x) = x° — 3x? + 4x, is strictly 


increasing function in its domain? 


10. Find the interval in which the following functions 


increase 


(a) fix) = sin 3x:xe€ 0,—| 


(b).@0 FT) 3) 
(c) 2x? — 3x 


12°12 1s 


(f) + for re|0.% |u| ae an and V for re| = Ue ad 


(11) increasing 


(v) increasing (v1) increasing 


(111) increasing 


(b) x € [1, ©) 


(iv) increasing 


(c) [3/4, 0) 
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TEXTUAL EXERCISE-4: (OBJECTIVE) 


1. The monotonic nature of following functions: (c) increasing for k < 0 
Column I (d) decreasing for k > 0 


(i) In(x +vVx°+1 ) 7. sin(cosx) defined in [z, 27] is 


(1) a, a>l 


(a) monotonically increasing 


(iii) x8 +x (b) monotonically decreasing 

(iv) tanx (c) non-monotonic 

(v) x7-1 (d) None of these 

(v1) cot x . cos(sinx) defined for (0, 1/2) is 
Column II 


(a) monotonically increasing 
(a) increasing 
(b) decreasing 
(c) non-increasing 
(d) non-decreasing 
(e) non-monotonic 
(f) cannot said 


(b) monotonically decreasing 
(c) non-monotonic 
(d) None of these 
9. State which of the following does not represent the 
correct order of the functions 
(a) x<x?<x°<x'<...; where x € (1, 0) 
(b) x >x?>x°>x'>... ; where x € (0, 1) 
(c) x <x°<x°<... (-ve values); x7> x*> x°>... (+ve 


Correct match is 


G@) Gi) di) Gv) (~v Ww) 


(a) a a b b e f 

(b) a a a a € b values); where x € (—1, 0) 

(c) a b c d e f (d) x > x3>x°>... (-ve values); x? > x4*> x°>... (+ve 
(d) f a a a e b 


values); where x € (-<o, —1) 
2. The function f(x) = x* (x — 2)? 10. State which of the following does not represent the 
(a) monotonically increases correct order of the functions 


(b) decreases V x € (0, 0) U (1, 2) oe. gt de ae ' 
(c) increasing V xe (0, 1) U (2,0) (a) x x x xt wate i) 
(d) None of these 1 1 ] ] 


(b) —<—<—4=<-—<.... ;where x €(0,1) 
2x x xX xX XxX 
3. The function f(x) = log(1 + x) - ay 
x 
(a) decreases V x € (—1, «) 


oes) ee | 
(Cc) =< W<7<... (tve values) and 
XK Ix? 


(b) increasing V x € (-1, ©) ] 
(c) increasing V x € (1, 2) ° ~ > a <.-. (-ve values), where xe (-1, 0) 
(d) None of these ] l 


] Bots 
(d) ==>. (Give: values):-and--—<—7<—s. 


4. x—sin x is increasin 
(a) for all real ie a 
11. State which of the following does not represent the 


correct order of the functions 


(a) x"? >x'? >x"4 > x". 5 where (1, 0) 


(b) x"? <x? <x" <x"... where (0, 1) 
(c) x? >x'? >x""... ; where x €(-1, 0) 
(d) x’? >x'? > x"... where x (00, -1) 


(b) for +ve real numbers only 
(c) for —ve real numbers only 
(d) None of these 
5. log (sin x) 1s 
(a) decreasing in (0, 2/2) and (2/2, 7) 


(b) always increasing 
2x 
’ a oe 
. The function —=~— 1s 
e~ +1 


(c) increasing in (0, 2/2) and decreasing in (7/2, 7) be 
(d) None of these 
6. a®*-—a*Va>1l 
(a) Increasing for k >0 
(b) decreasing for k < 0 


(a) decreasing 
(b) increasing 
(c) odd 
(d) even 
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Answer Keys 


1. (b) 2. (b), (c) 3. (b), (c) 4 (a) 5. (c) 6. (a), (b) 7 (a) 8. (b) 9, (4d) 10. (c) 
(4) 12.6), ©) 


: ON = STANDARD FUNCTIONS AND THEIR PROPERTIES 


Algebraic Function 


Functions consisting of finite number of terms involving powers and roots of the independent variable and the four funda- 
mental operations (+, —, x, + ) are called algebraic functions. 


+1 
,x +1, 3x*-5x +7. 


Co. 0 7 + Sx, 


x-1 


polynomial function. If a, # 0, then n is called the degree 
of the polynomial. 

e.g., P(x) = x’ + 2x° + 4 (a polynomial of degree 7); 
A map f: R — R defined by fix) = a, + a,x + a,x° +..... O(x) = x? — 3x + 2 (a polynomial of degree 2); R(x) = 3 
+ a.x™, where x € R and a, a,,...,a,€ R is said to be a 


RE Powvnomia FUNCTION 


= 3x° (a polynomial of degree 0). 
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REMARKS 


1. A polynomial of degree one with no constant term is called an odd linear function, i.e., f(x) = ax, a # 0. 
2. Every power of x occurring in polynomial function is a whole number. That is, ifany power of x is not whole number 
then the function is not a polynomial function. 


1 
e.g,, f(x) =x + me f(x) = 2x? + 5\x + 7 etc. 


1 1 
3. There are two polynomial functions, satisfying the relation; f(x) f (=) =f(x) +f =) : 
x x 
They are (i) f(x) =x" + 1 and (ii) f(x) = 1 - x", where n is a positive integer. That is, f(x) =+x" + 1. 


4. All polynomial functions are algebraic but converse is not true, i.e., there are some algebraic functions which are 


1 
not polynomials e.g., f(x)= x + —; f(x) = 2x? + 5\x + 7 etc. 
x 


5. The function defined as f(x) = 0 V x € R is called zero function. Domain of zero function = IR and range of 
zero function = {0}. 


ILLUSTRATION 47: Which of the following functions are polynomial functions? 
(i) fix) = x?-3x + 1/5 (il) fx)=x?+1lk 
(iii) f(x) = 3x? + Ve —5 (iv) fix) = Yx+Vx+2 
(v) fix) = 5x4 - 3x? + 2x —7 (vi) fx) = V¥5x2+V2x4+3 
(vil) f(x) = tan’x — 5tanx + 6 


SOLUTION: (1), (v) and (vi) are polynomial functions as they contain whole number powers of x, for (11) 
fx) =x? +x"';-leWw 


] 
i) f(x) = 3x* + Vx —3 =3x*+(x)'*-35;=—¢ 
(iii) fix) = 3x? + Vx — 5 = 3x2 + (x)#7-5 ad 


(iv) foe) = Ye +z +2= (9)! +0)!" +252, ew 
(vil) f(x) = tan*x — 5 tanx + 6 1s not a polynomial in x, but a polynomial in tan x. 
That is, substituting tanx = ¢, we get f() = # — 5t¢ + 6; which is a polynomial in ¢. 
ILLUSTRATION 48: If p(x) 1s a cubic polynomial such that p(2) = 2, p(3) = 3, p(4) = 4 and p(5) = 6, then 
evaluate p(10) 
SOLUTION: Let g(x) = p(x) —x, then g(2) = p(2) —-2 =2-2 =0, 
g(3) = p(3) —-3 = 3 —3 = O and g(4) = p(4) -4=4-4=0 
Thus, g(x) has three roots 2, 3 and 4. Also p(x) 1s cubic implies g(x) = p(x) — x 1s also cubic. 
Thus, g(x) = k(x — 2) (x — 3) (x — 4) for some non-zero real number k. 
Now, 2(5) = pS) -5 =6-5=1 
=> 1=(3) (2) () 
> k=146 


1 
8(x) =F (&— 2) &—3) @—4) 
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ILLUSTRATION 49: 


SOLUTION: 


ILLUSTRATION 50: 


SOLUTION: 


=> p(x) = g(x) +x = = (e-2) (x-3)@-4)+x 


p(10) = =) (7) (6) + 10 = 66. 


Evaluate {(50)(51)(53)(54) + (52)? without using calculator. 

Let 50 =x 

=> F(50)(51)(53)(54) + (52? = x(x +N +3)+ 4) + (x42)? 
= Jy? +4y+4 ; where y = (x? + 4x) 


= f(y +2)? =ly +2)=y +2 =x + 4x +2 = (50)? + 4(50) +2 
= 2500 + 200 + 2 = 2702 


Find a cubic polynomial p(x) such that (x — 1)? divides p(x) — 1 and (x + 1)? divides p(x) — 5. 


Let p(x) = ax? + bx*+ex+d 
P(x) - 1 =axr+ bx? +ex+d-1 
and p(x) — 5 = ax? + bx*+ex+d-5 
Now it is given that (x — 1)? divides p(x) — 1 and (x + 1)? divides p(x) — 5 
That is, (x — 1)? and (x + 1)? are factors of p(x) — 1 and p(x) — 5 respectively. 
=> p(l)-1=0 and pCl)-5=0 => p(1)=1 and pl) =5 
> at+bhb+c+d=1 
=> d=1-a-—b-cand-a+b—-c+d=5 
> d=5+a-bte 
From (1); p(x) — 1 = a?’ — 1) + db’? - 1) + e(x- 1) 
and p(x) —5 = a(x? + 1)+ b@?-1)+e%+1) 
or p(x) — 1 = (xe —- lla? +x+1)+b@4+1) +] 
and p(x) —5 = (x + 1) [a@’?-x+1)+b(x-1)+¢] 
Further it is given by (x — 1)? divides p(x) — 1 and (x + 1)? divides p(x) — 5 
Thus, (x — 1) divides a(x? ++x+1)+b@%+4+1) +c 
and (x + 1) divides a(x? -x+1)+b-1) +c 
> 3a+2b+c=0 
and 3a -2b5+c=0 
Solving (5) and (6), we get b = 0,c =—3a 
Also solving (3) and (4), 5+ d=3 
=> d=3,anda+c=-—2 > a=1,5b=0,c=-3,d=3 


P(x) = x* — 3x + 3 is the required cubic polynomial. 


.. Q) 
. (2) 


3) 
(4) 


. (6) 
. 6) 
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(Denominator # 0) 1s said to be a rational function. If 
PQ) SG OXON se ee, 
O(x) = b, + bx + bx’? +... + bx” #0 be two polyno- 


The function which can be written as the quotient of two | ja] functions, then (x) 
polynomial functions (x) 


RATIONAL FUNCTION 


will be a rational function of x. 


ILLUSTRATION 52: Which of the following functions are rational functions of x? 


x 3x41 x —2r 45 


CU Nes st a amt ea 


x+5 


(iv) fe) = 2x° -—+5 


XxX 


(iii) fx) = f/x —5x4 TF 


(Jax=i+x)(J2e—1-x) 


(v) fle) = ae 
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IRRATIONAL FUNCTION 


The algebraic functions containing terms having rational 
powers of x (non-integral) are known as irrational 


vx 41 —-V x" 
Ve txtl 
Pi 10 


= +x me Vv $5 40° 457 
3h 47 15 : = 
Vx +x°-3 ix? —7 —V x2 -1 


Apt 
If such function contains (f(x)) 7” , p, m é€ Z, then it is 


undefined for f(x) < 0. 


functions.e.g., y = Vx, y= 


POWER FUNCTION 


The function f(x) = c.x”", where c, n are real constants and x 
is a real variable is known as power function. Usually we 
denote it as fix) = x” by choosing c = 1. Its graph is 
symmetrical about y-axis if n is a rational number of the 
2 
form nT , where p and gq are integers and symmetric 
q 
2ptl 
gt+1 


about origin if m is a rational number of the form 


where p and gq are integers. The graph of power function lies 


entirely in first quadrant if 7 1s a rational number of the form 


2prt+l . ee tes 
or 7 1S an irrational number. 


Domain of power function depends on the constant n. 
The following cases are possible: 


If n = 


2pt+l 
Case (i): - 


> 0; where (p, g) € Z; gq # 0, then 


1 


e((x)°?")* which is defined 


2 pti 


7 
fix) = c.(x)" = c.(x) 4qQ = 
for non-negative values of eas nF 1.e., non-negative 


values of x . 
Domain of f(x) will be [0, 0) in this case. 


2pt+l 
Ifn = P 


Case (ii): < 0; where (p, g) € Z; q #0, then 


2pH1 ave 
Rx) = c.(x)" = €.(x) 29 = o.((x)” ‘es which is defined for 
positive values of ee Hy 1.e., positive values of x 


Domain of f(x) will be (0, ©) in this case. 


SS O; where p, q €Z and 


Case (iii) If n = 
2q¢+1 


eo 
2q + 1 #0, then f(x) = c.(x)" =c (x)2¢H is defined for all 
real values of x. 


=> In this case domain of function will be R. 


Pp 
2q+1 


If n= 


Case (iv): <0, then f(x) = c(x)" = (x) 


is defined for all non-zero real numbers. 


In this case domain of function will be R ~ £0}. 


Case (v) If n is an irrational number (1.e., power func- 
tion with irrational exponent). Let us discuss this case 
by using a particular power function when n = V2 
and x = 2. 

f(2) = (2). We can find (2)? by approximating the 
irrational exponent by rational exponent that are closer to 
the irrational one. In our example, we need to find the expo- 
nent (2) .We know that to one significant figure V2 = 1, so 
the first approximation to 2” is 2! = 2. To two significant 


14. 7 Sent 
figures, V2 = 1.4= 10 = 5° so the second approximation to 


(2)? is (2) = the 5" root of 27 or the 7" power of the 5® 
root of 2 which is approximately 2.639. To three significant 


141 
figures, V2=1.41= 100 , So we have to take a 100* root of 


2 and then raise it to the 141% power, or else take the 100" 
root of 2'', to get approximately 2.65737. Continuing this 
way, we get the sequence of approximations as given below 
2, 2.639, 2.65737, 2.66475, 2.665119, 2.6651375, 
2.66514310.,... 


The above sequence converges to a limit (this is 
a calculus idea), because the function 2* is continuous 
(another calculus concept). That limit is what we call the 
value of 2” ~ 2.665144143. We cannot write down all the 
digits in the decimal expansion. This is the way how we can 
find irrational exponents. 

So, to find (x); where n is an irrational real number 
we have to replace n by rational numbers closer and closer 
to n. But by doing so, we are to encounter with rational 


as well as of the form 


numbers of the form P 
+] 
2pt+l 

2q 

Thus, for using all these rational numbers x 
must be non-negative for positive irrational num- 
ber n. Thus, domain for f(x) will be [0, 0) in this 
case. Further x must be positive for negative irration- 
al number n. Thus, domain for f(x) will be (O, «) in 
this case. 

Thus, from above discussion we conclude that the 
domain of power function f(x) = c.x” is [0, 0) for positive 
irrational number n and it is (O, 0) for negative irrational 
number n. 


Graphs of some power functions are as follows: 


(a) When f(x) = (x)?""'; n € N; 1e., the power is an odd 
natural number. Domain = R 
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FIGURE 2.51 


The graph of function is symmetrical about origin. 
For example, f(x) = x° for n = 3. 


(b) When f(x) = x ©"); n € N; 1.e., the power is an odd 
negative integer. Domain = R ~ {0} 


y 


FIGURE 2.52 


The graph of function is symmetrical about origin. 
For example, f(x) = x for n = 3. 


(c) When f(x) = (x)", n € N; 1.e., the power is an even 
natural number. Domain = R 


FIGURE 2.53 
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The graph of function is symmetrical about y-axis The graph of function is symmetrical about origin. 
For example f(x) = x‘ for n = 2. For example, f(x) = x!” for n = 4. 


(d) When f(x) = (x), n € N; 1.e., the power is an even 


1 
negative integer. Domain = R ~ {0} (g) When fix) = (x)?"; n € N; Domain = [0, 2) 


FIGURE 2.57 


FIGURE 2.54 The graph of function lies only in first quadrant. 


ee _ 
The graph of function is symmetrical about y-axis For example, f(x) = x Vx for n =1. 


. = al 
For example f(x) = x“ for n = 2. (th) When f(x) = (x) 2"; n € N; Domain = (0, 0) 


(e) When f(x) = (x)!?"1; n e N; Domain = R 
y 


yx 


FIGURE 2.58 


The graph of function lies only in first quadrant. 
FIGURE 2.55 1 
For example, f(x) =x" = 7=forn = 2. 
The graph of function 1s symmetrical about origin. fx 
2n 


— 1/7 = _ on 
For example, f(x) = x" for n = 4. (i) When f(x) = (x)2n+2m-1) ; n, m € N. Clearly 


as 
— 2n-l1: ; in = ~ 
(f) When f(x) (x) ;n € N; Domain = R ~ {0} Q< 2n Si Wig aden 
2n+(2m-1) 
Domain of function will be R. 
Its graph 1s as shown below as Figure 2.59. 


y 


FIGURE 2.56 FIGURE 2.59 


Q) 


(k) 


The graph of function is symmetrical about y-axis 
For example, y = (x)? forn =1,m=1 
2n+1 


2n 
When f(x) = (x)2-@=-D ; n, me N and m< 


2n+1 


Clearly m< 


=> 2n—-(2m-—1)>Oand 2m—-12>1 
=> 2n>2n—(2m- 1) 
2n 
SSS 
2n—-(2m-1) 


Domain of function is R. 


] 


The graphs of such functions will be as shown in 


Figure 2.62. 


FIGURE 2.60 


For example, y = (x) for n = 3, m = 1. 


2n-1 


When f(x) = (x)2"-1; n, m € N; n<m; Domain = R. 


Clearly n<m 

=> 2n—-1<2m-1 
2n-1 
m—1 


€ (0,1). 


The graph of function will be as shown in Figure 2.61. 


y 


FIGURE 2.61 


The graph of function is symmetrical about origin. 


For example, y = (x)** for n = 2, m = 3 
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(1) When f(x) = (x)2mi ;n,meéeN;n>m, Domain = R. 
Clearly n>m 
=> 2n-—1>2m-1 
2n—1 
2m—1 
The graph of function will be as shown in Figure 2.62. 


E (1,0). 


y 


FIGURE 2.62 


The graph of function is symmetrical about 
origin 
For example, y = (x)’* for n = 4, m = 2. 


2n-1) 


e 
(m) Wheny = (x) 2” ; n,m eN; Domain = (0, 0) 


The graph of such functions will be as shown 
below in Figure 2.63. 


b 
1 
. Oo; 1 ‘ 
y' 
FIGURE 2.63 
The graph of function will lie only im first 
quadrant. 
For example, y = (x) for n = 3, m = 3. 
_ (nl) 
(n) When y = (x) @D; n, m € N; Domain = 
IR ~ {0}. 
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The graph of such functions will be as shown 
below in Figure 2.64. 


FIGURE 2.64 


The graph of function will be symmetrical about ori- 
gin. 


For example, y = (x)°” for n = 3, m = 4. 
2n 
(0) When f(x) = (x) Gm ;n,m € N; Domain = R ~ {0}. 
The graph of such functions 1s shown in Figure 2.65. 


y 


FIGURE 2.65 


The graph of function will be symmetrical about 
y-axIs. 
For example, f(x) = (x)? for n = 2, m = 2. 

(p) When f(x) = x”; where n 1s a positive irrational number. 
Domain = [0, 00). 


The graph of such functions is shown in Figure 2.66. 


¥ 


forn> 1 


FIGURE 2.66 


The graph of function lies in first quadrant. 

For example, fix) = (x)? for n = V2 (> 1) and 
as 

fix) = (x)3 forn = —=(<]l). 


V3 


(q) When f(x) = x”, where n is a negative irrational 
number. Domain = (0, 0). 


The graph of such functions wis shown in Figure 2.67. 


y 
1 
X 0 1 X 
y' 
FIGURE 2.67 


The graph of function lies in first quadrant. 
For example, f(x) = (x)~? for n = —V2 


Comparison of the values of x, x”, x°, x‘, .... 


For The relative values are 
x € (0, 1) oe eae gS ... 


e<or <a <.... ve valiiés) 
Soe = >... (eve valves) 


> oe >x >... (ve values) 
<x < x < .... (ve valties) 


TRANSCENDENTAL FUNCTION 


The functions which are not algebraic are called 
transcendental functions. 


e.g., f(x) = sinx, y = cos'x, y = Inx, 


y= Vinx-sin' x , 


7 Inx+tanx 
sin eb 2* 


{MODULUS FUNCTION 


The modulus function f(x) = |x| 1s nothing but is magnitude 
of the real number x and it represents distance of the number 


x from zero on the real number line. Since the distance 
is always non-negative, the modulus of a real 
number x is defined 


is always non-negative and 


x when x>0 
as |x|=,0 whenx=0 
—-x when x <0 
e.g.,| 3 | =3 and |-6| =-(-6) = 6. 
The graph of modulus function is as shown in 
Figure 2.68. 


Functions 


FIGURE 2.68 


Clearly, the domain of modulus function is R and range 
is the set of non-negative real numbers. 
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ILLUSTRATION 54: 


SOLUTION: 


ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


Given equation become x?- 4x +x-2=6 => x*-3x-8=0 


3 +v9+32 = tal 3+J/41 
D 


‘butx>4 > X= 
2 2 


5-41 3+/41 
and 


2 2 


are the only solutions of the given equation. 


Solve the equation |x — |2 —x||-4x =8 

The given equation can be reduced to |x — (2 — x)| — 4x = 8 for x < 2 and 
lx + (2 —x)| — 4x = 8 for x > 2. 

1.€., |2x — 2| — 4x = 8 for x < 2 and 2 — 4x = 8 for x > 2 (ampossible) 

Further, it can be reduced to 2x — 2 — 4x = 8 forx <2 and x> 1 

and —2x + 2 —-4x =8 forx <2 andx <1 

1.e., 2x = — 10 for x € [1, 2] Gmpossible) and 6x = -6 for x € (0, 1) > x =- 1 


Thus, x = — 1 1s the only possible solution of given equation. 
Find the values of x satisfying the equation |||x? — 5x + 7| — 1| -2| =x?-3x-4 


' Disc. of x? -5x+7=25-28<0 => x7-5x+7>0VxeER 
So, the given equation becomes ||x? — 5x + 6| — 2| = x?- 3x -4 
Now x? — 5x +620 for x € (co, 2] U [3, ©) and x*- 5x +6<0O forx e (2, 3) 
We have |x? — 5x + 4| = x? - 3x — 4 for x € (0, 2] u [3, 0) 
and |x? — 5x + 8| = x? — 3x — 4 for x € (2, 3) 
But x? — 5x +420 for x € (-co, 1] u [4, 0) 
and x?—5x+4<0Oforx e (1, 4) andx?-5x+8>0VxeER 
The equation reduces to x”? — 5x + 4 = x? - 3x — 4 for x € (—00, 1] u [4, 0) 
and —(x? — 5x + 4) =x”? - 3x - 4 for x e (1, 2] u [3, 4) 
and x? -— 5x + 8 =x’ —- 3x -4 forx e€ (2, 3) 
=> 2x=8 forx € (co, 1] U [4, 0) > x = 4 and 2x” — 8x = 0 forx e€ (1, 2] vu [3, 4) 
That 1s, no solution and 2x = 12 for x € (2, 3), 1.e., no solution 
= x= 41s the only solution of given equation. 
Find the minimum value of the expression |x — p| + |x — 25| + |x — p — 25| for x € [p, 25] 
and p e€ [0, 25]. 
Let f(x, p) = |x — p| + |x — 25| + |x — p — 25] ... J) 
Now we have 0 <p <x <25 
=> x-—p20,x-25<0,x-p-25<0Oasx-—25 <0 andp2>0 
f(x, p)=x-—p—x+t+25 -(x-p- 25) fx, p)=25-p-—x+p+25=50-x 
Which has its minimum value 25, when x = 235. 


Draw the plane region defined by R = {(x, y) € R?: |x + 2| <7; |x| > 3; |y| > 2} 


Given |x + 2| <7 

= =1SxF 2s] => -9<x<5 aul) 
Also |x| > 3 > x<-3orx>3 sehen (2) 
and |y| > 2 > ys-2ory>2 ice (3) 
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(1), (2); and (3) hold simultaneously on region 
R= {x y) € R?: x € [-9, —3] uv [3, 5] and y € (0 — 2] u [2, 00)} as shown in Figure 2.70. 


FIGURE 2.70 


ILLUSTRATION 58: Solve the following inequalities graphically 
(i) 4[x-—1]<( +2) (11) |x? — 4x| + |x| >3 


SOLUTION: (i) Let f(x) = |x — 1| and g(x) = z(t 2) 


To solve the inequality 4|x — 1] < (x + 2) 1s equivalent to write fx) < g(x) 1.e., we are to 
find those values of x for which the graph of f(x) 1s below the graph of g(x). 

This can be done by drawing both the graphs on same x — y plane and finding those points 
where graph of f(x) 1s below the graph of g(x) as shown in Figure 2.71. 


FIGURE 2.71 


] 
Clearly graph of f(x) = |x — 1| is below the graph of g(%) =a0) for x lying on 
2 
segment AB of x-axis excluding A and B. And coordinates of A and B are (2.0) and 
(2, 0), respectively. 


2 
Thus, solution of given inequality is given by x€ (2.2) 
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Properties of Modulus of a real number: Thus, |x, . x,| = |x,|. |x, Vx,x, € R 
Li ate te ace x | — |x) eee eVe-e R 


Proof: Letx,,x,,x,,.....x,€R 


Now ox). Moni 0] = fe, 2X, uu. x )| 


ait 07 el oan © eee | 
First of all we shall prove that |x, . x,| = |x, . [x,].... (1) 


Let x,,x, € R, then 


ee Xx, if x,.x, 20 el ie 
a —(x,x,) if x,.x, <0 ° a ip eee 


sector bon oo een ca 


n 


(x,)(x,)= |x, ||x,| if x, 20,x, 20 © uss 
_JCx MH) = | loa] if x, < 0,2, <0 soon | : if 720 
(—x,).(x,) = |x, ||x,| if x, <0,x, 20 roof: ; = 


(x,).(—x,) = |x, ||x,| if x, 20,x, <0 7 


cd 
y 
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2) if x> y>Oand — if x<0,y<0 Now letn € N andn2 2, then | x” |] |x.xx...x 
= (y) 4 n—times 
ea, x<0,y>0 and (%) if x>0,y<0 =|x|.|x].|x]....[%] = |x!" [by property (1)] 
(y) (-y) n—times 
_ |x| en ee Next let n = -—m;m € N and x> 0, then 
i — aj 
x} |x| =e" = |= =a (by property (2)) 
ela at ee IR andy #0 x | |x| 
VY LY ee 
= fel = bolt 
3. |x"J=[x["VneZ Thus, |x"| = |x|" V n e Z for all real values of x for 
Proof: Obviously |x"| = |x|" holds good for n = 1 and which LHS and RHS are defined. 
n=0(«#0) 
REMARK 
|x‘| = |x|''V t € Q (set of rational numbers) 
(x)? Blk for x >0; Poo 
(x)?/4 =i for x >0; Peco 
q 
(+x)?4 = re for p=even integer, q odd integer, — >0; xeR 
F (+x)P/4 =| for p=even integer, q=odd integer,—< 0; xeR~{0} 
xt \= 
(x)P/4 = a for p =odd integer, g=even integer, — >0; xeE[0,c) 
piq _|.,|P/4 _ : 2 ‘ Dp : 
Gg =x for p=odd integer, g = even integer,— <0; x>0 
Ix?" for p,q=odd integer, © >0; xeR 
q 
(—x)?/4 =i for p,g =odd integer, <0; xe R~{0} 
q 
= | x [P49 in each case for all those values of x for which | x? | is defined. Hence, proved. 
a) h forall th / f x for which | x? | is defined. H d 
4. |—-x|=|x|VxeER 6. |x|<56 > xe(—4,5)and|x|>5 
Bish 154 —-x iff —x2=0 => x € (0, -8) U (6, 0) 
roof: |-x|= 
—(-x) iff -—x<0O Proof: Let |x| <6 
_ _ iff x <0 =f = Absolute value of x is less than 6. 
x iff x>0 = Distance of x from origin is less than 6. 
5. |x}=5> x=Sorx=-S => x will be at origin or 1s found either on left side of 
Proof: Given |x| = 8 >0 origin or on right side of origin at a distance less 
. than 5. 
We know that there exist exactly two real numbers of 
> x>dorx<d > xe (—4, 5); Now kx] > 6 > |x| € 5 


opposite signs having same positive magnitude. 


~ |x|=820 => x=+6. x € [6,6] > x € (0, -3) U (6,0) 


y 
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7. 


10. 


11. 


12. 


~|x-al=5 => 


~|x-al>o 


|x-a|<d >xe(a-6,a+9) 
Proof: |x—a|<6 

‘. By above property (5) 

=> -d<x-a<d 

> a-d<x<at+sd 

> xe(a-6,at+5) 
x=at+dora-—6d 
Proof: Given |x—a| =96 

By property (4) 
x-a=x+0d > x=atd 

> x>atdorx<a-d 
Proof: Given |x—a|>96 

By property (5) 

x-a<-—Oorx-—a>od 
Xx<a—dorx>atd 


Vx? =x] Vx € IR 


Proof: <x’ = Principal square root of x? 
= |(x7)'7| =| 4x [=| >| 


lx] = max.{-x,x} Vxe R 

x if x20 
Proof: = |x|= {2 oe, ..Q) 
when x = 0 > -<0 > x>-x 
=> maximum {x,-x} =x .. (1) 


and when x < 0 
>--x%>0 > -—>x> maximum {-x, x} =-x (i) 
Thus, from (1), (41) and G1), we have |x| = maximum 
{x, —X} 
x] = bl x = y” 
Proof: Given |x| = |y| 
 kl=pl => [xPRlyP => 

and conversely if |x |? =|y/? 
> (Ixl-lyDdx|+ly)=0 
=> |x|=|ylor|x|=-|y| 


ray 


(But |x | =—|y | 1s possible only when x = y = 0) 
=> |x|=|y|=0 


13. 


14. 


15. 


Thus, | x | =ly| |x)? =|yP 


oxr=y (Co |xP =x? Vxe R) 


lx + y| is not always equal to |x|+]|y|. 
Proof: Given |x + y| 
|x +y| 
Ix] + |y| for x >0, y>Oorx<0, y<0 
7 eats +|y| forx>0,y<0orx<0,y>0 


Thus, |x + y| is not always equal to | x |+ | y |. 


(Triangle inequality) |x + y|<|x|+]|y| for all real x 
and y, inequality holds if x.y < 0. That is, x and y are of 
opposite signs, equality holds if x.y => 0. That 1s, x and 
y are of same sign or at least one of x and y 1s zero. 


Proof: x<|x|andy<|y| 

=>xtys|x|+ly| .. ) 
Also -x <|x | and-y <|y| 

=> -(x + y)<|x|+ ly 

> (e+y)2-(xl|+lyD 2) 


*. from (1) and (2) we have 


“lx|[+lyD)s@+y)sdxltly) 
=> |xt+y|<|x|+ly| C.6<x<b D>|x] <5) 


(x+y) for(x+y)20 
Here |x+y|= 
—(x+y) for (x+y)<0 
Ix|+ly| for x>0, y>0 


x+y</x/+l|y| forx+y>0&xy<0 
Ixl+|y| 


—x—y<|x|+]y| 


for x< 0, y<0 
forx+y<O0 & x.y<0 


Thus, |x + y| = |x| + |y| for x and y of same sign or 
at least one of x and y is zero and |x + y| < |x| + |y| 
for x and y of opposite signs. 1.e., [x + y| = |x| + [y| 
for x.y > 0 and |x + y| < |x| + ly| for xy <0 


lx — y| < |x| + [y| for real x and y, inequality holds 
if xy > O, 1e., x and y are of same sign, equality 
holds. If x.y < 0, That is, x and y are of opposite sign or 
at least one of x and y 1s zero. 

Proof: By triangle inequality |x + y| < |x| + P| V x, 
yeR 

=> kk+mHsklt+blVxveR 

=> |Ike-ylslxlt+ly|VuyeR 


ILLUSTRATION 59: Solve the following equations/inequations. 


(1) |x? — 4x| + |5x — 10] = |x? +x — 10] 


(1i1) |x? — 4x| + |x + 6] > |x? — 5x — 6] 


(11) |x? — 3x| + |2x — 6] = |x? - 5x + 6] 
(av) |x? — 7x| + |6x — 2] > |x? -x -2| 


16. ||x|-|y|| < |x + y| for real x and y. Equality holds if x and 


y are of opposite signs and for same sign inequality 
holds. 


Proof: |x |= |x +y)+ ols ik +y t+ bi 
(By triangle inequality) 

=> |x| <|k + y+ 

=> |xl|-pl<kt+y .. CQ) 


Also [yl = | + y) + Cx) Ss & + yl + |XX 
(By triangle inequality) 

=> psbkt+ylth 

> b-klskty => -(x|-b)skty 

or |x|—|y)=>-x+y| eZ) 
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*. from (1) and (2) 
qx +ylsbkl-blslk +y| 
=> ||x|-bll|<kket+y| C. 6 <x <6 => |x| <3S) 


=> ke+yl2|kl-bIlVxyeR 


~ {|x| — [yl] < be — y| for real x and y. Equality holds 


if x and y are of same sign and for opposite signs 1n- 
equality holds. 


Proof: By Property (15), ||x| — |y|| < [x + y| for real 
x and y. Replacing y by —y, we get |x| — |-y|| < |x —y| 
for real x and —y 

=> |kl-bilsk-yVx%yeR 
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‘SiGNUM FUNCTION 


x 
The function f(x) defined by f(x) = os if x #0 


0; if x=0 


lifx>0 
i.e., f(x) =sgn(x) =< Oif x=0 


naan FIGURE 2.76 


CONSTANT FUNCTION 


A function f : A > B is said to be a constant function if 
every element of A has the same f— image in B. That is, 
f: ADB; fe) =c, Vx €A,ec € Bis aconstant function. 
A constant function may be one-one (when domain 
contains only one element), many—one (when domain 
contains more than one elements), onto (when co-domain 
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or range contains only single element 1.e., c), into (when 
co-domain contains at-least one more element other than c). 


¥ 


O 


FIGURE 2.77 
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The function f:A — B defined by f(x) = x; x € A; (where A 1s a subset of B) 1s called the identity function. 


FIGURE 2.78 


If B = A, then the function is called identity function on set A and is denoted by /,. Identity function J, defined on A is 
a bijection. 
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3. f(x) = g(x) for every x belonging to their common 
domain. For example, f(x) =l/x and g(x) = x/x’ are 
identical functions. 


m EQUAL OR IDENTICAL FUNCTIONS 


Two functions f and g are said to be equal if 
fix) =log(x”) and g(x) = 2log(x) are not-identical 
functions as domain of f(x) = (-co, 0) ~ {0} whereas 
2. The range of f= the range of g. that of g(x) = (0, «). 


1. The domain of f= the domain of g. 


REMARK 


Identical functions have same graph. 


ILLUSTRATION 66: State whether the following pair of functions f(x) and g(x) are equalAdentical or not. Explain 
your answer with proper argument. 
2 
x -4 x-2 
(a) f@) =z 8) = (b) f(x)=Vx" -2x+1; g(x) =|x-]| 
x° +3x+2 x+1 
(c) f(x)= sec x.cot x; g(x) = cosec x 


2 


x -4 
SOLUTION: Alth h x) = ————————_ 
. aueh ) x? 4+3x4+2 


(x-—2)(x+2) 
from numerator and denominator and one may conclude that f(x) =~——~~——— 
ny (x+2)(x+1) 
= = g(x), which is indeed not true. Because 
x-2 
x+1 , whereas 2(x)=4 x+1 
not defined if x = —lor—2 not defined for x = —1 


can be simplified by striking off the common factor (x + 2) 


if xe R~ {-1,-2} 


Therefore, f(x) and g(x) are not identical functions because of having different natural 
domains, however, f(x) and g(x) are identical on their common domain, 1.e., R ~ {-1, —-2} 


(b) f(x)= Vx’ -2x+1= y(x-1) , which is defined V xe R 


And further f(x) = (x-1) = x—1(°- Vx? = x 
Also g(x) = |x — 1| has its domain R 
Thus, f(x) and g(x) have same analytical formula and having same natural domain R. 
Hence, f(x) and g(x) are identical functions. 
(c) f(x) = sec x. cot x; g(x) = cosec x 
LOS” sin x # 0,cosx 4 0 
Hence, f(x) =< cosx sinx 


not defined if either sin x =0 orcosx=0 


ee x; sin x # 0,cos x #0 


not defined; otherwise 


cosec x; x « R~ {na,(2m +1) Ssm,n = z 
=> 
not defined; x € {n,(2m +1)>3m,n E i 
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Further g(x) = cosec x; x ER ~ {na, n €Z} 


“. f(x) and g(x) are not identical due to having different natural domains, however, they are 


identical on their common domain, i.e., Re| ne (2m +1)San,m e z 


TEXTUAL EXERCISE-5: (SUBJECTIVE) 


1. For what set of values of x the following equations 
hold? oe 6. Simplify the expression V9 - 6a + a’ +V9+6at+a’ 


(a) = 5 (b) bx] = -2 oe 
(c) x + |x| =0 (d) x + |x| = 2x 7. Which of the following functions are identical functions? 
(ce) —=-1 (f) 3xV2 = vi8x? (a) f(x) =cosec x; g(x) =— 
| x | sin x 
(g) x x] -x° = 0 (h) |x| <-x (b) f(x) = tan x; g(x) = ae 
2. Solve the following equations for x: : 
(a) |x| +x2+1=0 (b) [5x2 — 3] =2 (c) f(x)=Ine’; g(x)=x 
x+4 = = 
(c) a 23 (d) |x? — 4x) =5 (d) f(x) =secx; g(x) aoe 
(e) |x + 1|+2=2 (f) |3x — 4] =1/2 8. Identify whether following pairs of functions are 
(g) jx + 2}=2(3-x) (h) [x] =-3x-5 identical or non-identical. 
GQ) x74+ |x -1/=1. I 


(a) Ax) = Inx; g(x) = 
3. Prove that ix? —2x 41 —=N x? 42x41 = log, e 


2if x<-l (b) f(x)=Vx°-1; g(x) =Vx-1-Vx41 
~2xif x €(-11) (c) f(x)=Vi-x: e(x)=Vi-x-vi+x 
—2 if x21 
9. Solve the following equations. 
4. Solve the following inequalities for x: (i) sgn (x? +2) =1 
(a) |x| >2 (b) |x- 1] >3 (41) sgn (x? + 2) =-1 
(c) [x-2|<1 (d) [x + I] >2 (1) sgn (x? - 9) + sgn (x + 3) =0 
(e) |x- I] <5 (iv) |sgn — 1 = 1. 
5. Solve the following equations and inequalities: 10. If ff) is an identity function on R, then solve the 
(a) |Ix—1]/+ |x -— 3] =2 following inequations. 
(b) |x| + |x + 5|=5 Q) |fx) — 5] = 2 
(c) |x- 1] +|x-4|=2 (1) [sgn (Ax) — 5) > 0 
(d) |x? — 2x] + |x — 4] = |x? -3x + 4| (1) sgn [f(tan“! x)] = 1. 


(e) |x? — 2x| + |x — 4| < |x? -3x + 4| 


Answer Keys 
1. (a) {-5, 5} (b) (c) (-2,0] (d) [0,0) — (e) (-~, 0) 
(f) [0,%) (g) [0,00) (h) 


1 1 
2. (a) {} (b) earl (c) {-l, -5/2} (d) {-l, 5} (e) x =-l 
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(f) x = 7/6, 3/2 (g) x = 4/3 (h) x = -5/2 a) x =0, 1 

4. (a) (—2,—-2)U (2,0) (b) (-0,-2)U (4,0)  (¢) xe(1,3) (d) xe (—-c,—3]U[I,0) 
(e) x €(-4,6) 

- (a) [I, 3] (b) [-5, 0] © & (d) xe (—0,0JUL[2,4] (©) xet} 
—2a 


. (a) Identical (b) Non-identical 
. (a) Non-identical (b) Non-identical 
a) R (11) > 
10. (i) x € (-, 3] U [7, &) 


Cer DA 


(ii) xe R~{5} 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


1. J2—|x|+V¥1+|x| is defined for 


(a) [-2, 2] (b) (-2, 2) 
(c) (-0,-l) U (1,2) (d) None of these 


2. f= Vx°- |x|—2 is defined for 


(a) R- (2, 2) (b) R-[-22) 
(c) R-[-2, 2] (d) R-(@, 2] 
3. The range of the function f(x) = |x — 1] + |x —- 2], 
—-1<x<3,18 
(a) [1,3] (b) [1,5] 
(c) [3, 5] (d) None of these 


4. Which of the following statements is incorrect? 
(a) x sgn x = |x| 
(b) |x| sgn x =x 
(c) x (sgn x) (sgn x) =x 
(d) |x| (sgn x) = |x| 


5. If f(x)= {(sgn 5 el \ ; nis an odd integer. Then 


(a) f(x) is an odd function 
(b) f(x) is an even function 


(c) f(x) = 0 
(d) None of these 


Answer Keys 


1. (a) 2. (a) 3. (b) 4. (d) 5. (a) 


(c) Identical 
(c) Identical 


(111) (-oo, 3)Gv) R - £1} 


(d) Identical 


(iii) x € (0, 0) 


1/2001 
6. If f(x)= [= , then D, is 


I-| x| 


(a) (0, -l)U CU, %) (6) Cl, 1 
(c) R (d) R- {-l, 1} 


- 1/2002 
7. If f(x)= =) then D,1s 


I- |x| 


(a) R—- {-l, 1} (b) (-«, 1) 
(c) (-0,-1)U [0, 1) (d) None of these 


a/| t +t 
8. If f(x)= VD ae is defined for 


3x 
(a) R 
(b) R—-£1/3} 


(c) R jun —F E | 


(d) None of these 


9. In which of the following pairs, the functions are 


identical? 


(a) fo)=Ve* s 9) =(Vz) 


ee 
(b) f(x)= a, g(x) 2 


(c) fix) = log(x - 1) + log(x - 2); g(x) = log¢e— 1) @-2) 
(d) f(x) = sin’*x + cos’x; g(x) = | 


6. (d) 7. (c) 8. (c) 9. (d) 
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SEXPONENTIAL FUNCTION 


If a is positive real number except for |, then a*; where 
x € R 1s always positive and it is called exponential 
function of x. ais called base and x is called index. 

The graph of exponential functions are as shown in 
Figure 2.80. 


a*(for 0<a<1)| a*(for a>1) 


FIGURE 2.79 
y 


y=2* y=4" y=8* 


=. 
LET 
Ste eene 
50/f9 S000 yeh 00 08 (nop en .er.8 


= 
x 
— 
— 
rT Ad 
guesaseeee== 


FIGURE 2.80 


‘PROPERTIES OF EXPONENTIAL FUNCTION 


(1) Domain of exponential function y = a*, D, : (-2,0); 
Range of exponential function = R, : (0,0) 
a‘ is defined V x €R and a*>0 


Gi enya ten) veg HIER 
I (x-y)= f(x) / f(y) 


Proof: f(x).f(y) = a. @ = a = fet y) and 
foolfy) = =a" = foe-y) 


(iii) a. bY = (aby and - = (<) 


(iv) (ay = a = (ay 
(v) a*,where a> | (say a = 2) behaves as an increasing 


natured function as is clear from the table and graph 
given below for y = 2* 


2 Pp Pps 
fw [us fv [fa [2 [af [6 [a 


FIGURE 2.81 


(vi) IfO0<a< 1 (say a = 1/2) behaves like decreasing 


natured function as 1s clear from the table and graph 
given in Figure 2.82 for y = (1/2)* 


Rs ePEpoePp 
[fiefs fe? papa fie 


(0,1) i 
O 


FIGURE 2.82 
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eee Tr =>a 
SOLVING EXPONENTIAL EQUATIONS eee 
at = bF 


To solve an exponential equation, we use the following two 
either x =O ora =b 


properties: 


2. The value of a* decreases as the value of x increases, 
when base a € (0, 1) 


“SOLVING EXPONENTIAL INEQUALITY 


To solve an exponential inequality, we use following 
properties of exponential functions. 


x2>y ifa>l 
x<y if ae(0,1) 


1e., a 2a’ =| 


1. The value of a* increases as the value of x increases, 
when base a € (1, «). 
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For example: 


COMPOSITE EXPONENTIAL FUNCTION 
7 (i) y=x* has its domain = {x €e R: x>0}=(0, 0) 

A function of the form y = [f(x)]*,; 1.e., a function in which (ii) y = (sin x)‘ has its domain = {x € R : sin x > 0} 
both base and exponent are functions of x = {x e R : x € (nn, (2n + I)t), n € Z} 


J((2nz),(2n +1)z) 


neZ, 


Composite exponential function is also known as | (jij) y = (In x)* has its domain = {x e« R : Inx > 0} 
exponential power function. Composite exponential =fye R:x>1}=(l, 0) 
function. y = (f(x))* is defined for those values of x for | (jv) y = (sin x)™* has its domain = {x € R 
which f(x) and g(x) both are defined (1.e., x must be in com- 
mon domain of f(x) and g(x)) and f(x) > 0. 

Thus, domain of y = [f(x)]& = {x e R: xe DAVE, 


and fis) > 0}, = Uf (ne) (2ni)x)~{(2n-1)} 


neZ 


e.g. vy =x, y = (sinx)™* py = (nx), y = (x) ete. 


-sinx >0O 


and x # {(2n + Ioan E zh 


NOTE 
y= ~/f(x) is defined forx «€ {2, 3, 4, ...} and f(x) > 0 where as y = (f(x))' is defined for x # 0 and f(x) > 0. 


Example: 


(i) y= Vsinx is defined forx € {2, 3, 4,....}and sinx >0 = xe{2 3.4,...00ndx > |) (2nz,(2n+1)z) 


new 


=> x e{2,3,4,...}andx € (0,2) U (27, 3x) U (4, 57)..... = x €{2, 3, 7,8, 9, ...}. 
ae 1 1 
(ii) Domain ofy = (cos_)sin_ is defined for cos x > Oand sinx #0 — XE U2 a 4 ~2n7 . 
neZ 


2 


;HYPERBOLIC FUNCTIONS Res Ao 

7 dx? 

for x > O and negative for x < 0. 
2 


Also © (inh x)=0 forx = 0. 
ax 


3 


(sinh x) = (r++... which is positive 


There are six hyperbolic functions as discussed below: 


(1) Hyperbolic Sine: It 1s denoted by sinh x and is 


defined as = Graph of sinh x is concave upwards for x > 0 and 
es concave downwards for x < O and has a point of 
sinh x = inflexion at x = 0. 


1 , a i ane 
Sy eo a, Si wore cise oe fae] Ram, a aloes cles 5 
2 2! 3! Zi 3} 


1 2x? 2x? r x 
eed Di fa a ee 
2 3! I 3! «5! 
ese xr x 
Thus, sinh x = =x+—+—+..... 
7 3! = 5! 


Domain of sinh x = R, set of all real numbers. 


4 


d 2 
Since a 1443 +.]>0 VxeR 
x 


2! 4! 


= Graph of sinh x is strictly increasing V x e R 


Clearly sinh x being continuous and strictly increas- 
ing and sinh x — —0o as x + -o and sinh x — «© as 
x —> oo, has its range = R. 

Thus, the graph of sinh x would be as shown in Fig- 
ure 2.83. 


FIGURE 2.83 
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FIGURE 2.84 


(11) Hyperbolic Cosine: It is denoted by cosh x and 1s 


x 


ere 
pe 


1 x Pe x? x? 
ca A fe Se cipro red al ka (el Ga a rere 
2 2! 3! 2 3) 
I ee ike 
pes fe Se ee oe = 1+—+—+... 
2 2! 4! 21 4! 


>1VxeER = Range of cosh x is [1, 0) 
Clearly cosh x is defined V x ER 


—-x 


defined as cosh x = 


3 5 
Also La Fe aaee toe >0 
dx 3! 5! 
for x > 0 and <0 for x <0 and = 0 for x = 0. 
cosh x 1s a decreasing function for x < 0, increasing 


function for x > 0 and has a stationary point at x = 0 
2 


Further £ (coshx) = 4a te >0 
dx 2! 4! 


VxeR. 


Graph of cosh x 1s concave upwards V x € R. Col- 
lecting all above conclusions, the graph of cosh x 
would be as shown in Figure 2.85. 


¥ 


y 
FIGURE 2.85 


FIGURE 2.86 


(1) Hyperbolic Tangent: It is denoted by tanh x and 1s 


sinhx e-e” 
defined as tanh x =——— = ——— 
coshx e+e 


Clearly tanh x is defined Vx € R. 


2x l 


e — 
Also tanh x = + >—- -l as x ~ -o and 
e~ +1 


l-e* 
tanh x = ——- >] asx >0 
I+e 


Thus, range of tanh x is (-1, 1). 


2x 
er 

Next tanh x >0<& ae Se*> I 

e 


2x >In 1 SS 10 
Thus, tanh x > 0 for x € (0, 0) 
Similarly tanh x < 0 for x € (—0o, 0) and tanh x = 0 


for x =0 
2x 20% De: x 
Nowe nny ee ee) 
dx (e ma) 


4e?* 
"ea VxeR 
e 


tanh x 1s strictly increasing V x € R and 


(e* +1)’. 8e* —4e7* .2(e™* +1)(2e**) 


gd’ 
—(tanhx) = 
dx? ( ) (e** +1) 


_ 8(e* +le*(l-e**) 
(e* +1)* 


<0 for x > 0 and =0 for x = 0 
The graph of tanh x is concave upwards for x < 0, 
concave downwards for x > 0 and has a point of in- 
flexion at x = 0. 

Thus, from above discussion we conclude that the 
graph of tanh x would be as shown in Figure 2.87. 


>0Oforx <0 
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FIGURE 2.87 


(iv) Hyperbolic Cotangent: It is denoted by coth x and 


x —x 2x 
coshx e+e e+] 
is defined as y = cothx = — = = 

sinhx e*—e e* —] 
— -l asx > -o and > -o as x > 0 from negative 
side. 


—2x 


l+e 
Also coth x = = 1 asx > o and > o as 


x — 0 from positive side. 

Thus, range of coth x is (co, -1) U (1, 0). 

Clearly domain of coth x is R ~ {0}. 

dy _(2e*)(-2) 

dx (e*-1) 

= coth xis a strictly decreasing function V x € R ~ {0} 

8e*(1+e* (e* -1) 
(e™* -_ 1)* 


Now <0 Vx e R~ {0} 


qd’ 
Next ee x)= >0Oforx>0O 
Xx 


and < 0 for x <0 

= The, graph of coth x 1s concave upwards for x > 0 and 
concave downwards for x < 0 
Thus, the graph of coth x would be as shown 
below. 


FIGURE 2.88 


(v) Hyperbolic Secant: It is denoted by sech x and is 
2 1 
cosh x 


defined as sech x = 


2e° 
er a1 
Domain of sech x is R. 


or sech x = which is defined V x € R 


2 
Also sech x = = ; where y = e* 
y +1 


2 
It can be easily observed that se €[-1,0] for 
y 


2 
y € (-, 0] and = € (04l] for y € (0, «) 
y 


Range of sech x would be (0, 1] 
1-e™* 
Now < (sechx) = 2e* 
(e* +1)’ 
> 0 for x <0 and 0 for x = 0. 
sech x is strictly decreasing for x > 0, strictly increas- 


ing for x <0 and x = 01s a stationary point. 
2 


d 
Further —~—(sech x 
ia ( ) 


2e*(e* + ne (? YP VIVe (2 5) 


(e* +1)* 


<0 for ats [2- 3) a (2) and > 0 


EHH 


a |<0 for x > 0, 


=> f(x) 1S concave downwards for 
7-33 7 +33 
xE Pin 
2 2 3m 2 
and concave upwards for 


EPH ER 


Thus, the graph of hyperbolic secant is as shown in 
Figure 2.89. 


FIGURE 2.89 


(v1) Hyperbolic Cosecant: It is denoted by cosech x 


. f) 2e° 
and is defined as cosechx = [Se 
e -e e—-l 


Clearly domain of cosech x is R ~ {0}. 


2 
It can be easily verified that function — Z 1 decreases 
By 


from 0 to —0 as y increases from 0 to 1 and decreases 
from oo to O as y increases from 1 to o with 
discontinuity at y = 1. 

Thus, range of function is (—o, 0) ~ {0} for 


y € (0, «). 
Similarly cosech x takes its range (—0o, 00) ~ {0} for 
xe R ~ {0} 
d ape - oF 
Now —(cosec hx) = 2} ——— |<0 Vxe R~ {0} 
dx (e* -1) 
= cosech x is a decreasing function on its domain 
R ~ {0}. 


d’ 
= Further Age + (cosech x) < 0 for x € (-o, 0) and > 0 
x 


for x € (0, 0). 
Thus, the graph of cosech x is concave downwards 


for x € (—oo, 0) and concave upwards for x € (0, 0) as 
shown below. 


y 
FIGURE 2.90 


meLOGARITHMIC FUNCTION 
Logarithm of a positive number x to the base a is defined 
as a number y, which when raised to base a the resulting 
number becomes equal to x. 

1e., logx =y@ @ =x, whena>0Oanda#1;,;x>0 
as a” 1S positive 

e.g., log 49 = 2 as (7) = 49; log,81 = 4 as (3)* = 81; 
log 100000 = 5 as (10)° = 100000 etc. 
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Since logarithmic function y = log x is defined only for 
positive real numbers, and hence, its domain is (0, 0). 

Also logarithmic function is continuous (1.e., its graph 
never breaks when drawn corresponding to positive real 
numbers x) and attains each real number, and hence, its 
range is R, set of real numbers. 

In general y = log x is an increasing function for a > 
1 as has been illustrated below for y = log,,x and y = log,x 


y 


y=log,.x 


(1,0) 


FIGURE 2.91 


(1/2,-1) 


FIGURE 2.92 


x [oor Pooo: [oor [oa [i [10 [100 [1000 


loa | + | 3 | 2 |-rfo} i] 2] 3 


And, in general, logarithmic function 1s a decreasing 
function for a € (0, 1) as been illustrated below for y = log, x 


y 


y=log cat 


(1/2,1) 


FIGURE 2.93 
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sd Ell a ll a bad al 
ee es 


Ce LEE ED 


For a given x € (0, 1) as the base of log x increases 
the value of logarithm also increases and for given 
x € (1, ©) as the base of log x increases the value of 
logarithm decreases as has been shown in graph given 
below. 


y=log.x 
y=log,x 
y=log,,x 


- 
PT 
- 
me 
* 
- 
- 


y=log,,, oX 
y=log, 4X 
y=log, x 


‘. 
- 
. 
. 
- 
: 
7. 
os 
7. 
“. 


FIGURE 2.94 


m@ PROPERTIES OF LOGARITHMIC FUNCTIONS 


P.1. log, x is inverse function of exponential function to 
base a 
=> log x and a* are inverse function, 1e., x when 
operated by function. 
That is, log to the base a and then operated by in- 
verse (exponential function with base a) 


log, x 


1.e., a the result is x. 
P.2 log x is defined iff a> 0,a# 1 andx>0 
=> Domain of function D ). = (0, 2) 


and Range of function = R= R. 


1=9* 


FIGURE 2.95 


P.3 log 1=Oasa°= 


P.4 loga=lasa'=a 


P.5. log |x| + log |y| = log |x.y| and log, xy = log |x| + 
log, | y| 
Proof: LHS = log |x| + log |y| 
Let log |x| =m andlog |y|=n 
=> a”"=|x|anda"’=|y| 
=> |xy| =a 
= log, |x| + log, |y| = log,| xy | 
ase S log, c=)| na) 
Now log, xy to be defined xy > 0 
=> xy = |xy| 
log, xy = log, kxy| = log, |x| + log, | y | by (1) 


x 


P.6. log, |x|—log,|y|=log, and 
y 


x 
10847, = 10841 *|~l08, || 


Proof: LHS = log, |x|-log, | y| 
Let log | x | =m and log |y | =n. 
=> a”=|x|anda"=|y| 


m 


[x]_@" 
ly] a” 

=> el ag 
y 

=> log, “|—-m-n 


=> log,|x|—log,|y|=log, - .. (1) 


Now log, = to be defined i should be positive 
y y 


2 
y 


= log |x| — log |y| (by (1)) 


x x 
=> log,—=log : 
y 


Xx 
Therefore, log, —=log, | x|—log, | y| 
Jy 


Caution! log(xty)#logxtlog y 
log(x.y) # log x. log y 
log x 
log y 


log(x/ y)# 


log , x 
——— [Base transformation a> 0, a #1] 
log. y 


a 


P.7 log, x= 


Proof: It 1s sufficient to prove that log.x log y = log.x 
Let log x =m 


Functions < 2.75 

=> x=y"and log y=n > 

=> x=a" => 
Hence, proved. 


y= a 
log x = mn = log.x. log y. 


— log, 512 log,512 _ 
log, 128 log,128 


Further to solve log,,,512, we can proceed as 
follows: 


e.g., logyg512 


] 12 log, 2” 
log jo, 512 es GeroNe A 1OEns. 5 a 
log, 128 log,2° 7 


P.8. Chainrule: log, x =log, x.log, y.log, z.log, u 


Proof: RHS= log x logy . log z. log u 


_ log,x log, y log,z log,u 


[By property (7)] 
log, y log,z log,u log,a 


l 
= S8s* _ jog x = LHS. 
log, a 
P.9. Reciprocal property: In a logarithm if the number 
and base is interchanged, then result is reciprocal of 
the original. ie., log, x= 
log, y 
log, x log, y 
Proof: log, x. log, y=———_——— = 1 
log, y log, x 
= log x= 
er Tog, 9 
P.10. log (x*) = a log |x| 


Proof: log (x*) to be defined x* > 0 


Case (i) when x> 0, then log (x*) = m (say) 


=> y*=q" => x= (any “> x= qin Co x> 0) 


m 
=> log,x=—> m=dalogx > m=ca log, |x| 
4 


C.. x >0) 
=> log (x*) = « log, |x| 


Case (ii) When x < 0, a = 


log (x*) = m(say) 
=> xy%=q"h' => x= (a) => |x| = giv Co x< 6) 


an even integer, then 


m 
=> log, |x|=— >m=alog |x| 
04 
=> log (x*) = @ log, |x| 
P.11. 


1 
log »x= 3 OB x 


Proof: By base condition a’ > 0 and a’ # 1 
There arise two cases: 
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Case (i) Whena>O 
Now let log , x =m 


P12 a8? =p" 


& 


Proof: Let a°*’ = k ; taking log, of both sides, we get 


=> x= (aby . 
=> x=a™ log, (a"**) = log ,k 
=> log x = Bm (. a> 0) = log b.log,a = log,k = loga=logk 
=> log, x= Blog» x x fe plex as gis = plex 
=> log ,x= as x = 708 x (..a>0) | P13 Ifa function /: (0, 0) > R satisfies 
z | | SI (xy) = f(x) + f(Y) 
Case (ii) When a<0; f is an even integer 
x Vx, y € (0, ©) 
Now log ,x=m vk 5 = f(x)-fY) 
oa => fix) =log x fora>0,# 1 
=> x=abhm 
=> a= —(x)Vem Cro. =0) Proof: Given in functional equation topic of differenti- 
=> a = (x)iem ability in our volume differential calculus. 
=> |jal=@e P.14 If aisa positive real number, then 
= = |a|P" 
= log x= Bm (i) For a > 1 the logarithmic functions follows the 
‘ 1 inequality log x > logy x>y. 
> m= 3 08a x and for 0 < a < 1 the inequality log x > logy 
@0<x<y 
Hence, log , x=—-log,, x (ii) If0<a<1, then log x>b <0 <x<a? 
“ (ui) Ifa>1,thenlogx>b<@x>a’ 
REMARKS 


1. The base of logarithm can be any positive number other than 1, but usually two bases are mostly used they 
are 10 and e (= 2.7183). 
Logarithms of numbers to the base 10 are named as common logarithms; where as the logarithms of the numbers 
to the base e are called as natural or Napierian logarithms. 

log a 

—_—=<—_ = 0.434109 a 

log, 10 : 

‘. To convert natural logarithm of a number to common logarithm of that number we multiply the natural 

logarithm by 0.434. i.e., log, a = 0.434 log.a 
Also log a =log,,a.log,10 = 2.303 log, a 
Thus, to convert common logarithm of a number to natural logarithm of that number we multiply the common 
logarithm by 2.303, i.e., log,a = 2.303 log,,a.This result is useful in different branches of sciences. For example, 
chemistry where we need to find natural logarithm of a given positive real number. We find first of all common 
logarithm of that number with the help of logarithmic table and then multiply the result by 2.303 
e.g, log 2 = 0.3010 

=> in? =2.303 x 0.3010 = 01693 
log,,3 = 0.4771 

=> In8=2.303 x 04/71 = 1.098 

. The integer part of logarithm of anumber is called characteristic and the decimal part is called mantissa. 

e.g, log, 20 = 1.4771, then characteristic is 1 and mantissa is 0.4771. 

3. Detail discussion of logarithm ofa function, logarithmic inequalities and logarithmic equations and their solutions 

has been given in our book Algebra Il Fundamental of Mathematics. 


. we findlog.a=log,,a.log,10 orlog,,a= 


NJ 


ILLUSTRATION 71: 


SOLUTION: 


ILLUSTRATION 72: 


SOLUTION: 
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Find the characteristic and mantissa of log (0.12); given log, 2 = 0.3010, log, 3 = 0.4771. 
Hence, find the number of zeros after decimal and before first significant digit in decimal 
representation of (0.12). 


log, ,(0.12)"5 = 15 log, (0.12) 


12 3 
= 15log,, FA =15log,, =| = 15[log, 3 — log, 25] 


2 
= 15 log, 3 — 30[log, 10 — log, 2] = 15 log, 3 — 30log,,10 + 30 log, 2 
= 15 log, ,3 — 30 + 30 log, ,2 = 15(0.4771) + 30 (0.3010) — 30 
= 16.1865 — 30 = 16 + 0.1865 — 30 
=-14 + 0.1865 = 14.1865 
Characteristic = —14, Mantissa = 0.1865 


The number of zeros after decimal and before first significant digit in decimal 
representation of a number x € (0, 1) 1s given by |ch(x) + 1]. 


10 
= 15 log, 3 — 15 log, 25 = 15 log, 3 — 30log, 5 = 15log, 3 — 30 log,,| — 


Number of such zeros 1n the decimal representation of (0.12) will be = |-14 + 1| = 13 


Find the domain of given logarithmic functions 


(1) f(x) = log,’ — 1) (11) f(x) = log,, (x? — 4) 


= _ (x’ -9) | _ log(x—4)(x—5) 
(iit) Aix) = 18s» reas 5| Gv) Ax) log(x — 3) 
(v) fix) = log(x — 2) + log(8 - x) 
(1) f(x) = log, — 1). 
For f(x) to be defined (x? - 1) > 0 => x >] 
> xe (om,-1)VU (1, o) 
Domain of f(x) = (-0, -1) u (1, &) 
(11) fix) = log, (x? - 4) 
By base condition, 3x > 0; 3x # 1 > xe (0,0)~ {+} sanetGh) 
Alsox?-4>0 > x>4 > x<-—2orx>2(. log f(x) 1s defined for fx) > 0) 
=> xe (-, -2)U (2, 0) eke) 
x must satisfy (1) as well as (2) > x € (2,0) 


Domain of function 1s (2, 00). 


7 (x" -9) 
= lo ———___*—>}. 
For base conditionS—-x>0;41 > x<5,x#4#4 > xe (-~,5)~ {4} “ie() 


XxX — 
© (x+D(x+6) 
By wavy-curve method x € (-s, -6) vu (-3, -1) U (3, «) ... (2) 
Domain 1s the intersection of (1) and (2), 1.e., (-oo, -6) U (3, -1) U G, 5) ~ {4} 


Als >0 > (2-9 &+1)&+6>0 > & +6) +3) (x + 1) (x—3)>0 
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ILLUSTRATION 73: 
SOLUTION: 


ILLUSTRATION 74: 


SOLUTION: 


(iv) f(x)= 


log(x — 4)(x — 5) 

log(x — 3) 

Here we must have (x — 4) (x — 5) > O and denominator log (x — 3) #0; (x-— 3) >0 
=> xe (-0,4)U(6, 0) andx—-341,;x-3>0 
=> xe (0, 4)UG, 0) andx e€ 3,0)~{44 > xe (3,4)UG6, 0) =D, 
(v) Ax) = log(x — 2) + log(8 — x). 

Each linear function on which log is operated, must be positive. 
=> @-2)>Oand8-x>0 > x>2andx<8 > xe (2,8) =D, 
Find the number of digits in (42875), given log 2 = 0.3010, log 7 = 0.8451 
Here log(42875)'? = 12 log (42875) = 12 log (125 x 343) 

= 12 log [(5)° x (7)*] = 12 [log(S5)> + log (7)?] = 12 [3log 5 + 3 log 7] 


10 
= 36 log5 + 36 log 7 -3610g( + 36log(7) 


= 36 — 36 log2 + 36 log7 = 36 — 36 (0.3010) + 36(0.8451) (.” log 10 = 1) 
= 36 — 10.836 + 30.4236 = 55.5876 
= Characteristic = 55 and mantissa = 0.5876. 
As the number of digits of a positive integer 1s one more than the characteristic of 
logarithm of number => (42875)! has 56 digits. 
Find the domain of logarithmic functions involved in the given logarithmic equation, and 
hence, solve the given equations. 


eee (0) log 64 =2 
(c) (0.4)"8 7 = (6.25) °* (d) Pa al —x) = ( 4)" 
(a) Given equation is log (x + 5) =3 a 


For domain of logarithmic function on LHS of (1), x + 5>0 
=> xe (-5, 0) = Domain of logarithmic function 
Now log, (x + 5) =3 > x«+5)=(4) = 64 
= x = 59 which belongs to domain. Thus, x = 59 1s the required solution. 
(b) Given equation 1s log, 64 = 2 
For domain of logarithmic function (x + 2) > 0 and 41 
=> x>—2andx#-1 
‘. Domain of function = (-2, 00) ~ {-]} 


Now 64=(x« +2)? > x+2=+8 > x=-100r6 
but —10 ¢ (-2, «) ~ {-l} = x = 615s the only solution. 
(c) Given equation is (0.4)°% =" = (6.25) .. (1) 


For domain of logarithmic function on LHS of (1), x > O and for domain of logarithmic 
function on RHS of (1), x? > 0, 1.e., x > 0. 


Thus, logarithmic functions involved on both sides of equation (1) are defined for x > 0, 
and hence, the solution of equation (1) must lie on this common domain, 1.e., (0, 0) 


2 i 2 
Now, 6.25 = a = (= and 0.4 = (=| 
4 2 5 


ronceain ovens 3) (SJP 
rom equation (1), we ge 5 mie me 
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y 


log’*x + 1 = 2(3log x — 2) => (log x)? — 6(log x) +5 =0 
log x = 1 or logx = 5 => x = (10)! or x = (10). 


y 


Both belongs to (0, 00). Thus, x = 10, x = 10° are the required solutions. 


(d) Given equation is peels) 4853 ost) 
For domain of logarithmic function on L.H.S. of above equation (1), ¥x > 0; # 1 
and (x? — x) >0 => x>0;41 andx&-1)>0> x>0;,#1 andx € -, 0) U (1, ~). 

=> xe (1, 0) = domain of logarithmic function on LHS of (1). 

Now xO) _ (4) 3 ( log» (b) = 108, () | 


ee 


=> (x2?—x) = (3)™* 


(In fact (4)? = +2 but log (4)!” (4)? = 2) 
=> x*-x-2=0 (x2) (x +1)=0 
=> x=2orx=-l, but-l ¢ D- (1, 0) => x = 2115s the only solution. 


=> x?-x= (3)°2 or" => xi-x=(4)" = ¥-x=2 
> 
=> 


1 
ILLUSTRATION 75: Solve the logarithmic inequality 73 loBtex —1)+logyx-9 >1 


] 
SOLUTION: Given inequality is 7 loa(2x—1) + logvx—9 >1 sie GL) 
For domain of logarithmic functions involved on LHS of inequality (1), 2x — 1 > O and 


1 
x-9>0 > x> a and x > 9. 


= Solutions of inequality (1) must belong to (9, 0) 
Now from equation (1), we get log(2x — 1)!2 + logvx-9 >1 


= log(2x — 1)? (x— 9) >1 => (2x — 1)” (x— 9)” > (10)! 
= (2x—1)(x—9)> 100 => 2x? 19% 91>0 

7 
> (x—13)(2x+7)>0 > x<-> orx> 13 


Due to domain restriction solution set of logarithmic inequality is (13, 90). 


ILLUSTRATION 76: If x is positive, then show that In (1 + x) < x and In (1 + x)> = Hence, show that 


Pod l Tx 
In(l + m)<1+ —+—+-—4+...+— forne N. 
23 4 n 


SOLUTION: Given x > 0 
In(l1+x)<x 
© (1 + x)<e ae 


o(lt+x<l+x+ Tae T al foe which 1s true as x > 0 


lx 


> In(l +x)> —— o(1+x)> sis) 
1+x 


] 
So: — 
ts ie 
(4) 1+x 
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ILLUSTRATION 77: 


SOLUTION: 


x )'_ (%) x e x 1fxy 
<~ | 1-——|] >e"™ © 14—+| — | 4+... >14+—+—| —] + 
1+x 1+x \1l4+x I+x 2!\1+x 


which 1s true. 


] 1 
Now In(1 + x) <x forx>0O = In| 1+—/<-— fory>0 
Y}) y 
1+ ] 
inf #2) <2 = log(1 + y)— logy < — 
y y y 


Substituting y = 1, 2, 3,., min (1), we get In 2— log 1 < 1 


1 
In3 — In2 < —, In4—1n3 < _,...., nz +1)—-Inn< — 
2 3 n 
; a 1 1 1 
Adding above inequalities, we get — log 1 + log(m + 1) < me ie 
1 1 n 
=> log (n+ 1)< 14+—+=+4...4+— 
2 3 n 
a+b 


If x € (0, 1), prove that (1 + x)'* (1 —x)'*> 1. Hence, show a°b” >( 
Let y = (1 + x)°™ (1 — x)!* 
Taking In on both sides of (1), we get In y = (1 + x)ln(1 + x) + (1 — x) In(1 —- x) 
=> Iny=In(1 + x) + In(] —x) + x[In(Q1 + x)— In(Q1 -x)] 

Now In (1 + x) + In(1 — x) 


x x x' x x x xr x 
SS | Se | a ee =| 
2 3 4 2 3 4 3 5 


Using (3) and (4) 1n (2), we get 
2 4 6 3 5 

Iny = -2 St Ee Oa eee 4 eS G ee ae +. >0 
2 4 6 x + 6 15 

Thus, ny>O0 > y>l => (1 +x) (1 —x)@-9> 1 

Thus, for x € (0, 1), (1 + x)*™ (1 — x) > 1. 


a+b 


a+b 
Next, we are to show that a*b’ > ( for 0 <4 <a and it would hold 1ff 


y) a+b a+b 
a b 2 


a b 2a \ ( 2b Y 
= ||| SSS >] SS | ee oS >l 
3 (#5) a+b a+b 


Z Z 
a b a b 
Pn (eee?) eth ot as (1+ 2-2) (-<2) = 
a+b a+b a+b a+b 
a a—b 
> (1+x)’.(1—x) >1 for x=——_ 
(I+2)' (1-2) >1 for x= 2 


2a 2b 2 
<> (1+ x)= .(1— x)= >(1)=% (Raising to power 


2 
both sides) 
a+b 
_b 
=> (1 +x) (1—x)0-9> 1 for x= 
a+b 


(1) 


a+b 
fora>b>0O. 
2 
al) 


4) 
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TEXTUAL EXERCISE-6: (SUBJECTIVE) 


1. pea and ones the following ace (a) 4ie-l 9 (b) 5"! = 1042" 5* 
@ CY (b) (-14) (34) (c) S14+51= 250 d) +6" = 2.4" 
(35) (3) 7 f (e) xt] x ls 200 (f) 6* ae 61! _ ox ae Dat + pxt2 
5.2*? 410.2" ‘Jab — Jb \ 
(c) ea (d) ware 5. Solve the following exponential inequalities for x; 
ISS, (a) 23-8 > | (b) 16> 0.125 
2. Which of the given pair of numbers is greater? ee vere a 
(a) 23° or 320 (b) 544 or 21 (c) (0.3) "*"" < 0.00243 (d) 3 >3 
0.4)* or (0.8)? d) 107° and 40!° ; 
(c) 0.4) or 0.8) @): 10” an ig 34859 (8 > 4096 
3. Perform the indicated operations and simplify the D = 95 
given expression: (g) G < er (h) 2°+2°°"-3<0 
3 6 
2 = 
(a) a r"] ( vy! y y} 6. Express log of x to the base 2 in each of the following 
cases: 


1 1 
ie - lot (a) 32° =4x (b) 644 =8x 
6) ga 
bVb Vb eae 


7. Prove that = 1 + log b and indicate the 
4. Solve the following exponential equation log, NV 


for x; permissible values of the letters. 


2.82 


> Functions 


Find the domain of following logarithmic functions: 
(a) f(x) = log,3 

(b) fx) = log,(«— 1) 

(c) fx) = log, ,@- 1) @-4) 


12. 
13. 


Solve the equation ¥| x —3 = *| x3 ae 


Find the solutions of the 
log.iny log. atl=0. 


equation 


x-4)(x-5 
(d) fix) = log, Ses 14. Solve the inequality log , 8 + log, 8 > log_, 
8.log ,, 8. 
9. ee the smallest possible value of the expression 15. If x > 0, y > 0 and z > O, prove that x™7-™9 + 
In(x? — 5x? — 6x + 54) — In(x + 3) yore) 4 7nx—Iny) > 3, 
10. Solve the logarithmic equations 1 
(@) log ne +4)=2 Gi) 2's) = (x +5) 16. If a5 satisfies the inequality log (x* — x + 2) — 
11. Find the integer ordered pair solutions of equation log (x? + 2x + 3) > 0, then find all real solutions of 
log... 16 = + 2) the inequality. 
Answer Keys 
1. (a) 315 (b) -125 (c) = (a) = 
16 b 
25(a). 37" (b) 21” (c) (0.8)? (d) 10”° 
| 
2 
3. (a) xy? (b) (< 
V3 
4. (a) ae (b) {-2} (c) 2 (d) 0 (e) {2} 0 
S. (a) (—«, 3/8) (b) (3/4, +0) (c) (-«, 1/2) u (1, 8) (d) (2, +00) 
(e)xedxEN  () (4/3, to) (g) (0, -2) U (-2/5 + «) (h) (, 1) 
6. (a) —-1/3 (b) —3/2 
Ta#l,a>0;b5>0;ab#lab>0;N>0,N#1 
8. (a) (0, ©) ~ {1} (b) (1, &) (c) (4, 2) (d) (e) (4, 5) U ©, &) 
—5+ 
9, In2 10. Gi) | : a Ca 
11. (0, 0); C2, 2); (12, -1) 12. 2, 3, 4, 11 
13. x = na+(-1)" sin"! ah 85 née Zforae (0, 1) and x=nz +(-1)". sin"! [ava >1 
3-V17 3+v17 
14. x € (2, V5) U (3, «) 16. f = at 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


1. 


The value of 47°? is 
(a) 4 
(b) 2 
(c) 3 
(d) 1 


2. 


If log, 2=n, then log, 28 is equal to 


1+2n 1+2n 
ee es b eae 
(a) A (b) 5 
1+2 
(c) aiicals (d) None of these 


3 


Functions < 2.83 
3. If a* + 4b? = 12ab, then log (a + 25) is (a) x=5 (b) x=3 
(a) Meee +logb—log2) (c) x=4 (d) None of these 
2 i; 5 11. The number of real values of the parameter k for 
(b) WES Fe. Tee which (log,x)? — (log,x) +(og,&) = 0 with real 
coefficients will have exactly one solution is 
l (c) 4 (d) None of these 
(d) —(loga—logb—4log 2) 
v 12. If x+log,,(1+2") =xlog,, 5+log,, 6, then x is equal 
4. If log ab = x, then log,ab is equal to to 
l x 4 b) 0 
(a) — b) — in - 
x 1+x (c) | (d) None of these 
x x 
(c) a4 (d) ieee 13. If log, B sinx >0,x © [0, 4x) then the number of 
values of x which are integral multiples of 1/4 is 
5. If log.a _ log.b _ log.c then (a) 6 (b) 12 
en Se ee ee (c) 3 (d) None of these 
y +yz+z b? +ZXtX” Ux +xyty” : 
i sequal 14. If log,,.(x+1) <log,(2—-x), then x belongs to the 
ore ee interval 
(c) 1 (d) None of these : 
I 4 (a) 0 a (b ) l- a [+ v5 
6. The value of 81°83 4.27! 43879 is equal to 2 
(a) 49 (b) 625 is eB 
(c) 216 (d) 890 (c) (d) None of these 
7. If f(x)= og ** *), fen 15. Iflog, <~— 1) <log, ,,(x — 1), then x lies in the interval 
l-x (a) (2, 0) (0). G2y-)) 
(a) f(%). FO) = f(% +%) (c) (1, 2) (d) None of these 
(b) flx + 2) — 2ftx +1) + f(x) = 0 16. The number of values of x € [0, nz], n € Z that satisfy 
(c) fix) = fe + 1) = fxr? +x) log in x|(1 + cos x) = 2 is 
xX, +x 
dd) fX)+tfO)=f cee : (a) 0 (b) n 
aN (c) 2n (d) None of these 
8. If y= 718.4 , then x is equal to 17. If log... sinx 20 and 0 <x < 37, then sinx is in the 
interval 
(a) Wy (b) y ie ie 
(c) y° (d) y' @ | 1 (b) ot 
l l 
~ } l 
” Myoe,® log. log,x? ome () 0.5] (d) None of these 
aa esa 18. If log (sin x + 2/2 cos x)22,-2n <x < 2n, then the 
(c) A.P. and G-P. both (d) None of these 3 ; 
number of solutions of x 1s 
10. The solution of equation log,,(x°-—x-6)-—x (a) O (b) infinite 
= log,,(x+2)—4 is (c) 3 (d) None of these 
Answer Keys 
1. (a) 2. (b) 3. (Cc) 4. (c) a5.1(C) 6. (d) 7. (d) 8. (c) 9. (b) 10. (c) 
11. (b) 12. (c) 13. (a) 14. (b) 15. (a) 16. (a) 17. (d) 18. (d) 


2.84 > Functions 


GREATEST INTEGER FUNCTION 
ABRACKET FUNCTION) 


Greatest integer function of x is the largest integer which 
does not exceed x, it is denoted as [x]. And also called as 
integral part of x 


Origin: If a and 5b are positive integers, such that 
a=qb+r, 0<r<b 


Then a aae where 0<- <1 


That is, ie is the quotient in the division of a by 5b. 
[x] = greatest integer < x = the nearest integer to left to 


x; xEZ 
x; x€Z 


[x] =n, n<x<n+1 


—2; if-2<x<-l 

-l; if-l<x<0 
=> [x]= 0: 7 ee ; Graph of gint x 

1; ifl<x<2 


FIGURE 2.96 


FIGURE 2.97 


Graph of gint x 1s represented by thick horizontal unit 
length line segments at unit distances on, above, and below 
x-axis bounded between the lines y = x and y = x — 1 as 
shown in Figure 2.97. The left end point of line segments 1s 
included whereas right end point is excluded in the graph. 


‘PROPERTIES OF GREATEST INTEGER 
“UNCTION (BRACKET FUNCTION) 


(i) Domain of [x]: R; Range of [x] : Z 
(ut) [[x]] = [x] 


Proof: We know that [x]=nVneZ 
Let [x] =m 
=> [[x]] = [m] = m= [x] 
Thus, [[x]] = [x] Vx e R 


Functions 


i | 
en 
+ 6[[x]]|-S[x]-4 4 


=> J6[x]—5[x]-4 =4 


Now f(x) = 


V[x]-4=4 => [x]-4=16 => [x] = 20 
Thus, f(x) -7 holds for [x] = 20. 


< 2.85 


| 
Now equation f(x) = a holds only when [x] = 20. But [x] = 20 holds for all real numbers 


which are greater than or equal to 20 but less than 21. 


That is, x € [20, 21) which contains infinitely many solutions x. 


(il) [x + m] = [x] + m provided m € Z =n+m=[x] +m 


Proof: Letx=n+f,whereO<f<landne Z 
[x + m] = [a +m) +f] 


ILLUSTRATION 80: 


SOLUTION: 


ILLUSTRATION 81: 


SOLUTION: 


C/x=nt+f> 
Hence, proved. 


Solve the following equations: 
(a) [x + 4] + 2[x] = 10 (b) 2[x — 4 + [x]] = 6 — 3]x] 
(a) [x + 4] + 2[x] = 10 


[x] =n) 


=> [x]+4+2[x] = 10 (." [x + m] = [x] + m forx € R, me Z) 


> 3[x]}=6 > [x] =2 => xe [2,3) C. [x] =n>xeEl[n,n 
Thus, [2, 3) 1s the required solutions set. 

(b) 2[x — 4 + [x]] = 6 — 3[x] 

=> 2([x] —4 + [x]) =6 —3[x] => Alx]-—8 =6—-3]x] 

=> 7[x]=14 => [x]=2 =>: ve (2.9) 


Thus, [2, 3) is the required solution set. 


k=1 n-6 


n 10 S 
Let 8, = >! , then evaluate H[s, -6| =) ; where [.] 1s gint function. 


Given S, =) kA! =114+214+31+...4n! 


k=1 
For n= 5, 
S,=1)+2!'+3)+4)+5!=1+42+6+ 24+ 120= 153 
For n > 6, 
So=1l+2)+3l +4) +5) +6l +7! +.... tnl = 153 + 6m, me Z=6m+ 150+3 
=6(m+25)+3=6r+3,;reZ 
for n > 6, 5, -6| 5: |=(6r+3)-6| 729 


- (6r+3)-6| r+ | = (r+3)-6 r+ ||| =6r+3-6r=3 
$(s,-o[&]) so 


n=6 


+ 1)) 
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Gv) [x+y + [2] = bl +b] +2] 


Proof: LHS =[x + [y+ [z]]]= ph + [z]] + x] 
(.. By property [x + m] =m + [x], x € Z) 


(v) [x]>nneZ 
=> [x] E€{nt+1,n+2,n+3,...} 
> xel[n+t l,o) 


Proof: Given [x] >n 


= [x] 1s an integer greater than or equal to (” + 1). 


= [2] + fy] + [x] 


(By same property ) 


Thus, [x + [y + [2] =[] +b] +z] Vxy%zeR 


1e., [x] =>(n + 1) 
but [x] <x VxeR 
Thus, (n + 1) < [x] <x 
> x2>(n+1) 
> xe[~t 1), «). 
Hence, proved 


CL) 
ae) 
[from (1) and (2)] 


Functions < 2.87 


(vi) [x] =n => xe[n,o) “. From (1) and (2) 
Proof: Given [x] >n eo x2|[x]2n > x2n > xe [n, ©) 
Also [x] <x Vx eR 


(vii) [x] <n => xe (-o,n) x—fs— 1) 
x<n—-l1+f 
Proof: Let x = [x] + f, where 0 <f< 1. x<n—(l1—f)<nas(1—f)>0 
Given [x] <n x<n 


=> [x]<@-1) x € (0, n) 


2.88 >» Functions 


(vill) [x] <n ne (-co,n+ 1) = 2.2/2 SS x<n+f<n+las0<f<1 


Proof: Let x = [x] +f where 0 </f<1 =e RES ee ee ee TL) 


Given [x] <n 


| txJ=-x ifxeZ Case (ii) Ifx¢Z 
Ce Exl=] -l-[x] ifxeZ Let x = [x] +f, where 0</f<1 
Proof: We shall take two cases as given below Ye =p) aS eaie lay 
Case (i): IfxeZ then-xeEeZ = —[x]—1 +f; where 1—f=f' € (, 1) 
Thus, [—x] = -« and [x] =x => [-]=[C{x]-1 +f] =-x]-lasf e€ 0 1). 


=> [| =-lx]=—~ Hence, proved 


Functions < 2.89 


(x) x—1< [x] <x; equality holds iff x € Z “. Inequality holds for x ¢ Z and for x = 5 
(x— 1) = 4; [x] =5 
Proof: To prove x—1<[x]<x => (x-1)<[x] =x 
Consider two cases as given below “equality holds for x € Z. 
Case (i) Ifx=nineZ 
ae (xi) [x] <x<[]+1 
x—1l=n-—1; [x] =nandx=n Proof: To prove [x] <x < [x] +1 
(n—1)<n=x From above property x — 1 < [x] <x 
=> («-1)< [x] =x => [x]<xandx—1<[xJ] 00  O,. (1) 
1.e., equality holds for x € Z. > x<[xJtl (2) 


Case (ii) Ifx=n+f0<f<1 Combining (1) and (2), we have [x] <x < [x] + 1 


x—-l=(n—-1)+f [x] =n ps sabia 
= i _ e.g., for x = 2. 
I pee) aeons el=2 ble 13 


[x] <x <[x] +1 

naar) ae “. inequality holds for x ¢ Z 

e.g., for x = 2.5 and for x = 5; [x] =5, [x] +1 =6 
x—1= 1.5, [x] =2 => [x] =x<[x]+1 

(x—1)< [x] <x .. equality holds for x € Z 


2.90 > Functions 


(xi) fe -|*| force NandxeR 
C C 


Proof: Let [x] =n 
> x=nt+rOSr<l 


[x] 


ssan 24 
eS 


+cs+ + 
=| eter ll me ® "| awhere 0 << 1. G1) 
C Cc 
(Putting the value of » from (11)) 
Now, 0< cs <(ec—1) andO<r<l>O<cest+r 
<e=1+1] 


cs +r 
O< <1 
C 


+ 
From (11) RHS = /m raea " 


Cc 
LHS = RHS 


< 2.91 


Functions 


(xi) [x] + [y] <[x + y] s[x] +p] +1 
Proof: To prove [x] + [y] < [x + y] <[x] + [vy] +1 
Let us discuss three possible cases. 


Case (i) Whenx=neZandy=meZ 
=> [x] +lyl=n+m,[xt+yl=[n+m])=n+m 
and [x] + [y]=[x+y]<[x]+[y]+l=n+m+1 
Thus, [x] + [vy] =[x + y] <x] +b] +1 


Case (ii): Whenx=ne Zandy=m+f,0<f<1 
(Without loss of generality we can assume that one of x 
and y 1s integer and other non-integer) 
[x] +[yl=n+m;[xt+yl=[n+mt+fl=ntm 
and [x] + [vy] +l=n+m+1 
Clearly [x] + [vy] = [x + y] <[x] + b] +1 
Case (iii): Whenx=n+ fandy=m +f, wheren, me Z 
and ff’ € (0, 1), then 
[x] + [y] =n +m; [x + yl =[@t+ m+ Ft f)] 
if f+ f'e(0,1) 
if f+ f'e[l,2) 


n+m 
n+m+l1 


and [x] + [vy] +l=n+m-+1 


Clearly, [x] + [y] <[x + y] < [x] + [y] + 1. 


(xiv) [x] = e)] VxeR 


Proof: Case lI: 
and0<y<1 


=> [x]=2m, [=n 
et Pee n 
2.) "| ~2 . 
= 3 +] -2m=t0 E pst ai| 
Z 2 Z 2 


Case Il: 
O<y<l 
=> [x] =2m-+ 1 


Then, = =m, a = aes =m+l1 


)) =2m+1l=[x] 
2 2 


Let x = 2m + y, where m is an integer 


Let x = (2m + 1) + y, where m is an integer and 


2.92 > Functions 


(xv) The number of positive integers less than or equal to 


n and divisible by m is given by — ;m,neéeN. 


Proof: Letn,meN 


By division algorithm, there exists non-negative 
integers g and r such that n = m(q) + r, where 


C Osram => 0-1) 
mM 


and we know that quotient g defines the number of possible 
integer multiplies of m which are less than or equal to 7, 1.e., 
] mt, 2.98, SI)... Gt 


Thus, there will be = number of positive integer 
m 


multiplies of m less than or equal to n. 


nN ee 
1.e., | —| defines the number of positive integers less 
m 


than or equal to n and divisible by m. 


| 29 _ 
e.g., let nm = 29, m = 3, then = -| 2-19.19. 
m 3 
and hence, there are exactly 9 positive integers less than or 
equal to 29, divisible by 3 which are 3, 6, 9, 12, 15, 18, 21, 


24, 27. 


Casell: Ifr=k-—1, then| -1.| 


[od] 


Combining, the above cases, we get the desired result. 
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2 a 
aurea 


(xvi) If p is a prime number and e is the largest exponent 


of p such that, p* divides n!, then e = y= 
Pp 


k=1 


Proof: We know that A =q (say) denotes the number 
D 


of positive integers less than or equal to n divisible by p 
which are p, 2p, 3p, ...,gp and(q+ l)p>n 
we are to find the highest exponent of p (say e) in n! 
1.e., p® divides n! and p**! does not divide n!. 


Out of first n consecutive integers the positive integers 
less than or equal to n divisible by p are p, 2p, 3p, ...., 


A p . Their product equals 2h, pe . 


n|. 
Thus, the above product would contribute | — | in e out 
Pp 


of these numbers some may be again divisible by p. 


Such number will be p’, 2p, 3p”, ..., 2 Dp. 
Pp 
These numbers are clearly included in 2 numbers 


divisible by p, so they would contribute 2 in e. Further 
there would be numbers among them which are divisible 
by p® and they would contribute = in e. 

Continuing in this way, we have 


cad ae 


Alternatively E (n!) = FE (1.2.3 wae) 


ILLUSTRATION 95: Find 


=E, 1.23..p(p+0h9+2).20020 +o] * [pau 


{4 p (.’ other numbers are not 
p 


divisible by p) 


ho) also 
=E, [2 })-{] ea, 


Let 2 =k, then 
Pp 


co fests} (Eh 


(using result (1) again) 


(: EI : 2] oememandc N) 
fs}-E) 


Continuing in this way, we have 


vo SH} BF 


(a) Exponent of 3 in 50! 1e., E,(50!) 
(b) Exponent of 5 in (1500)! 1.e., (1500!) 


- 50 50 
SOLUTION: (a) Exponent of 3 in 50! = £50) = 3 ay = ef + +| — 


Cr Cal ae 


k=] 


2.94 > Functions 


ILLUSTRATION 96: 


SOLUTION: 


=16+54+1+0+0+.....=22 
E,(50!) = 22, i.e., 372| 50! but 3” 150! 


| 1 
(b) Exponent of 5 in (1500)! = £,(1500!) = 3 4 


| (5)* 
Ea a a A | Ea 
= | —— | + ; + 3 + rr + 5 ee 
5 5 5 5 5 
= 300 +604+12+2+0+0...... = 374 


(5)? divides (1500)!, but (5)°” does not divide (1500)!. 
If fix) = x — [x]; x ER ~ {0}, where is [.] gint function, then show that the equation 


1 
S(xX)+f (+ =1; has infinitely many solutions. 
x 


1 De iin 1 1 
Given fay+s{2)=1 > x-[t-|2]=1 > x+—= pl+|2] 1 . Q) 
x x [x x x 
Now RHS of (1) is an integer for each x e R ~{0}, 
= LHS. of (1) must also be an integer. 


1 1 
So, let x+—= [x]+ + +1=& (an integer) 
x x 


1 
=> xt—=k => x*-kxe+1=0 
x 
ktvk’ -4 . 
=> a = For real x, k?-42>0,1.., k € (—00,—2] vu [2, 00) 
1 
Fork =2; x+—=2 => x=) 
x 


1 
From (1); 2 = 1+ 1+ 1, which 1s false andfork=-2, —> ee => xed 


From (1), -2 =- 1-1 + 1, which 1s false. 
Solution does not exit for & = +2 


1 
Whenever [x]+ + +1>2 or <-— 2, there exists a real x for which 
x 


1 1 1 
x+— = [x]+ + +1 and [x]+ A +1>2 or <—2 can hold for infinitely many x. 
x x x 


| ay ie | 
For example, if x e€ [4, 5), then [x] = 4 and ead 
x 
] /25— J [7 
= +|2|+1=3 = peo 25 45+ 21 = Penis 71 
x 


2 2 2 


as x €[4,5) 


1 1 ] ] 
Similarly if x € (+7) => [x]=Oand —€G3,4) => = =3 
43 x x 


pl+|=]=3 => p}+|2]+1=4 5 gat ENO oa 


2 
> x=2+-3 as x € (3,4) 


Thus, the given equation has infinitely many solutions. 
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‘LEAST INTEGER FUNCTION 4. When x is an integer [x] = x = | x | 
—_ 5. [xtn| = |x] +7, where nis an integer. 


It is also called the ceiling of x and it 1s represented by 
Proof: Letx¢Zandx=m+f,me Zandfe (0, 1); then 


Rak It is the least integer greater than or equal to the eee eae [x] es | ..() 


number x. Therefore y = |x] =J+ lifl<x<J+1 
Nowm<x<m+1l1 > mt+n<xt+n<mi+n+] 


e.g.,[1.5|=2,[2.9]=3,[-2.3]=-2,[-0.6]=0,0.25]=1 => |xt+n|=mt+n+1=n+|[x] (from (1)) 
Thus, [x] converts x = (J +f) into J while | x | converts Thus, [| x+n|=n+ |x], wherex ¢ Z 
If x € Z, then | x+n] =xtin= Ea +n 


lx+n|=|[x] +nVxeRneZ 


it into J +1, but when x 1s an integer [x] =x = | x | 


Hence, Ea =—2 for -—3 <x <-2 
x Sel for -2<x<-l re 

a adil FRACTIONAL PART FUNCTION 

|x] =0 for-1<x<0 

rx] =1 el ee ee ee Since every real number x can be written as the sum of its 

integer part and fractional 1e, x= | a ee ae 
It can be expressed graphically as shown in Figure 2.98. integer part _ fractional 
re) a 


x 
where f € [0, 1), we denote f= {x} and 1s called fractional 
part of x. 
= Fractional part function is denoted as {x} and defined 
as{x} =x— [x] 
X42; -2<x<-1 
x+1; -l<x<0 
=> {x}= and so on. 
bie O<x<l 
x-1; I<x<2 
Graph of fractional part function {x} is as shown 
below: 


y 


FIGURE 2.98 


Properties of Least Integer Function 


1. The domain of the function is: (—00, + 00) ah eg 10 

2. The range is the set of all integers. 

3. [x] converts x = / + f) into J while | x | converts it into 
T+. Properties of Fractional Part Function 
e.g., If x = 2.4, then 2< x <3 
=>|[x|]=3=/+1 


FIGURE 2.99 


(i) Domain of fractional part function = D, = R; 


Range of fractional part function = R = 19, 1) 


x—[x] 


ILLUSTRATION 97: Find the domain and range of function f(x) = nae et 


ee oS a eee ee 
SOLUTION: LON ty 22) Se 


2.96 >» Functions 


For domain of function 1 — {x} #0 => {x}#1.Whichalwayshold VxeR => D,= R 


_ {x} _ {1-{x}-1 __ 1 
NOT) T= 1 {x} meres 


Now -1 <—{x} <0 > 0<1-{x}<]1 


1 
> ar a => 0<f(x)<0 = Range of function f(x) = R,= [0, «) 
—{x 


ILLUSTRATION 98: Solve the inequality x[x] — x? — 5[x] + 5x <0 


SOLUTION: Given inequality is x[x] —x?— 5[x] + 5x <0 
=> x(x — {x}) —x?-—5(x - {x}) + 5x <0 
=> x’?-x{x} —x?-5x+ 5{x} + 5x <0 
=> -x{x} + 5{x} <0 => ({x}) 6-x) <0 
Now for x € Z, {x} = 0, therefore (1) would not hold, sox ¢ Z 
{x} e€ (0, 1), thus, from (1), we have (5 — x) <0 > x>5§5 


Thus, solution of given inequality 1s every non-integer real number greater than 5. 
] 
ILLUSTRATION 99: Prove that [x]+ E | = [2x] 


SOLUTION: Let x = [x] + {x} 
LHS. of given equation becomes, [x]+ to + {x} | = [x]+[x]+ () | 


Let us deal with the following two cases: 


1 1 1 1 
Case (i): If 0< {x} <> => 7s h+y<! => + |-0 


LHS = [x] + [x] + 0 = 2[x] and RHS = [2x] = [2[x] + 2{x}] = 2[x] + [2{x}] = 2[x] 
Case (ii): If =s {x}<l,1e., 1 <2{x} <2 and {x} +> 13) 


LHS = [x] + [x] + 1 = 2[x] + 1 and RHS = 2[x] + [2{x}] = 2[x] + 1. 


(11) {x} 1s periodic function with period 1. Now f(x) = {x} = {n + f'} =f", then f(x + 1) = {x + 1} 
Proof: A function fx) is periodic with period 7 if =e 2 : : (a xen) 


Kx + LT) = fx) Vx € D, 
Let x be any real number such that x = n + f'; where 
ne ZandO<f<1 


Thus, f(x + 1) = foc) V x € R (domain of {x}) 
Hence, fractional part function {x} is periodic with 
period 1. 


ILLUSTRATION 100: Find the domain and range of functions 
(a) fix) = [cos {x}] (b) f(x) = [tan {x} ] 
(c) fix) = {tan x} 
SOLUTION: (a) cos 0 is defined V 0 € R and {x} € [0,1) VxeE R 


Thus, x can take any real value 
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=> Domain of function = R 
Now 0 < {x} <1 


= cos0 >cos {x} > cos 1 (.. for 8 € [0, 1] cos@ decreases) 
=> 12cos {x}>cos 1 

= [1] 2 [cos {x}] = [cos 1] (.. [ ] 1s an increasing function) 
=> 12 [cos {x}]=0 1 > cost > cos =0) 


=> fx) € [0, 1]; but f(x) can take only integer values 
=> R,= {0, 1} 


(b) tan 0 is defined for 8 ec R ~ {(2n +1l)—3;ne z| 


Range of {x} = [0, 1) 1s contained in domain of tan 0 

tan{x} is defined Vx e R 

Domain of A(x) = [tan {x}] is R. 

But 0 < {x}<1 => tan 0 <tan {x} <tan 1 ("." tan 9 1s increasing for 8 e€ [0, 1)) 
O<tan {x} <tanl => [0] <[tan {x}]<[tanl]] > O</f{&x%)<1 


YJ UUYY 


{. qcisg> tan 7 < tan] < tan 2 => 1<tanl< 3 > [tan 1] =1} 

But f(x) can take only integer values = Range of f(x) = {0, 1}. 

(c) fx) = {tan x}, tan x is defined for x « R ~ {Qn+1)3n E z} 
Domain of f(x) = R ~ {(2n+1) an E z} 
But tan x € (—00,00) and {.} 1s periodic with period 1 and has range = [0, 1) 

=> {tan x} [0, 1) = Range of fx) = R, 

ILLUSTRATION 101: Solve the following equations 

(1) {sin x} + {cos x} =2 

(11) {sin x} + {cos x} =0 

(111) {x} + {sinx} + {cosx} = 0, where { } 1s fractional part function. 

SOLUTION: (i) Since {sinx}, {cosx} e€ [0, 1) 

=> {sinx} + {cosx} € [0, 2) => {sinx} + {cosx} #2 

= There exists no solution for the given equation. 

(11) Again since {sinx} + {cosx} e€ [0, 2) 
{sin x} + {cosx} = 0 © both sinx and cosx are integers 

=> sinx = +1, cosx =0 or sinx = 0, cosx = +1 

> xE {n,(2n H)T Ne zs 

(111) {x} + {sinx} + {cosx} = 0. Each of {x}, {sinx}, {cosx} 1s non-negative 

=> {x} = {sinx} = {cosx} =0 = x, sinx as well as cosx all must be integers. 
But sinx and cosx take integers values only at x = mx or (2n +1)— which are irrationals 


for n # 0, and hence, can never be integers for n # 0. So, there 1s only one solution for the 
given equation, 1.e., x = 0. 
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(ii) [{x}]=0 => [{x}] =[/)) =OasO0<f<1. 
Proof: Letx =n + f, where n € Z andf é [0, 1), then Thus, [{x}]=OVxeR 
paint fy =f 


Gv) {[x]} =0 Thus, {{x}} = {x} 


Proof: Let x =n +f where n € Z and fe [0, 1), then The above result can be generalized to any finite 
[x] =n number of fractional part functions applied on x. 


ie, (ff... fk THLE VER. 


=> {[x]} = {n} = 0 as every integer has no fractional 


0; xeZ 
part. (vi) {-x}= | 
Thus, {[x]} =0 A Bee 
(v) {{x}} = {x}; this result is also true when fractional | Proof: °.. —x = [-x] + {-x} 
part function is applied on x on left hand side more -~+y=0: ifxeZ 
than twice. eee oe 
an twice Sp eas oo eel a (-l1-[x]); if x¢Z 


Proof: Letx =n + f, where n € Z and fe [0, 1), then 
xy = int fp =f Sy Hee 0; ifxeZ 
=> tUx}} = =fas0<f<1 l-{x}; ifx¢Z 
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[x]+[y];  O<{x}+{y}<I1 Now 0 < {x} <1 and0< {)} <1 
[x]+[y]4+l 1<f{x}4+{y}<2 > O< {x} + fy} <2 

[x]+[y]; O<{x}+{y}<] 
[x]+[y]+]l 1s {x}4+{y}<2 


(vi) [x+y]= | 


Proof: °. [x + y] = [Ix] +b] + t3 + O31 = be] + hb] + = tol| 


Lixs + v3] (2 [x +m] =m + [x] Vx € R) 


ILLUSTRATION 104: Find all possible solutions of equation [x + y] =3 


SOLUTION: We know that [x + y] = Lel+tyi for ixy+ ty} 0) 
[x]+[y]+1, for {x}+{y} €[1,2) 
[x +y]=3 
= [x] + [y] =3 for {x} + {y} © [0, 1) and [x] + [y] + 1=3 for {x} + {y} € [1, 2) 
=> [x] + [y] =3 for {x} + {y} © [0, 1) and [x] + [y] = 2 for {x} + {y} e€ []1, 2) 
Case 1: {x} + {y} © [0, 1) 
Let [x] =m 
=> [y]=3-—mand {x} + {fy} € [0,1;meZ 
> x=m+fy=B3-m+fsft+f'€[0,1l),;meZ 
> x=m+fy=(3-m)+f'f' € [0,1—-Sf): fe [0, 1) 
Case 1: {x} + {y} =[1, 2), then [x] =n 
=> [y] =2—-—nand {x} + {y} e€ [1, 2) 
> xantfiy=Q—-nt+fiisftfi <2 
=> x=nt+fiy=(2-n)t+fine Z fe [0,1),f'e[l-f2-f/ 
Thus, all possible solutions are 
x=m+f,y=(3-m)+f',me Z;fe [0, 1); f' € [0,1-f) 
andx=n+f,y=(2—-n)+f',neZ;fe [0,1),f'<« [1-f2-/ 
ILLUSTRATION 105: Solve the equation x” — 6x + [x] +7 =0 
SOLUTION: Given equation is x” — 6x + [x] + 7=0 (1) 
=> x*-6x+x-{x}+7=0 
=> x*-53x+7= {x} 
Now RHS belongs to [0, 1) 
= LHS must also belong to [0, 1) 
O< x*-5x+7<1 


=> x?-—5x+7>0 and x?-5x+6<0 


y 


First inequation always hold good as its discriminant < 0 and x*-5x + 6 <0 
=> (x-2)«-3)<0 
x € (2,3) 


=> [x]=2 


y 


‘. From equation (1), we have x? -6x+9=0 
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m NEAREST INTEGER FUNCTION 


(x) denotes the nearest integer to x. If x is the mean of two 
consecutive integers, then (x) will be the greater among the 


— n+n+l1 2n+1 
two consecutive integers, 1.€., = 5 =n+l1 


2 
Since (x) > [x] = (x) 1s either equal to [x] or [x] +1 


Example: 
(i) x = 1.3829 = (x) = (1.3829) = 1 
(1) x = 5.43 => (x) = (5.43) =5 
(il) x =3 => (x) = 3) =3 
(iv) x =7.82 => (x) = (7.82) =8 


Thus, from definition, we have 


5 3 
=—2 for-~ <x<-— 
(x) or 5 x 5 
3 1 
(x) =-1 for-~ <x<-—= 
Z Z 
1 1 
(x) =O for-—— <x< = 
2 Z 


Graph of(x) can be expressed graphically as shown in 
the Figure 2.100. 


FIGURE 2.100 


Properties of Nearest Integer Function 


[x] if 2 ese 
(i) (x)= ” 2 


1 l 
[x|]+1 if a res Ce 


Proof: Letx = [x]|+ {x} 
Case (i): When 0 < {x}< ~ 
> bl <b +t} <b + 


> pl<x<p]+5<pd+1 


= [x] 1s the integer nearest to x. Thus, (x) = [x] 
l 
Case (ii): When 5 < {x} <1 


= be] + <b + fe} <P +1 


=> [x > <x<[x]+1 = b]<b]+>sx<pl +1 


= [x]+1isnearestintegertox > (x)=[x]+1. 
Gi) Xt+tn)=(x)+nifne Z 
Proof: Let {x} «€ 0.3 > (x) = [x] Sev) 


{x} 1s periodic function with period 1 

for any positive integer n, {n + x} = {x} € 0, 7 
By property (1), + x)= [n +x] =n + [x] 
=n + (x) (By (1)) oda Ce) 
Again {x} € 5) > @e=([x]+1 ... 3) 
By periodicity of {x}, {n+ x}= {x} € =] 


> (n+x=[n+ xp t+tlanst [x] +l =n+@) 
(By G3)) 
Thus, from (3) and (4), we conclude that 
(x+ny=nt+(~)VxeEeRneZ 


-(x);} VxeEeR~ {= (Pat <7 | 


for r-() ner 


(ii) (-x)= 


—(x) +1; 


2n+1 
Proof: Letxeé R~ {x-( - }nez} 


Functions < 2.101 
Case (i) Ifx=ne Z, then(x)=(n) =nand-x=-neZ 


=> (x)=(—-) =-n =-(x). Thus, (x) =-(x) 


Case (ii) Ifx¢ Zandx=n+f;f €(0,1) mw ‘3 


> x=-n-f >-x=-n-1+1-f 
> -x«=Cr-1)+(-f/ 


I l 
If fe(02), then (1—f) € +1) 
=> (x) =nand (x) =—n=— (x) -. (XY) =x) 


Now if fe(3.1), then (d-fle (0,5) 
=> (x)=n+1land-ry)=Cn-1+1-fp=-n-1=-) 
Thus, (x) =—-(x) Vx Ee R~ {x-(2} mez} 


2n+1 1 
Case (ili) Let v=(t) na e Z. Now, x = is 


=> (x)=(n+ 1) and x)= [-n-5)=(-n-145 | 


=Cn-1)+1=n=-(m+ 1)+1=-@&) +1 


‘METHOD OF SOLVING INEQUALITY 


INVOLVING X, {X} AND [X] 
e.g., 2x + [x] = 3{x} (say) C1) 
Step (1): Replace x by [x] + {x} in equation (1) and 


express [x] as function of {x}. 
Given, 2x + [x] =3{x} => 3[x]+2{xc} = 3{x} 
=> 3[x] = {x} 
{x} 1 
Step (2): Apply range of {x}1.e., 0< 3° < a 
=> 0<[x]<> eZ) 


Step (3): Find all possible values of [x] using (2) and 
corresponding values of {x}. 


Using equation (2), we get [x] = 0 and {x} =0 
=> x =01s the only solution. 


2.102 >» Functions 


=> [2x] = 2[x] + [2{x}] 
Using (2) in (1) we get, 5x + 3{x} = 4(2[x] + [2{x}]) +3 
=> 5x+3{x} = 8[x] + 4[2{x}| +3 
Let us deal with two cases:- 
Case (i): When 0< {x}< 5 
> 0<2{x}<1] => [2{x}]=0 
From (3), 5x + 3{x} = 8[x] +3 
=> 5[x] + 5{x} + 3{x} = 8[x] +3 (using x = [x] = {x}) 


..(2) 


3) 


(4) 


3[x]+3 
=> 8{x} =3[x] +3 => {x}=— 
Now {x} € [0, 1/2) _, 3[x]+3 0,5) 
8 2 
1 
=> 0<3[x]+3<4 => -3< 3[x]<1 > eS 
=> [x] =-1,0 
Using these values of [x] in (4) we have, 
3 3 
For [x] =-l; {x} =O => x=-1. For [x] = 0; i2}=— => aa 


Solution set in this case is {-1 | 


1 
Case (ii): When 5 < {x}<1 


=> 1<2{x}<2 > [2{x}]=1 
'. From (3), 5x + 3{x} = 8[x]+7 => 5[x] + 5{x} + 3{x} = 8[x] +7 


3[x]+7 
=> 8{x} =3[x]+7 => (j- 
Now {x}e [1/2, 1) => EL bales +1) 
8 2 
1 
=> 4<3[x]+7<8 > 3 <3[x]<1 => Be Gd airs => 
Using these values of [x] in (5) we have, 
] 
For [x] = —-1,; {x}=— 
2 
7 
For [x] = 0; {x}=— 
| es ; 17 8 
Solution set in this case 1s ory 


: 137 
Thus, the complete solution set is 4 —1,- ror 


(5) 


ILLUSTRATION 108: Solve the equation 4x + 5{x} = 3[x] — 1 for x; where [.| 1s gint function and {} 1s fractional 


part function. 


SOLUTION: Given equation 1s 4x + 5{x} = 3[x] - 1 
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=> A([x] + {x}) + 5{x} = 3[x] - 1 


-[x]-1 
=> Alx] + 9{x}=3[x]-1 => 9{x}=-[x]-1 => {x} = . (1) 
— ] 
But {x} € [0, 1) > 0<- 2 <1 
=> O0<-|x|]-1<9 => 02>[x]+1>-9 
=> -] 2>[x]>-10 => -1>2>[x]>-9 <= (2) 
Using values of [x] from (2) in (1), we have 
8 73 
F = —9; => {rs=- => Se ae 
or [x] {x} 9 9 
7 65 
or [x] {x} 9 9 
For [x] = —7 => {x} : => a 
OT |X| -——/; =— se 
3 3 
5 49 
F = —6; => {rxs=- => a 
or [x] {x} 9 9 
For [x] =-5 => {x} : => = 
OT |X| = —J); ——— — —_ 
9 9 
For [x] = —-4 => {x} => = 
OT |X| = —4; =— es 
3 3 
2 25 
F = =9; => {xp=— > x=-—_ 
or [x] {x} 9 9 
] 17 
F = —2; => {rer => iar 
or [x] {x} 9 9 
For [x] =—-1; => {x}=0 > x=-l 
The set of solutions 1s 2-3-2, 2 SES 
9 9 3 9 9 3 9 9 


1 2 —] 
ILLUSTRATION 109: Prove that pale] x42 ]s| x42 sa x42] =[nx] VxeR. 
n n n 


SOLUTION: Let x = [x] + y, where 0 <y <1. We know that for a given real number, we can always find 
two consecutive integers, between which the number lies, so let there exists p € Z such that 


p-—1sSny<p. 


Now, xt Lepxjtys+ and p—1<ny<p 
n n 
=> PabeyaP 
n n 
= ae ac a: Oy Sea 
no on nonin 
> BEIT Syd 2 Ped 
n n n 
+ 
Now y+4t will be less than 1 for ~ 4 <1 ie, g<n-p, 
n n 
a a Wee Z 
Consequently | += | =| [x]+y+—=—| = [x]+| y+=| = [x] + 0= [x] 
n n n 


1.€., a] =[x] for g = 0, 1, 2,3, ... ,(m—p) 
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But eon forg =n—(p—1),n—-(p— 2), n—(p—3), ...,a—1) 


= 
pte[ ee te 8at] = vale te, (ole) (lett) (lst) 


(n— p+1) times ( p—1) times 
=(n—p + 1) |x| >(p— 1) x] + 1) nlx] + (p— 1) mnnotth) 


Also [nx] = [n([x] + v)] = n[x] + [ny] = n[x] + p-1 see (1D) 


(. p-lsap=p) 
From (i) and (11), LHS = RHS. 


TEXTUAL EXERCISE-7: (SUBJECTIVE) 


1. Prove that [sinx + [sinx + [sinx]]] = 3[sinx]. 4. Find the solution set of the following equations 


(where [x], {x} is the greatest integer < x, fractional 
2. Find the value of [sinx +[tan x +[cos x +[sin x]]] ], part of x respectively). 


a (a) 4{x}=x+ [x] 0) I]-2=4 


3. Find the number of solutions of equation ; 
q 5. Let [x] denotes the greatest integer not larger than 


y = <[sin x+[sinx+[sin x] ]] and [y + [y]] =2cos x; x (the 'integer part’ of x). For every positive integer 
k 
where [ | denotes greatest integer less than or n evaluate the sum ae)" | tt | 
equal to x. 2 2 2 
Answer Keys 
2. 0 3. 0 4. (a) (0, 5/3) (b) {442.7 
De ie 


TEXTUAL EXERCISE-7: (OBJECTIVE) 


1. The domain of definition of function log. ie 4. The domain of definition of function sin" 
(a) (2, 0) (b) [2, «) [2 — 3x"] 
(c) (1, «) (d) None of these (a) [-l, 1] (b) [0, 1] 


(c) [-1, 0) U ©, 1] (d) None of these 


2. The domain of definition of function [x] sin a -] 5. The domain of definition of function f(x) = log 


(a) R (b) R ~ [-1, 0) {1/( [cos x] — [sin x])} 
ye) SOR (a) [2nn,(2n+1)n] — (b) (an +e +2 Q2n +2) 
3. The domain of definition of function a (c) [2nnx,(2n + 2)x] (d) None of these 


6. The domain of definition oof function 


(a) [2, 3) (b) (2, 3) | 
(c) (2, 0) (d) None of these V(xJ-D +y(4-[x]) is 


(b) (, 5) 
(d) None of these 


(a) C, 5) 

(c) [1, 5) 
7. The domain of definition of function e* + sin” 

[(x/2)-—1]+logJx-[x] 

(a) (0, 6) — {1,2,3,4,5} (b) (0, 5) 

(c) (0, 6) (d) None of these 


8. f: (2, 3) > C1, 3) be defined by fix) = x — {-x}, then 
F'(x). (where {y} denotes fractional part of y ) is 


(a) y=3+x ) y= 
(Cc) y=x-3 (d) None of these 
ae when I< x<1+0.5 
9. Let f(x)= : 
[x] when J/+0.5<x<J+1 
g(x) = sin‘’x + cos‘x, then f {g (x)} 1s 
(a) 1 (OD) =] 
(c) O (d) None of these 
10. The range of the function ([.] denotes the greatest 
— x-[x] 
integer function.) f(x) = rea a 
Answer Keys 
1. (b) 2. (b) 3. (a) 4. (c) 5. (b) 
11. (c) 12. (b) 13. (c) 14. (a) 


Per sinary OPERATION 


From the very beginning of school days we always come 
across the four fundamental operations namely addition, 
subtraction, multiplication, and division. By using these 
fundamental operations we had been associating two 
numbers a and 6 with the unique real numbers a + 5, a-— b, 
a.b and a/b respectively. 

If we had to add, subtract, multiply, or divide more 
than two elements, (say) a,, a,, a;, .... a, first of all we 
operate the desired operation on two elements a, and a, and 
the resultant is operated by same operation with the third 
element a, and the result thus obtained is operated with the 
fourth element a, and so on till all the elements are utilised. 
Thus, these four fundamental operations are called binary 
operations as they are operated on two elements at a time, 
as the meaning of binary is two. To cover across all binary 
operations we need to give a general definition of binary 
operations and a set_XY whose elements can be operated by 
using these binary operations as follows. 
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(b) [0,1] 


(d) None of these 


11. The range of the function f(x)= pe 
1+[x| 
denotes the greatest integer function.) 
(a) (1, #) (b) (, &) 
(c) [1, eo) asx 20 (d) (-«,-1] [1,) 
12. Solution of the equation x* — [x] = 3 (where [x], is the 
greatest integer < x) 1s 
(a) 3)" (b) (4) 
(c) V2 (d) None of these 
13. Solution of the equation (x)? + (x + 1)? = 25 (where 
(x), 18 the least integer function) is 
(a) (, 2) (b) (, 3) 
(c) (-5,-4] U 2,3] (d) None of these 
14. Solution of the inequation [x]? + (x)? => 25 (where [x], 
and (x), is the greatest integer < x and least integer 
> x, respectively) is 
(a) (00, -4] U [4, 0) (b) (-o, -4] 
(c) [ 4, 00) (d) None of these 


x>0([] 


6. (c) 7. (a) 8. (b) 9. (c) 10. (a) 


Definition of Binary Operations 


A binary operation * on a set A is a function from set A x A 
to A itself. Thus, * associates each pair (a,, a,) « A x A to 
a unique element (a, * a,) of A. Thus, domain of a binary 
operation defined on set A is A x A and co-domain 1s A. 
Range is subset of A. 

For example, let A = {—1, 0, 1} and * is a function de- 
fined as * (a,, a,) =a, .a,,4,,a, EA 

Now we observe, 

*(-1,-1)=(C1).C1l=1€eA; 

*(-1,0)=(-1). O)=0€A; 

*(-1,1)=(-1). dd) =-1 € A; 

*d,1=d).qd)=1€A4; 

*(1,0)=(1).0)=0€A; 

* (0,0) =(0). (0) =0 € A; 

Thus, * operated to every pair (a,, a,) € A x A gives us 
a unique element of A. 

Hence, the function * defined in the above example is a 
binary operation on set A. 
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ILLUSTRATION 110: 


SOLUTION: 


ILLUSTRATION 111: 


SOLUTION: 


Prove the following 


(i) ‘+’ addition is a binary operation on set of integers Z, set of natural numbers N, set of 
real numbers R, set of rational numbers Q, dut not on set of irrational numbers. 


(11) ‘—’ subtraction is a binary operation on set of integers Z but not on set of natural numbers. 


(111) ‘x’ multiplication is a binary operation on set of integers Z, set of natural numbers N, set 
of rational numbers Q but not on set of irrational numbers. 


(iv) ‘+’ division 1s a binary operation on set of non-zero rational numbers but not a binary 
operation on set of integers. 


(i) Fora, be Z >at+beTZl 
Fora, be N >at+heN 
Fora,be Q > at+heQ 
Fora,be R >at+bheR 


Thus, ‘+’ 1s a binary operation on the set of integers, set of natural numbers, set of rational 
numbers and set of real numbers. 


However, ‘+’ 1s not a binary operation on the set of irrational numbers, e.g., V2 : -J2e O 
(set of irrational numbers) but (/2) +(-v2 ) =0¢0. 


(11) As difference of two integers 1s always an integer, it follows that subtraction ‘—’ 1s a 


binary operation on the set of integers. 


However, subtraction 1s not a binary operation on set of natural numbers as 1s clear from 
the following counter example: Let a = 2, b = 5, then a—-b=-3 ¢N 


(111) As the product of two integers 1s an integer, product of two natural number is a 
natural number and that of two rational numbers 1s a rational number, multiplication 
‘x’ 1s a binary operation on set of integers Z, set of natural numbers N and on set 
of rational numbers. However, the product of two irrational numbers need not be an 
wrational number, e.g., if a = V8 and b = V2, then a x 6 = 4 which 1s a rational number. 
Thus, product ‘x’ is not a binary operation on set of irrational numbers. 


(iv) Division ‘+’ 1s a binary operation on set of non-zero rational numbers as if we divide a 
rational number by a non-zero rational number, we always obtain a rational number. 
However, division is not a binary operation on set of integers Z, as if we divide an integer 


by another non-zero integer, we need not obtain an integer. For example, if a = 4, b = 2, 


1 
then a/b = 2, however, if a = 2, b = 4, then = = 3 ¢ Z. 


Prove that the multiplication is a binary operation on set {—1, 1, 0, i, -1}; where i = J-1 


For proving that ‘x’ is a binary operation on the given set, we take the help of composition 
table. It is a rectangular table containing elements of given set in first row and first column 
keeping the position corresponding to first row and first column for indicating binary 
operation ‘*’. 

Now if a * b =c, then we put ‘c’ in the position corresponding to row containing ‘a’ and 
column containing ‘5’. For * to be a binary on given set, ‘c’ must belong to given set for each 
ordered pair (a, 5). 


The composition table for above given set and binary operation * (x) 1s as given below: 


ILLUSTRATION 112: 


SOLUTION: 


ILLUSTRATION 113: 


SOLUTION: 
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Clearly each entry in the above composition table belongs to given set. Thus, ‘x’ is a binary 
operation on given set. 


Prove that the ‘addition modulo 7’ 1.e., a * b (mod 7) = least non-negative integer obtained 
when a + bis divided by 7, 1s a binary operation on set A = {0, 1, 2, 3, 4, 5, 6}. 


We prove that * (addition modulo 7) 1s a binary operation on set A by using the composition 
table as given below: 


Ie ae Esa se se Aes 
ee 


We obtain the above composition table as described below, suppose a = 1, b = 3, then 
a+bh=4. 

Now 4=7 x 0 + 4, thus, 4 1s the least non-negative integer remainder obtained when 
a+ b= 4)1s divided by 7. 

Thus, corresponding to row containing 1 and column containing 3, we put 4. Similarly if 
a=4and5=5, thena+b=9 and9=1x7+2. 

Thus, a * 5 = 2, the least non-negative remainder obtained when 9 1s divided by 7. Thus, 
corresponding to row containing 4 and column-containing 5 we put 2. 

From the above composition table it is clear that addition modulo 7 1s a binary operation on 
set {0, 1, 2, 3, 4, 5, 6}. Generally addition modulo ‘m’ is a binary operation on set {0, 1, 2, 
3, 4,...,m-—2,m-— \}. 


Prove that ‘multiplication modulo, 11’ 1s a binary operation on the set A = {0, 1, 2, 3, 4, 5, 
6, 7, 8, 9, 10} where multiplication modulo m is defined as a * b = ab = least non-negative 
integer obtained when a. 5 is divided by m. 


The composition table for the given operation 1s as given below. 


ae ee ee 

aie eee SAEs ee 
Se 
REE SESE EE ESESES as 


LORE: 
eee ss pe pop 
SARI aE se aE 
RBEJESESe RELIES 
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ILLUSTRATION 114: 


SOLUTION: 


Clearly each entry in above composition table belongs to given set A. Thus, multiplication 
modulo 11 1s a binary operation on set A. 


Show that the following operations are binary operations on the corresponding sets. 


+ 
a+P.  4¢ @ and b are both odd or both even 
(i) a*b= sae on N (set of natural numbers) 
— if exactly one of a and Db is odd 
a.b ; : 
—; if at least one of a and D is even 
(ii) a*b= on Z (set of integers) 
ae otherwise 
*+a+2b 
Gui)a* b= —_ on N (set of natural numbers) 


(iv)a*b=a.bhonA = {1, o, w7}; where ‘ow’ is cube root of unity. 

(v) * on set A = {4i, +), +k, +1}; wherei *i =j*F7=_kK* kK =-1Lit*tj=k 
=-(*i1),G*H =i=-(k*), &*FD) =j7 =-G* A and] *a=a,-]1*a=-aVaead. 

“~*; if a and b are both odd or both even 


a+b+] 


(i) a*b= 
; if one of a and 5 is odd and other is even 


When both a and b are odd or both even, then (a + 4) 1s even natural number > 2. 
at 


1s a natural number > 1. 


Again if one of a and 4 1s odd and other is even, their sum (a + 5) will be odd natural 
number > 3. 


=> (a+ 56+ 1) will be an even natural number > 4 
a+b+1 


will be a natural number > 2. Thus,a*beNVabeN 


= *1sa binary operation on N. 


~ if at least one of a and b is even 


(i) a*¥ b= DB 
Cie if none of a and b is even 
2 
ab 

Atleast one of a and 6 1s even = > EZ 

—1).b 
Also if both a and 6 are odd, (a@— 1)iseven > oe LZ, 
Thus, (a@* bE 2,VabeZ = *1s a binary operation on Z. 


a’+a+2b  a(a+1)+2b _ a(a+l) 
2 2 2 


Since, a, a + 1 € N and we know that the product of two consecutive integers is an 
even integer. 


(iii)a * b = 


PROPERTIES OF BINARY 


sOPERATION * ON A SETA 


(1) 


(il) 
(iii) 
(iv) 


Closure Property: Since binary operation * on a 
set A is a function from A x A to A, it obeys closure 
law, 1.e,a*b eA Va, b € A. Also we say that A is 
closed with respect to binary operation *. 
Associativity: Binary operation * on a set A 1s said to 
be associative, if a * (b* c)=(a* b)*cVa bce. 
Commutativity: Binary operation * on a set A is 
said to be commutative ifa*b=b*aVa bea. 
Existence of Identity: An clement e é€ A 1s said 
to be an identity element of set A with respect to 


REMARKS 


(v) 
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binary operation *ifa*e=e*a=aVe &éA. For 
example, ‘+’ 1s a binary operation on set of integer 
Z.Also0Q € Zandx+0=O0+x=xVxeEeZL> 
O is an identity element of set of integers Z with 
respect to binary operation ‘+’ (addition). Also 0 is 
called additive identity of set of integers. 

Similarly 1 is multiplicative identity of every subset 
of complex number C. 

Existence of Inverse: An element 5 € A is said to 
be inverse of element b € A with respect to binary 
operation * if a* b =e = b* a, where e 1s the identity 
element of A with respect to binary operation *. And 
we denote b = a. 


1. Ifa binary operation * on set A is associative and identity element exists in A and every element of A is invertible, 


then A is said to be a Group with respect to binary operation *. 


2. In addition to properties given in remark (1) if * is commutative, then set A is said to be an Abelian Group with 


respect to binary operation *. 


3. ifb=a", thena=b". 


=> b*a=e=a*b 


Proof: Sinceb=a"' = a*b=e=b"a 


=> b'=a 
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4. Identity element if exists is unique. 
Proof: Leteande'betwo identity elements in set A with respect to binary operation * 
>eecA 
= e€ce'=e'= ee (eis identity in A and e' € A) 
ande'e=e=e.e' (e'is identity in A ande € A) 
= £2 —e =e = €—e 
5. Inverse of an element if exists is unique provided * is associative. 


Proof: Letifpossiblea'=banda'!=c 
a*h=e-b*a well) 


anda* e=e=c7* a woe (2) 


~ from (i) and (2). wegeta*o=a*c=e => b*(a*b)=b* (a*c) = (b*a)*b=(6*a)*c (. *is associative) 


e*b=e*c (py (l) => boc (".” eis identity element) 
Thus, a” if exists is unique. 


. Number of binary operations that can be defined ona set A containing n number of elements is (n)?". 


Proof: Givenn(A)=n 


As we know that binary operation is a function from set A x A to set A itself. 


‘. Domain of binary operation * is A x A having n? elements. 


Also co-domain A consists of n elements. Now each of the n elements of co-domain A has n? number of choices for 
its pre-image in domainA x A. 


Thus, by fundamental principle of multiplication of permutations number of possible binary operations that can 
be defined on set A = (n?)" = (n)?". 


ILLUSTRATION 115: For each operation * defined below, determine whether * is binary operation, commutative, 


associative, identity element that exist. Find inverse of element a if the identity exist with 
respect to given binary operation. 


a) onZ,a*b=a-—b (1) on Q,a* b=ab+1 
(111) onQ at b= © (iv) on Z*a* b= 2” 


(v) on Z*,a * b = (a)? (v1) on R~ (-1};a*b = — 
SOLUTION: (1) a*b=a—beZVa,beZ asthe difference of any two integers 1s also an integer. 

Thus, * is a binary operation on set Z. Furthera * b=a—b#b-—a=b*a 

=> *1is not commutative in Z. 
Also a * (b * c) =a—(b—c) =(a—b)+c#(a—b)—c =(a* b) * c unless c = 0. 
Thus, for non-zero integers associativity does not hold in Z, e.g.,a =2,b=4,c =5 

=> a*(b*c)=2-(4—5) =3, whereas (a * b) * c = (a—b)—-—c = (2-4) -5 =-7. 

= * isnot associative in Z. 


(i) a*b=ab+1¢eQVa,be Qas the product and sum of two rational numbers is again 
a rational number. Thus, * is a binary operation on set Q. 


Furthera* b=ab+1=ba+1=b*aVabe Q. 
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= * is commutative on set Q. 
Now if a, b, c € Q, then (a * b) *c = (ab + 1) *¥c 
=(ab+1)e+1=abe+c+1, 
where as a * (b * c) = a* (bc + 1) = a(bce + 1)+1=abe+a+1 
a*(b*c)#(a*b)*c#cunlessa=c 
Thus, for different rational numbers a, b, c associativity does not hold. 


=> * isnot associative in Q. 


GQuja * b = =< Q Va, b € Q, as the product and division of two rational number 


(# 0) 1s also a rational number. 
= *1isa binary operation on Q. 


ab _ba 


Further a * 5 = poe VabeQ 


=> * is commutative. 


bc 
a —== 
ne 7 2 abc 


Now for a, b, ce Q: a* (b*¥ c)= a( 


ab 
d arne-(*8roo LE)? at 
an se a 


= * is associative on Q. 

(iv)a*b=(2)®€ Ziasa be Z > abe TZ 

=> (2)” € Z* as positive integer raised to the positive integer power is always a 
positive integer = *1sa binary operation on the set of positive integers. 


Further a * b = (2)” = (2)"=b*¥a = * is commutative on Z*. 

Now for a, b, c € Z*, a* (b* c)= a*((2)”) = 6 and (a * b) *c = (2%) *¥c = (2) 7 
Clearly in general Oy # (2) 
For example, if we take a = 1, b = 2, c = 3, thena * (b* c)= (QV? =(2)™ 
and (a ms b) #o = (2 = (2)". 

(v) a * b = (a) € ZV a, b € Z&* as the product of positive integers is always a 
positive integer 

= *1sa binary operation on Z', set of positive integers. 
Further a * b = (a)’, whereas b * a = (b)?, but (a)? # (5)7 in general. 
For example, if a = 2, b = 3, then (a)’ = 8 and (6)7=9 => * is not commutative. 
Now for a, b,c € Z*,a* (b*c) =a*(b) = (a) and(a*b)*c = (a*)*c = (a’) =(a)” 
But in general (a)’ #(a)” fora, b,c € Z*, unless * = be 


So, * is not associative on Z*. 
(vi)a* b= a need not belong to set R ~ {-1} Va, b ec R~ {-1} 


—2 
For example, if we take a = —2 and b = 1, thena * b = ee ¢ R~ {-l} 
b+1 1+1 
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ILLUSTRATION 116: 


SOLUTION: 


ILLUSTRATION 117: 


SOLUTION: 


, b 
* is not a binary operation on R ~ {—1}.Further a * 5 = ae and b * qa = —— 
b+1 a+l 
=> a*b#b* ain general = operation * is not commutative. 
b +1 
For a, b, c € R ~ {-1}; a*(b*e)-a*{ >) __ @  _ ace+ly 
c+1 b +1) (b+c+1) 
c+l1 


a 
ap\e,—|_ 2 | Room a 
And (a b) e-(=4) Cc = (e+l) (+(e) 


Clearly a * (6 * c) # (a * b) * c in general. Thus, operation * 1s not associative. 


Given a non-empty set W, let *: P(W) x P(W) — P(W) be defined as A * B = (A-B)vu 
(B —A) V A, B € P(W). Show that the empty set o 1s the identity for the operation * and all 
the elements A of P(W) are invertible with A = A. Here P(W) is power set of set W. 


A*B=(A-B)U(B-A) VA, Be P(W) 

LetA e€ P(W). 

Also o € P(W) 

Now A * 0 = (A-0)vU (0-A) =AUO=A 
A*o=A 4s, ) 
Further 0 * A = (0-A)U (A-0) =QUA=A es (2) 


Thus, from (1) and (2), A*o=0*A=A 
= 1s an identity element of P(W) with respect to binary operation *. 
Now, let A € P(W), then A * A = (A—-A)U (A-A) =0U0=0 


= Ais the inverse of itself = A =A: 


a+b, if a+b<6 
a+b-6, if a+b>6 


Show that zero 1s the identity for this operation and each element a + 0 of the set 1s invertible 
with 6 — a being the inverse of a and inverse of 0 1s 0. 


Define a binary operation * on the set {0, 1, 2,3, 4,5} as a*b -| 


Given set is A = {0, 1, 2, 3, 4, 5} and binary operation * is defined by 
a+b, if a+b<6 
a*b= ; 
a+b-6, if a+b>6 


Consider the composition table as given below: 
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TEXTUAL EXERCISE-8: (SUBJECTIVE) 


1. Determine whether or not each of the definition of * (viii) On Z*, define * by a * b = |a— Dl 
given below gives a binary operation. In the event that (ix) On Z+, define * by a* b=ab 
* is not a binary operation, give justification for this. (x) On R, define * by a * b = ab’ 
(i) On N, define * by a* b = H.C-F. (a, b) (xi) On Z*, define * by a* b=a 
(ii) On N, define * by a * b = LCM (a, b) . . | 
(iii) On Q, define * bya*b=a+b+ab 2. Let * be a binary operation on the set Q of rational 
numbers as follows: 
a) a*b=a-—b Gi) a*b=ae+ Bb 


(iv) On R, define * by a* b = Vab 
(v) On R, define * by a* b= Va+b (iii) a*b=at+2ab (iv) a*b=(a—b) 


7 * by a*b = Va? —3ab+4b" b 
a On R, define * by a * b a° —3ab+4b (v) a*b = ab (vi) a * b = 3ab? 
(vii) On Z*, define * by a*b=a-—b 8 
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Find which of the binary operations are commutative 
and which are associative. 


3. Is * defined on the set A = {1, 3, 5, 7, 9} by a* b 
= LCM of a and b a binary operation? Justify your 
answer. 


4. Let * be the binary operation on N defined by a * b = 
H.C.F. of a and b. Is * commutative? Is * associative? 
Does there exist identity for this binary operation on 


N? 


5. Let * be binary operation on N given by a * b = LCM 
of a and b. Find 
G) 6 * 7,15 * 24. 
(11) Is * associative? 
(ui) Is * commutative? 
(iv) Find the identity element w.rt. * 
(v) Find the invertible elements of N w.r.t. *? 


6. Let A = N x WN and * be the binary operation of 
A defined by (a, 5) * (c, d) = (a + c, b + d). Show 
that * is commutative as well as associative. Find the 
identity element if exists. 


7. Consider a binary operation * on the set {1, 2, 3, 4, 5} 
given by the following composition table; 
(i) Find (3 * 4) * 5 and 2 * (3 * 5) 
(i) Is * commutative? 
(iii) Find (3 * 4) * (4 * 5). 


8. Consider the binary operation A on the set {1, 2,3, 4, 5} 
defined by a A b = min {a, b}. Write the operation 
table of the operation A. 


Answer Keys 
1. () yes (ii) yes (am) yes (av) no 
(ix) yes (x) yes (x1) yes 


2. (11), (iv), (V) are commutative; (v) 1s associative 


9: 


10. 


11. 


12; 


13. 


14. 


(a) Show that * on R given by a * b =a + 2b 1s not 
associative. 

(b) Show that * on R given by a * b =a + 2b 1s not 
commutative. 


Show that —a is not the inverse of a for the addition 


| ee . 
operation + on N and — for multiplication operation 
a 


x on N, for a # 1. 


(i) Show that *: R x R > R given by (a, 5) > 
a + 4b? is a binary operation. 

(1) Show that the A: R x R > R given by Aq, 5) 
= min {a, b} and the A: R x R > R given by 
A(a, b) = max {a, b} are binary operations. 

(111) Let P be the set of all subsets of a given set_X. 
Show that U: P x P > P given by U(, B) =A VU 
Banda: Px P—->P given by n (4, B) =ANB 
are binary operations on the set P. 


Determine which of the following _ binary 
operations on the set R are associative and which 
are commutative. 

(a)a*b=4VabeR 


(b) a*b = (a+b) 
4 


VabeR. 

Given a non-empty set W, consider the binary opera- 
tion * : PW) x PW) > PW) given by A* B=ANT 
BY A, Bin P(W) 1s the power set of W. Show that W 
is the identity element for this operation and W 1s the 
only invertible element in P(W) with respect to the 
operation *. 


Consider the binary operations * and o on the set of 
real numbers R defined as a * b = |a— b| andaob 
=a, V a, be R. Show that * is commutative but not 
associative, o 1S associative but not commutative. Fur- 
ther show that V a, b, ce Ra* (boc)=(a* b)o(a 
* b). [If it is so, we say that the operation * distributes 
over the operation 0]. Does o distribute over *? Justify 
your answer. 


(v) no (vi) yes (vil) yes (vill) no 


3.no,3*S5S=15¢A 


4. * is commutative and associative, identity element does not exist for *. 
(v) 1 6. Identity element does not exist 


5. G1) 42, 120 (il) yes (an) yes’ (iv) 1 
7. G@) 1 and 1 (i) yes = Gat) 1 


12. (a) associative and commutative 
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(b) commutative but not associative 


14. no 


TEXTUAL EXERCISE-8: (OBJECTIVE) 


1. 


. If A= 


Which of the following operations on set of rational 
numbers Q is/are associative? 


(a) a*b=a-—b 
(c) a*b= Va’ 


Which of the following operation on set of integers 
is/are binary operation(s)? 


(a) a* b= Va’b? +b" +2ab’ 
(b) a* b= g.c.d (a, b) 
a—b 


ab 
b * b = — 
(b) a A 


(d) a*b=a-b 


Which of the following operations on set of integers 
is/are commutative? 


(a) a* b= Va’ +b —-2ab 
(b) a*b=a-—b 
ee (ay if b>0 

ab ifb<0 
(d) a*b=a’b 


If A = {1, @, 7}; where @ is cube root of unity. 
Define a binary operation * on A by a * b = ab, then 
(a) @ is identity in A 

(b) 7’ 1s identity in A 

(c) 1 1s identity element in A 


(d) Identity element in A does not exist 


{1, @, @7}; @ being cube root of unity. 
Define a binary operation * on A by a * b = ab, then 


Answer Keys 
1. (b, c) 


2. (a,b) 3. (a) 4. (c) 5. (c, d) 


(a) Inverse of ais 1 (b) Inverse of w71s 1 


(c) Inverse of @ 1s @? (d) Inverse of 71s @ 


- Number of binary operations defined on _ set 
A = {a, b, c} will be 
(a) 9 
(c) (3) 


(b) 81 
(d) None of these 


. If * is a binary operation on set A = {1, 3, 5} defined 
by a * b = least non-negative integer obtained when 
(a.b) is divided by 6, then 
(a) Identity in A is 1 
(b) 3*a=3VaeAd 
(c) Inverse element of 3 does not exist 
(d) Inverse element of 5 is 5 


. A binary operation * is defined on set A = {2, 4, 
6, 8, 10} by the given composition table: 


(a) Identity element in A 1s 6 
(b) * 1s commutative in A 


(c) Inverse of 8 is 10 
(d)2*(4*8)4(2*4)*8 


6. (c) 7. (a, b, c, d) 


8. (a, b, c) 
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in (—00, 0] as well as in [0, 00), and hence, the function f(x) is 
injective and onto in (—00, 0] as well as in [0, 00). 


| OF FUNCTIONS 


Domain of Function 1s defined as: D pe {x : fix) is defined, 
1.e., f(x) € co-domain Y and is real and finite}. 


Principal Domain: Subset of domain in which f(x) takes 
all its values exactly once, 1.e., f(x) 1s one-one and on-to 
(Byective) is called Principal domain. Conventionally it 
considered nearer to zero and preferably positive. 


e.g., if we consider the function f(x) = = ,a>0 
a 
Clearly domain of function fx) is R = (-co, o) and y 


range = [0, 20) ne FIGURE 2.101 
The graph of f(x) is as given in Figure 2.101. 


Clearly the function is many—one in its domain R and Among these two domains the domain containing non- 
function f(x) takes all values of its range [0, 00) exactly once | negative inputs, i.e., [0, 0) is taken as its principal domain. 


REMARKS 
1. Every function is bijective from its principal domain to its range. Thus, every function is invertible from its principal 
a6 Gre gees 
2. Domain of the function f(x) is same as range of the function f(x). 
3. Range of f '(x) is same as principal domain of the function f(x). 


Rule 1: Dom (k. f(x)) =D for all k € set of non-zero real 
numbers. 


}PROPERTIES OF DOMAIN 


If f(x) and g(x) be two functions such that f(x) has domain 
D, and g(x) has domain D e then following results always 
hold good. 


Rule 2: bom| =-)=b, ~{x: f(x) =0} 


Rule 3: Dom (f(x) + g(x)) =D OD, 


Rule4: Dom (fx). g(x)) =D,A D, 
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Rule 5: Dom f(g(x)) = {x: xe Dy, and g(x) € D 3 = Dy ~{x] g(x) ¢ D 3 


ILLUSTRATION 122: Find the domain of f(x) = sin™ (log, x). 
SOLUTION: x>Oandlogxe[-l,1] > x>Oandxe[1/2,2] > xe [1/2,2] =D, 


Rule 6: Domain of even root of fx) = *4/ f(x) =D, ~ tx: f(x) < 0} 


Rule 7: Domain 7") f(x) =D P 


Rule 8: Dom (log f(x)) = Di {x : fix) < 0} 
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ILLUSTRATION 128: 


SOLUTION: 


ILLUSTRATION 129: 
SOLUTION: 


ILLUSTRATION 130: 
SOLUTION: 


ILLUSTRATION 131: 
SOLUTION: 


ILLUSTRATION 132: 


SOLUTION: 


1 
=> log, — <lo cox < 10 ".” log x 1S increasing lor a> 
log, 5 log, 3 log,2 (.” log.x 1s1 ing fi 1) 


] 
=> log, > < cosx < log,2 => —log,2 < cosx < log,2 


=> xe LU {[(2n-1)r+6, (2nx -6)|U[(2nzx +0),(2n+1)x -6}} 


ned 


Where cos 0 = log,2 and 0 e€ (0, 1/2) 


2x-1 
Find the domain of the function y= af 
\ 2x° +3x74+x 


(a) For y to be defined: 
2x-1 >0 => 2x-1 . 2 2x-1 . 
2x° +3x7> +x x(2x7 +3x+1) x(2x +1)(x +1) 
By sign scheme, we have: 
+ = + - + 
—1 -1/2 0 1/2 
FIGURE 2.102 

=> (2x-1)x (2x + 1) (+ 1)20;x #0, -1/2, -1 
> x€ (om, -1)vU (1/2, 0) u [1/2, «). 


Find the domain of the function 10* + 10” = 10 


Given 10* + 10” = 10 => 10° = 10-10 
=> log, 10” = log,, (10 — 10%) => y= log,, (10 — 10”) 
For y to be defined 10 — 10*>0 => 10*<10 > x<l 


Hence, domain of y is (—90, 1) 


Find the domain of definition of f(x) = sin™ (|x — 1| - 2) 

Kx) = sin (|x — 1| - 2). For domain —-1 < |x -1|-2<1 

> 1l<|x-1]<3 > x-le[-3,-l]U[1,3] > xe 2,0] vu [2, 4] 
Find the domain of the function fx) = 4" +80°%® — 52-276 

For fto be defined, we must have 


4* 4+ R2.2-2) _ 52 = 92-1) > 0 So 92x 4 92(x-2) = 92G-) > 52 oS pad [1 ee 4 = 2°] > 52 


13 

oe =) >52 — 2% >64=2°. Hence, we must have x > 3. So, the domain of fis [3, 0) 
Discuss the domain of definition of the function, f(x) = log (ax? + bx + c) for values of a, 5, 
ceR. 
Casel: If a= 0, then f(x) = log(bx + c), then f(x) will be defined for bx + c>0 
> bx>-c. ifb>0, then x >—— and if b <0, then x <—— 
Case li: If a = b = 0, then f(x) = log(c) = constant function and is defined for V x € R for 
which c > 0 and not defined for any real x if c < 0. 


Case lll: If a #0, then f(x) = log(ax? + bx + c). 
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Domains of Some Standard Functions: 


ee 
== 

es ee 

—=— 


Gann oD ———— 


Rom nel 


R- (nnn Z} 
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TEXTUAL EXERCISE-9: (SUBJECTIVE) 


1 Find the domain of definition of the following 


functions: 
(a) f(x)= vx-1+VO-x vO = x 
Vl-x+vVx-6 7. 


x7 +1 


(b) OS GD) 


_ feed, flex 
P= rm a l+x 


2. Find the domain of definition of the following 


functions: 
1-5* 
X = 
@) f@)= > 
525 Hale 8. 


al arian = 


3. Find the domain of definition of the following 
functions: 


(a) f(x)=log,,,,;(%° —5x +13) 


(b) f(3)=log| 2-2 | 


x*-4 


5x-x? 
log, A 


2 


(c) f(X)= 


5x-X 
4 


(d) f(x) =, flog, 


2 


4 Find the domain of definition of the following 
functions: 


o7o— 


x=|x 


: 


(b) f(x)= eee re 


(c) f(x)= sin | (A512!) 


(@) f= x? -3)x|42 


5. Find the domain of definition of the following 
functions: 


(a) f(x) =Vsinx +V16-x 
(b) ,/cos(sin x) +./sin(cos x) 


6. Find thedomain of definition and range of the following 
functions: 


10. 


(a) fix) = cos™'[x] 
(b) f(x) =sin"! Ga +1) 


Find the domain of definition of the following 
functions: 


ree ee 
(a) f(x)=cos (2) 


b) £2) =cos'( 22] 
2% 


(c) f(x)= tan” (1 + i) 


x*-1 
d) f(x)=sin"'! 
(d) f(x) (a) 
Find the domain of definition of the following 
functions: 
(a) fix) = log, (3 +5 sin x) 
(b) fix) = log,(3 + 2 sin x) 


. Find the domain of definition of the following 


functions: 
(a) f(x) =,/log, (cos 27x) 
(b) f(x) = f(x? -3x-10)In?(x-3) 


(c) f(x)=cos” (212!) +(In(3—x))"' 


Find the domain of definition of the following functions: 


| 
COS X — — 
2 


Sha ae reer 
(b) f(x)= oe. | +49 — x’ 


x+3 


Find the domain of definition of the following 
functions: 


(a) f(x)= Zee log,_;,,(x° —3x+10) + 
[x] 


1 1 


J2-|x| . ,/sec(sin x) 
= ] a | 2x 
Oa ,/sin(cos x) “— ( 1 . 
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Answer Keys 
1. (a) (b) Q, -1) vu Cl, 2) u @, ») (c) > 
2. (a) (00, -1) u [0, «) (b) (2, 3] 
3. (a) > (by C342) 253) oI, 4] (d) (0, 1] u [4, 5) 
4. (a) (b) (00, 0) (c) x € [-5,-1] U [1,5] (d) (, -2] v [-1, 1] u [2, &) 
5. (a) [-4, 2] u [0, a] (b) U| 200 -Z 20 a 
6. (a) -l<x<2, {7.0} (b) D, ={0}, R, -13| 
7. (a) R (b) {-1, 1} (c) R (d) R 
8. (a) [ann —sin(2) (2 +1)z+sin™ 2): neZ (b) R 
1) (3 
9. (a) (0.5 }U(3.1) U {2, 3, 4, ..... ©)] (b) {4} U [5, 0) (c) [-6, 3) — {2} 
10. @(-2.4| =.6) (b) (2,3] Il. (a) (-2,-1)U C1, 0) UC, 2) (&) (- 2,5 )- (1 0,1} 


TEXTUAL EXERCISE-9: (OBJECTIVE) 


1. Domain of the definition of the function ./x(x—1) is 7 — ») : . “ a 
Cc one of these 
(a) [0, 1] (b) [-1, 0] 
eae) kd) Nene Ob ines: 7. The domain of function ——— 
zie {x(x — 2)(x -3) 
2. Domain of the definition of the function (x)'* is (a) (0, 2) (b) R ~ {0, 2, 3} 
(a) (O, 0) —{1} (b) (0, 1) (c) (0, 2) U (G3, «) (d) None of these 
(c) [0, 0) ~ £1} (d) None of these 1 
1 8 The domain of function FC a 
3. Domain of the definition of the function is V(x = Dr = 2)(x = 4) 
oa (a) (1,2)U (4,0)  (b) R- {12,4} 
(a) {} (b) R (c) R (d) None of these 
A) (d) None of these 9. The domain of definition of the function y(x) given by 
l ; ‘ fog 
4. Domain of the definition of the function is the equation 2° +2" =2is 
|x| -x (a) O<x<1 (b) O<x<1 
(@) {3 (b) (-, 0) OR (@) -@<x<I 
c) (0, 2 d) None of these ee) 
ea ) ©) 10. The domain of f(x)=V3-x+cos | 2") is 
5. Domain of the definition of the function 1S 
2 — Cos 3x equal to 
ae 
(a) R~cos'=— (b) R (a) [-l, 3] (b) Cl, 3] 
(c) [-1, 3) (d) None of these 
~~ oh — 
(c) R~ cos 4 (d) None of these 11. The domain of the function 
6. Domain of the definition of the function log (1 ea) f (x)= sin! (==?) —log,,(4—x) is 
2 


1S 
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(a) C, 4) (b) [1, 4] 
(c) [1, 4) (d) (1, 4] 
12. The domain of definition of the function 
1 
ak Cee 1S 
(a) [-2, 3) (b)G2,:3) 


(c) [-2, 0) U (0, 3] (d) None of these 


| iis 
13. The domain of the function f(x) = a ras is 
xX a 


(a) [-1, 2) U [3, «) 
(b) C1, 2) U [3, ~) 
(c) [-1, 2] U [3, «) 
(d) None of these 


14. The domain of definition of f(x) = = is 
(—0, 00) 
(a) 11 
(—00, oo) 
®) [-2, 2] 


(c) [-1, 1] U (0, —2) U (2, 00) 
(d) None of these 


15. The domain of the function f(x) = cos! (| 
4+2sinx 
is equal to 
Answer Keys 
1. (c) 2. (a) 3. (a) 4. (b) 5. (b) 
11. (c) 12. (d) 13. (a) 14. (c) 15. (d) 


RANGE OF FUNCTIONS 


Bounded and Un-bounded Functions 


A function f(x) is called bounded iff there exists two real 
and finite numbers m, M such that m < f(x) <MVxeED 
m is Called lower bound and MM is upper bound. 

Existence of single upper/lower bound means exist- 
ence of infinitely many upper/lower bounds .... m, < m, < 
m,<m<f(x)<M<M, <M....,1.¢., every real number less 
than a lower bound 1s also a lower bound and every real 
number greater than an upper bound is also an upper bound. 


16. 


17. 


6. (a) 
16. (a) 


(a) - 
(b) {- 


(c) (2+ 2am, as 2nz | 
6 6 


+2n7, +20 | 


BLY BAIA 


+2n7, +200) 


(d) None of these 
1 
sin x 
(a) U (2kn,(2k+1)r) 
(b) (0, 7) 


(c) (a, 2m) 
(d) (2k + 1),(2k + 2)m) 


If f(x)= +4/sin x , then D,is 


1 
The domain of f(x)= 


(a) U (one, 2nn] 
0) U (ann, (an + 1a] 


©) UJ ( +l)z (4n+ ae 


bd 


pA 2 


(d) [SG au | 


7. (c) 
17. (d) 


8. (b) 


Upper bound 


lower bound 


FIGURE 2.103 


+ —— 1S 
j| cos x | +cosx 


9. (d) 


10. (a) 


Greatest Lower Bound 


The greatest of all lower bounds is called greatest lower bound 
denoted by g./.b. (m,) and if f(x,) = m, for some x, « D P then 
Kx,) = m, 1s called minimum value of f(x). However, if fx) > 
m,VxeE D, but f(x) # m, for any x € DD; then m, will be the 
g.Lb. of fix) but m, will not be the minimum value of f(x). For 
example, f(x) = 1/x?; then f(x) > 0 V x € IR ~{0}, therefore g./.b. 
of f(x) is zero but it is not attarned at any real number x, and 
hence, f(x) has no minimum value. 

That is, minimum value of f(x) = 1/7 does not exist but 


it approaches to 0. 


FIGURE 2.104 


Conclusion 


1. Greatest lower bound may or may not be the minimum 
value of function. 

2. Minimum value of function if exists is the greatest 
lower bound of function 

3. Every real number less than the greatest lower bound 
will be a lower bound of f(x). 

4. Every bounded function has its greatest lower bound but 
function may or may not attain it at any real number. If 
it attains its greatest lower bound, then the greatest lower 
bound will be the minimum value of function. 

5. If the range of a function is (a, 5) or [a, b], then the 
greatest lower bound of f(x) will be a. Minimum value 
of f(x) does not exist in former case whereas minimum 
value of f(x) = a in later case. 


Least Upper Bound 


The smallest of all upper bounds 1s called least upper bound 
denoted by /.u.b. (M/,) and if fix,) = M, for some x,, then 
J(x,) 1s called maximum value of f(x). However, if fix) <M, 
Vxe D, but f(x) # M, for any x € Dd, then M/Z, will be the 
Lu.b. of fix) but M, will not be the maximum value of f(x). 


1 
e.g., fix) = 1- —; then fx) <1 Vx € R ~ {0}, therefore, 
x 


l.u.b. of f(x) is 1, but it is not attained at any real number x, 
and hence, f(x) has no maximum value. 
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. I 
That is, maximum value of fx) = 1-— —> does not exist 
x 


but it approaches to 1. 


FIGURE 2.105 


Conclusion 


1. Least upper bound may or may not be the maximum 
value of function. 

2. Maximum value of function if exists 1s the least upper 
bound of function. 

3. Every real number greater than the least upper bound 
will be an upper bound of f(x). 

4. Every bounded function has its least upper bound but 
function may or may not attain it at any real number. 
If it attains its least upper bound, then the least upper 
bound will be the maximum value of function. 

5. If the range of a function is (a, 5) or [a, 5], then the 
least upper bound of f(x) will be 6. Maximum value of 
fix) does not exist in former case whereas maximum 
value of f(x) = 6 in later case. 


Intermediate Value Theorem 


Every continuous and bounded function attains every real 
number between its bounds. That is, if a function is continu- 
ous in its domain and g./.b. = a and l.u.b. = b, then f(x) must 
take up all real values between a and b. That is, there exists 
atleast one a € D ) where fia) =kV k € (a, bd). 
= Range of 
[a,b]; if function also attains values a and Db. 
(a,b); if function does not attain values 
a and b. 
f(x) = 5([a,5); if function attains value a but does 
not attain D. 
(a,b|; if function attains value b but does 


not attain a. 
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FIGURE 2.106 


If f(x) is monotonic and continuous with domain [a, 5], 
then it takes up all values from f(a) and f(b) exactly once. 

That is, for each k € [a, b| there exists exactly one a € 
D,where f() wd FIGURE 2.107 


a, EFINITION OF RANGE Range of function y = f(x) is defined as set of values of 
eet Blae 
' ai y for which x is real and finite V x €¢ D,. It is denoted as R ’ 
Let f be a function from_X to ¥, then the range of function Range is also called domain of variation and it is always 
=R i {fix):x € X} a subset of co-domain (Y). 
REMARK 


So far, we have already discussed tools used to find the range of function, i.e., laws of inequalities, wavy curve method, 
monotonicity of functions, bounded ness of functions, intermediate value theorem. Now we shall use all these tools to 
find the range of functions as discussed further. 


Methods to Find Range of Functions Step 3: Apply the domain restriction, 1e., a <x < B 
S22 f(y). =f 
Given a function f: X > Y, where y = f(x) 
Method |: Step 4: Find the set of all possible y satisfying the above 
inequality. 
Step 1: Find domain of fix) (say) a<x<fB 


Step 2: Express x in terms of y using equation of function. 


Le. x =f! (y) 
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Method Il: Step4: -. asx<fP 


=> g(a) <g(x) <g(B) 

= fea) =Kg&)) 2=Ag(B)) 

Step 1: Identify the function as composite function of => h(f(ge(a))) <h(Fle@)) < hG(e(B))) san) 
constituent functions f g and h (say) o(x) = h({(g(x))). Because composition of continuous functions is 
also continuous, therefore, by (1) and intermediate 
value theorem, range of function 9 is given by 


R, = [AGKe())), ASB) 


For composition of continuous functions. 


Step 2: Test the monotonicity of f g and h. Let 
g(T(increasing)), f\ (decreasing)), (1 (decreasing)) 


Step 3: Find domain of h(f(g(x))), (say) a <x < B. 


Some Remarks and Tips to find the Range of Func- 2. If domain of y = f(x) is R or R —{some finite points} 
tions: or an infinite interval, then with the help of given 
relation, express x in terms of y and from there find the 
values of y for which x is defined and belongs to the 
domain of the function f(x). The set of corresponding 
values of y constitute the range of function. 


1. If domain 1s a set having only finite number of points, 
then the range will be the set of corresponding values 


of f(x). 
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3. If a function is continuous, then find the least (/) and 


the greatest (g) values of f(x) using monotonicity. Then 
the range of function will be [/, g]. 
. For the quadratic function f(x) = ax? + bx + c, domain 
en 

—-—,o]| fora>0 


4a 
is R and range is given by R, = 


. For the quadratic function f(x)=Vax* +bx+c 
R sane 
an 


~ @ fora<0,D<0 


domain is given by D, 
range 1s given by 
[0,00 ) for D>0,a>0 


Re] Seva 
4a 
R, = 5 
02 | for D>0,a<0 
4a 


p for D<0,a<0 


6. For odd degree polynomial, domain and range both 
are R. 


7. For even degree polynomial domain is R and range is 


given by [k, 0) if the leading coefficient is positive, 
where kis the minimum value of polynomial occurring 
at one of the points of local minima, whereas range is 
(—oo, k] if the leading coefficient 1s negative where k 
is maximum value of polynomial occurring at one of 
the points of local maxima. 


Quadratic Linear Quadratic 


. For ———— or ————— or ———— expres- 


Quadratic Quadratic Linear 
. P(x) 
sion, put y= — . Cross multiply, convert into a qua- 
Q(x) 


dratic and use the knowledge of quadratic equations. 


9. 


10. 


For discontinuous functions, only method is to draw 
the graph and find the range known as graphical meth- 
od of finding out range. 


While determining domain and range of the functions 
involving trigonometric functions we need to keep in 
mind the following useful results. 
(i) General solution of equation sind =k e [-1, 1] 
is given by 8 =nx + (-l)"a; a =sin'k, ne Z 
(11) General solution of equation cos0 =k e€ [-1, 1] 
is given by 9 = 2nn+a;,;a=cos'k;ne Z 
(111) General solution of equation tanO = k € R is 
given by 89 =nn +a;a= tank; ne Z 
(iv) General solution of equation sinO = sina 1s giv- 
en by 9 =nx+(-ly'a;neZ 
(v) General solution of equation cosO = cosa is 
given by 9 = 2nxn+ta,;neZ 
(vi) General solution of equation tanO = tana is 
given by@=nr+a,neZ 
(vil) sinO, cos0, secO, cosecO are periodic functions 
with period 2x, whereas tanO and cot@ are 
periodic functions with period 7. 


(vill) (a) General solution of inequality of the form 
sin0 > k;, 1 =>k> 01s given by 
Oe U [2nz +a,(2n+1)z —a| >a =sin lk 
neZ 
General solution of inequality of the form 
sin0 > k, -1 <k <0 1s given by 
Oe U [(2nz —a),(2n+1)z +a] 5a = sin! |k| 
neZ 
General solution of inequality of the form 
sind <k, 1 >k=01s given by 
Ge) {[2nz, 2na +a)ul[(2n+l)a-—a,(2n+ 2)a]} 
neZ 
a = sin! (k) 
General solution of inequality of the form sinO < k; 
—1 <k< 01s given by 
Ae|J[(Qn+la+a,(2n+2)r—a]; o = sin” |A 
neZ 
(b) General solution of inequality of the form 
cos0 >k; 1 >k>=01s given by 
Oe U [2nz —a,2nn +a] 5a = cos! (k) 
neZ 
General solution of inequality of the form 
cos0 > k;-1 <k<01s given by 


ii 
2a ra U 
de) 53a =cos! (k) 
nce (n +2)n—-a,(2n +2a-3 


General solution of inequality of the form cos0 < k; 
1 >k>= 01s given by 


Functions < 2.127 


ana 2a or | 
- a =cos! (k) 


delJ 


oon 2a +a,(2n+2)a—- 4 


General solution of inequality of the form cos0 < k, 
—l1 <k<0O1is given by 
Oe J[2nz +a,(2n+2)x —a| 5a = cos! (k) 
neZ 
(c) General solution of inequality of the form 
tanO > k; k € R is given by 


del) 2a + tan !(k),2na + =) 
neZ 

General solution of inequality of the form 

tanO <k;k € R 1s given by 


Oe U (an = one +tan” k 
neZ Z 
(d) General solution of inequality of the form 
cot0 >k;,k € R is given by 
Oe U (2nz, 2nx +cot (k) | 
neZ 
General solution of inequality of the form 
cot0 <k,k € R is given by 
Oe U | 2nx +cot 'k,(2n+ l)z) 


neZ 


11. Range of function fx) = a sinx + Db cosy is 
| —Va? +0? la? +6? | 


12. Graphs of inverse circular functions and_ their 
corresponding domain and range. 


(a) Graph of 


qn 
Range = | 


sin'x; Domain = [-l, 1); 


“22 


FIGURE 2.108 
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(b) Graph of cos'’x ; Domain = [-l, 1]; 
Range = [0, x] 


FIGURE 2.112 


(f) Graph of cosec-!x; Domain = (—c, —1] U [1, ©); 


FIGURE 2.113 


13. Three important identities of inverse trigonometric 
functions are given below 


ce = a - ss (i 
(a) sin'x+cos'x=—(b)  tan''x+cot'x=— 
FIGURE 2.110 2 2 


| (c) sec”! x-+cosec!x=— 
(d) Graph of cot'x,; Domain = R; Range = (0, 7) Z 


y Range of Some Standard Functions: 


Polynomial cot x 
P(x) of odd 
degree 
2 [ea | fees 


Co HUILe 
aces = 


a 
FIGURE 2.111 a 
(c) Graph of sec“, Domain = (», -1] U [I, ©); [0, m] ~ {n/2} 
G [-w2, n/2] — {0} 
ee ie {5} _ seme [EO] | 
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ILLUSTRATION 139: Find the range of the following functions: 


(a) y= soa) (b) y = In@x* — 4x + 5) 
2—sin3x 
SOLUTION: (a) Given Er, - Domain is (—o0 , 00), as2>sin3x VxeR 
sin 
] 
+ —=2-sin3 => sin3x=2-— 
y 
Since —1 < sin 3x < 1 => -l<2--<1l 
] 
=> —-3<-—<-l > yeCo,0]vu [1/3, 0) andy & (0, 1] > ye 1 
y 


Hence, range 1s [1/3, 1] 
(b) Given y =InGx’ —4x+5). For y to be defined 3x? - 4x + 5>0 


4 5 ‘ 
= x -—x+—>0 => (x2) +5 70; which is true for all x 


Domain 1s (—90 , 00). We have to find out the maximum and minimum value of y. 


y is minimum, when 3x? — 4x + 5 is minimum and maximum when it is 3x” — 4x + 5 as 
Inx 1s an increasing function. 


1 
Now, (3x?— 4x + 5), min =— (when x = 23) > y,, =n 


FOr Vaux = (3x?—4x +5) = 00 => Vinx = 


Hence, range = [In (11/3), 0). 


ILLUSTRATION 140: Find the range of the values of x for which the following functions are defined: 


5x-—x? 
(a) F(x) on log. 4A (b) Kx) _ log, log, log in) 
| _. 5X-x" | 
SOLUTION: (a) y is defined if >0> 5x —x?>0 => O<x<5 mn 6)) 
5x—x? 5x—x? (1) 

> £ € 0,5) and loin| — Jeo = —- <(5) => 5x +4>0 

> x<lorx>4 ...(11) 

From (1) and (11), we get x € (0, 1] u [4, 5) 

(b) y is defined if log, log, (x) > 0 => log,,(x) > 2° 

=> log ,,()>1 > x<1/2 


=> Domain = (0, 1/2). 
cee 7 ] 
ILLUSTRATION 141: Find the domain and range of function f(x) =sin za +| {éma)x—Tx1} | + cot (rs) 
ae x 


SOLUTION: Domain of function is (—1, 1) — {0}, because x — [x] = 0 for integral value of x, hence, middle 
term will not be defined. Also [{/}] = 0, whenever fis meaningful. 


: 41 
Value of f(x) = sin” x? + tan (1 +V2 x?) ‘cot ' x = tan" '— when x > 0) 
x 
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ILLUSTRATION 142: 


SOLUTION: 


ILLUSTRATION 143: 


SOLUTION: 


Function is continuous and is even for x € (-1, 1) — {0}. Also f(x) is an (-1, 0) and T on (0, 1) 


Least value of the function will occur when x —> 0 and 1s 7 


And maximum value = lim f(x) =sin ‘1+ tan ‘(1+ /2) = a4 a 
7 
Range of f(x) 1s (=, ™, Domain 1s (—1, 1) — {0}. 
, x-l 
Find the range of f(x) = 
22% 
y= — the domain of function 1s [1, 2) 
If y = fg(x)) where f(x) = Vx (increasing (T) function V x € [0, 00)) 
—1 
And g(x)= 5 (increasing (T) function V x e [1, 2)) 
—x 
Now 1 <x <2 = g(1) < g(x) < g(2) as g(x) is increasing (T) 
=> 0<g{(x) < © applying f 
—1 
=> f(0) <fg(x)) < f(r) > O< <00 => ye [0, 0) 
—x 
1-x 1 
Aliter: =—| —— |=-l+ 
wer nae) 
l<x<2 => 2<-x<-l > 0<2-x<1]1 
=> 1s <a => 0-14 <a => y, € [0, 2) 
=> yey, €[0,0) 
Find the domain and range of the following functions: 
(i) Ax) =3-4sinx (ii) f(x) =———_ 
2—Ssinx 


(ui) f )-—— (iv) f(x)=~2sinx-1 
— tan x 


(1) f(x) = 3 —4 sinx 1s defined for all those real values of x for which sin x is defined 
= Domain of function = R = (-c0, 0) 

Also —1 <sin x < 1 
=> -4<-Asinx <4 >y-1 <3-4sinx <7 
= Range of fx) = [-1, 7] 
Gi) f@)=-— 


2—S5sinx 


; 2 
For f(x) to be defined sinx # re From 


2nn+sin~(2) (2n+1)x—sin~() 


the graph of sin x given below 


: FIGURE 2.114 
we conclude that sinx 4 - 
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=> x#2nn+sin' (=| _ (2n+1)2 -sin" (= nmeZ 


Domain = R ~ {2m +sin' (=), +1)z -sin"' = jm = z| 
Clearly -1 <sinx <1 => -5<-5snx<5 
> -3<2-5snx<7 


2 
But BPI => 2-45sinx e€ [-3, 7] ~ {0} 


meal) Cog}ela) 
— — E| 5 =— | U | — 70 .. Range = | —%,-— |WU|—,o 
2—5sinx 3 7 3 7 


1 
Gi) f(x) = 
V3 —tanx 
For f(x) to be defined V3 — tan x > 0, ie., tanx < V3 


From the graph of tan x given below 


Since tan x 1s periodic with period x 


Thus, tan x < V3 for xe (na — = 2m EZ 


| - ~ 
Thus, domain of f(x) = U (ne eras +4) =D, FIGURE 2.115 


nc 


Also 0 < V3 — tan x < o for re (na —= na +3) for each n € Z and V3 — tan x is 


. A A 
continuous function on | “7 ioe +3 for eachn € Z 


=> (N3-— tan x) € (0, 0) = V3 -—tanx € (0,0) 


1 
> >= =— € (0,%) = Range of f(x) = (0, 1) 
V3 — tan x 
(iv) fx) = V2sinx-1 
] 
For f(x) to be defined 2sin x — 1 >0 => sinx> Fi 


In[0, 27 |, sin x > ae for xe En = . AS sin x 1s periodic function with period 21 


Domain of f(x)= U (ane + Go(an +1) — =) 


ned, 


i irae 
Also ee => 1<2sinx <2 
=> 0<2sinx-1<1 
> 0<2sinx-1<1 .. Range of f(x) = [0, 1] 
ILLUSTRATION 144: Find the domain and range of the following functions 
(1) fx) = x? - 6x + 10 (11) f(x) = x?- 8x + 10 


(111) f(x) = 3x? — 4x? + 7 (iv) f(x) = 3x* + 8x3 — 6x? - 24x + 7 
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SOLUTION: (i) f(x) being a polynomial function, has domain = R = (-o0, 0) 


Now f(x) = x?- 6x + 10 = x*?-6x+9+1 
=(x-3¥%+12>1VxeER 
Also f(x) being a polynomial function 1s a continuous function and as x tends to infinity, 


6 10 
f(=x ( ——+ = tends to (00)?(1 —0 + 0) = oo, thus, f(x) would attain each and every 
x x 


real number from 1 onwards (intermediate value theorem). 
Thus, range of f(x) = [1, 9) 


(11) Aix) = x?- 8x + 10 


Clearly domain = R and f(x) = x?- 8x + 10 = x?-8&x + 16-16+ 10=(x-4yY-62>-6 
Range of f(x) = [-6, 2) 


Alternatively by theory of quadratic equations we know that range of a quadratic 


—D —(64-40 
polynomial is given by =~] -| ( ; 0 =[-6,00) 
a 


(a1) f(x) = 3x’ — 4x? + 7 


Domain = R 


Also f(x) being an odd degree polynomial, has its range R, as f(x) is continuous having 
minimum and maximum values approaching to —oo and 00, respectively. 


(iv) f(x) = 3x* + 8x3 — 6x? — 24x + 7 


Clearly domain = R and x —- +0, f(x) > o. ar. ae 4 oF 
The minimum value of f(x), would exist at one of 

the stationary points (where /'(x) = 0) 

Now, /'(x) = 12x3 + 24x? — 12x — 24 = 12(¢- 1) (« + 1) & + 2) 
f'w~)=0 > x=-1,1,-2 


By sign scheme, 


FIGURE 2.116 


fix) 1s decreasing on interval (—co, —2), (—1, 1) and increasing on 
intervals (—2, —1) and (1, 0) 


Thus, the graph of fx) would be of the form as shown below. 


Thus, f(x) has its minimum value at x = —2 or atx = 1 -o -2 -1 1 *” 


Now f(-2) = 3(-2)* + 8(-2)? — 6-2)? — 24-2) +7 = 15 FIGURE 2.117 


And f(1) = 3(1)* + 8(1)? — 6(1)? - 2441) +7 =-12 => Range 
of f(x) will be = [—12, 00) 


ILLUSTRATION 145: If [2 cos x] + [sin x] = — 3, then find the range of the function, fx) = sin x + V3 cos x in 


[0, 2 x]. (where [.] denotes greatest integer function) 


SOLUTION: [2 cos x] + [sin x] =-3 


1 
=> FONE and-l<snx<0 > re( 7“) and x € (1, 21) > e( x.) 


Now, —2 <2 cosx <2 > [2 cosx] e€ {-2,-1, 0, 1,2} and—1 <sinx< 1 = [sinx] € {-1,0, 1} 


Now, equation holds true for [2 cos x] = —2 and [sin x] = —1 


2x 4x An 


3°3 


ILLUSTRATION 146: 


SOLUTION: 


ILLUSTRATION 147: 


SOLUTION: 


ILLUSTRATION 148: 


SOLUTION: 
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=> fx) =sinx + v3 cosx y 


=> f(x) = 2sin( x42 


a 
Se mn eRe 
- ~ 
” 
< Ss, 
“ bp: 
s 


N epee 0 : oS, 
ow, — —<— | 
? 3 3 3 W310 Eran nner een eon aan REM OR. atop eenmre etre 
_( \, “3 
he sin( 2+) ee FIGURE 2.118 


> —2< 2sin{ x47] < 3. Hence, range 1s | -2, -3) 


A function fis defined as f(x) = x3 — 5x2 + 15x + sin” =| , then (/_ —/,,,) 1S given by 
(a) 40 (b) x — 40 
(c) 76+ (d) None of these 
, 1 1 
f(x) = 3x* -10x+15+— >0 
a>0 2 x 
D<0 1- 7 


=> f(x) 1s monotonically increasing in its domain [—2, 2] 


Z _ a) _ a\_- 1164+ 
ES fag =f-2) = -8- 5(8) +1562) + [ ) (58+) ; 
3642 


and f= f(2) = 8-20 +30 + 5 = 18+7 = => f —-f,=T6+% 


The range of f(x) = |sin x|? + 2|sin x| — |cos x| is given by 
(c) [-1, 3] (d) None of these 
f(x) 1s periodic with period x 


sin? x+2sinx—cosx; for xe 0,5 
=> f(*)= 7 
sin’ x+2sinx+cosx for reo 
a 
=> fx) 1s increasing in the interval [0, 2/2] and decreasing in ad 


Thus, if O<x<— 


> 0) < fix) < #(%) > f(x)e[-13] 


No 


and if [<x<a => fin) <f&%)< (%) => fe [-1,3] 


= Range of fis [-1, 3] 
tan’ 0 -4tanO-2 


—->—.— , for all permissible values of 0. 
tan” 0 —2tan@—5 


Find the range of the expression 


Let x = tan0, where x € R for all permissible values of 0. 
_ x’ -4x-2 


= => x’*y—2xy —5y=x7?-4x-2 
os *y — dxy — Sy 
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ILLUSTRATION 149: 


SOLUTION: 


ILLUSTRATION 150: 


SOLUTION: 


ILLUSTRATION 151: 


SOLUTION: 


=> (y— 1)? + 2x(2-y) + 2-5y=0 asx e R, hence, D>0 

=> 42-y)-49-1) 2-5y) 20 => 4(4+y*-4y)-4C-5yY + Jy — 2) >0 

=> 24y’?- 44y + 24>0 => 6y—-lly+620 Stl) 
Since, coefficient of y? > 0 and D = 121 —- 144 <0 


Hence, (1) is true for every real value of y. Therefore range of y is (co , 0) = R. 


(cot? 6 +3)(cot” 6 +8) 


Find th f the functi 0) = 
ind the range of the function ((8) co 04] 


for all permissible values of 0. 


Let x = cot?8 + 1; where x € [1, 00) for all permissible values of 0. 


Then f(e)- 22 *D - 14 


x+9+ 
= (sy +{ [) +9 = (5) +{ [#) +2via-9-avi 7 af) +9208 
= Range of f(0)=|9+2y14, 00), 


Find the range of the following functions: 


2x7 +1 . ; 
oe Gi) 960) = log (2 — log (4 cos*e + 1) 


(i) f(x)= cos 


i) Given 69 =o! AE] 


+] 
2 4 2 
= in| ey = in| Se (2 ?} 
x x +x 
2 
Now ae “ay mdtt121 > SoeGll > 1-35 eI0) 
ee ie 4 1 1 A 
=> ossin'{ <5 => velo, => Therangeot (x) =| 0, 


(ii) Given g(x) = log,(2 — log,,(4 cos’x + 1)) 
Now for g(x) to be well defined, 2 — log (4 cos’*x + 1) > 0 and 4 cos’*x + 1>0 


The second inequality is true for all x € R. 


=> g(x) 1s well defined for 4 cos’*x + 1<2,1¢,1<4cosx+1<2 
=> 0<log,(4 cos’x + 1) <2 => -2<-—log,(4 cos’ + 1) <0 
=> 0<2-log,(4 cosx +1) <2 => -0 < g(x) <log,2 
=> g(x) € xs, 1] => Range of g(x) 1s (-«, 1]. 
1 
Find the range of the function f(x)=sin' x* + In ./x —[x] | + cot” 5} where 
g f() vee 
{.} and |[.] are fractional part function and greatest integer function, respectively. 
sin ‘x* is defined for x* € [-1, 1] => x* € [0, 1] => x € [-l, 1] 
1 
And cot * (—s is defined V x € R, but In./x—[x] = In./{x} is not defined for {x} =0 
+V¥ 3X 


1e.,x=-1,0, 1 .. Domain of given function 1s (-1, 1) ~ {0} 


Now {In x—[x]} | = 0, since [{k}] = 0 whenever k is defined 


fix) = sin 'x* + cot”| 


1 
| 


>x € Cl, 1) ~ {0} 
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ard 
or f(x) =sin'x*+ tan” (2 +4/3x’) (.’ cot’ —=tan™" x for x > 0) 
x 


Further sinx‘ and tan“"(2 + ¥3 x?) are even continuous and decreases for x € (—1, 0) and 


increasing for x € (0, 1). 
Thus, f(x)_.. > £(0) = sin‘O + tan“2 = tan'2 


and f(x)__. > A41) = sin™] + tan“(2 + V3) = Bae 


11 
The range of f(x) is (tan 2. a) or (tan 2, tan 1(2+ V3 )) 


ILLUSTRATION 152: Find the range of the function f(x) = COS” F + Ay? 
x 


SOLUTION: Clearly >0 Vxe R and asx > +00, 


144,2 1+4x” 
6 


Reg 
9 14 4x? 


is continuous Vxe R 


6 


By extreme value theorem ——, 
1+4x 


-1 
=cos | ———~ 
consequently, A(x) F + 4x2 


Range of f(x) = 0,5) 


Note the function would not be defined for those values of x for which 


ILLUSTRATION 153: Find the domain and range of definition of the function {(x) = ee ae 
x -x +x°- 


] 


SOLUTION: Given function is f(x) =——,—,-— 
x =e 4x =1 
1 


1 


Vi+x° V1+x° er V1+x° 


~=1 for x =0 


1+ 4x! 


8 —Dtle D-DD OP Dt DO? —-x+) 


Therefore domain of f(x) = R ~ {-1, l} asx?-x+1>0VxeER 


Also range of x° — x3 + x? — 1 1s (-00, 00), therefore range = (—c0, 00) ~ {0} 


7 f V4—x 
ILLUSTRATION 154: If /(x)= in| i ad 


SOLUTION: (x) is defined for 


Now, /(x)= inl i-z 


V4-x? 
] 


, then find the domain and range of f{x) 


1+x 
1+4x' 


would attain each real number belonging to (0, 1], 


6 
exceeds 1. 


>0 >1-x>0;4-x°>0 > x<1;X<4>5xe€0C2,1) 
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TEXTUAL EXERCISE-10: (SUBJECTIVE) 


1. 


Find the domain of the following rational functions 
and find the maximum/minimum value and range of 


these functions: 
(a) Vx? +4 


l 
(0) (x-1)(x-5) 
(c) Vx+8 oe 


x +4 


2. fix) =**'C,, and g(x) = **C_,, and h(x) = f(x) . g(x), 


then find the domain range of h(x). 


. Find the range of definition of the following functions: 


(a) f(x) = 4tanx cosx 
(c) fix) = sin(dlog,x) 


(b) f(x) = cos(2sin x) 


. Find the range of definition of following functions. 


(a) fox) = [tx$] or {Le]} 
_ tan(z[x-z]) 
a Tse 


(c) f(x) = cos2x — sin 2x 
(d) f(x)=cot’ [+ — =) 


. Find the range of definition of following functions. 


ei el 
(a) f(x)=sin eh + 


ehh < SF 
0) so)=cos'(-24,) 


() f(x)=cos" (He) 
2x 

(d) fx) = tan! (1 + x’) 

(ec) fix) = log,(3 + 5 sin x) 


re ees 
(f) J (x) = tan 1+ x 


. Find the range of the following functions: 


(a) f(x) = In(S5x? — 8x + 4) 
(b) Ax) = cot™ (log, (Sx? — 8x + 4)) 
(c) Ax) = cot" log, (Sx* — 8x + 4) 


. Find the range of the following functions: 


ee el 
x+x4+1 


(a) f(x)= (b) faz 
NX 


. Find the domain and range of the function: 


f(x) =sin '[x7] +) {na)e—Dx]} | + cot! [—] 


. Find the range of the following functions: 


(i) Vx-1 Gi) V¥x-2 
Gi) ¥(x-D(x-4) (av) 


x—1)(x—2)(x—3) 
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ee | 1 (iv) log, log, log ,, (tanx)” 
Faas SY eed ‘ x is 
x +2x-3 XM 42x43 I-|x| 
(vu) ——— (vill) —————— 
x i. 12. Find the lower upper bound and greatest lower bound 
xX . 
ee tree i a Se in each case: 
ce as ee, @) 2x 
(xi) sin’x— 5 sinx—6 (xii) “P_, O 2a 
10. Find the range of the following functions: (ii) =! 
(i) log (3x? - 4x + 5) Gi) cot (x? - 4x + 5) x +1 
es z 2 x a X°=-3x44 
(11) cot"! (2x — x”) (iv) ee (iii) Oey 
1 = Ar_ x l 
(v) cos ([x]z) (v1) f(x) = 4*-2* +1 Gos —s 6 2ee4 
11. Find the domain of definition of the following given a 
function ' (v) s= Os l 
=X 
w) (| x |-1])(cos™' (2x +1)) tan 3x (vi) s={V1—-x? : |x|s ¥3/23 
(11) log [1 — log(x? — 4x + 5)] 3x41 
+e 5) 1 = : —1|<2 
(iii) log, log, , log, (x? — 4x + 3) (vi) 5 a |x—1| 
Answer Keys 
1. (a) Domain R, Minimum = 4, Maximum —> o, Range = [4, 0) 


(b) Domain R ~ £1, 5), Minimum = —4, Maximum —> o, Range = [-«0, —1/4) U (0, «) 
(c) Domain R, Minimum = > -—cc, Maximum —> o, Range = R 


l 
(d) Domain R, Minimum = —> 0, Maximum ar Range = OG 


- Domain of h(x)= {9} and range of h(x) = {1} 
. (a) (-4, 4) (b) [cos 2, 1] (c) [-l, 1] 
. (a) {0} (b) {0} (c) [-V2,V2] (d) [0, «) 
. (a) 2.2) (b) [0,7] (c) {0,7} (d) 42) (e) (~», 3] 
HT 
HF 
. (a) [In4, 00) (b) [cot og, 4), a] (c) (0,cot™ (log,,, 4) | 
Ce ao) ee ee eee sayfiees . 
. (a) [1/3, 3]; LO aay IOs Sf(-D=3; (b) Range = (0, 0) vu [e, 2)] 


l 
Domain = R, Range = |. 3 


FIGURE 2.119 FIGURE 2.120 
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x 12 ef 
8. Range: (= ; 7 Domain is (-1, 1) — {0} 
l —2 
9. (4) [0, 0) (ui) R (iii) [0, 0) (iv) (« 9)~ £0} (v) R~ {0.-5| (vi) R~ nf 
l l 
(vii)R — {1,2} (viii) (0, 2 — 2V3] U [2V3, «) (ix) es pe (x) [2, 2V2] 
(xi) [-10, 0] (xi) {24, 6, 1}. 
11 as 1 vine (CAE . 
10. (i) og (=), *) ,DER (ii) (0,5 (iii) =] (iv) Cl, 1) (v) {-1, 1} 
wi) F 2) 
vl) |-, 
4 
11. G) 1.0)-}-2} (i) (-1, 5) Gait) (0,2—V2)U(2 [2,4) (iv) (0, 1) (v) (~~, -1) vu [0, 1) 
12. (1) min: -1 , max: 1 (i) min: -1, max: ds not exist, /.u.b. = 1 
(ii) min: 1/7 , max : 7 (iv) Lu.b=1/8, g.1b. 1/38 (v) both /u.b. and g./.b. does not exist 
(vi) gb. = 0, lub. = 1 (vil) Lu.b. = 10/9, ¢g. =-2 
TEXTUAL EXERCISE-10: (OBJECTIVE) 
1. Range of the function y = [x] is 5 
b [0,VA +B | 
(a) N ) W - 
(c) Z (d) None of these (c) [A, B] 
2x-1 
2. Range of the function 7 : is ena ances 2 
(a) R by R-{1} 8. The range of the function y= ee 1s 
(c) (0, 0) (d) None of these (a) [O, 1) (b) [1, 1] 
xt (c) [0, 1] (d) None of these 
3. Range of the function ai 1 
x = 
iii (b) (0, 1] 9. The range of the function y= ae 1S 
(c) [—1, O] (d) None of these (a) (1/3, 1) (b) [1/3, 1) 
g) c) [1/3, 1 d) None of these 
4. Range of the function aa 1S et o 
1+x 10. The minimum and maximum values of the expression 
(a) [9, 1] (Oy. jbl) x? +x + | are given by 
(c) [-2, 2] (d) None of these (a) min: 3/4, max : © 
ee al b) min: — 3/4, max : « 
5. Range of the function clasts 1S ©) = 
r4+x4+1 (c) max = 3/4, min > 
(a) [0, 3] (b) [-3, 3] (d) None of these 
(c) [1/3, 3] (d) None of these 11. The minimum and maximum values of the 
. 1 expression x” — 4x + 5 are given by 
6. The range of the function Dad (a) min = -1, max > o 
(a) (—4, «) (b) (—o0, —4) U (0, «) (b) bounded function 
(c) (—o, —-4 ] U (0, 0) (d) None of these (c) min: 1, max : © 
7. The range of the function A sinx + B cosx pn elles 


12. The minimum and maximum values of the expression 
| 2 2 | 2 z 
(a) - A+B NA +B ax? + bx + c, a> 0 are given by 


13. 


14. 


15. 


16. 


17. 


2 


(a) min: , max: © 


3 
(b) min: a max : 0 
(c) min: 1, max : 
(d) None of these 


The minimum and maximum values of the expression 
2 — 3x —x’ are given by 

(b) min: — 0 , max :17/4 

(d) None of these 


The minimum and maximum values of the function 


(a) min: , max : 0 
(c) min: 1, max: 


x’ -] tie 
are given 


(a) min: —1 , max: 1 

(b) min: — 0 , max :1 

(c) min: —1 , max: tends to 1 

(d) None of these 

The minimum and maximum values of the function 
x’ -3x+4 
x°+3x+4 
(a) min: —1, max : 3 

(b) min: 1/7, max : 7 

(c) min: —7, max : tends to 1 
(d) None of these 


The /.u.b. and gb. of the function y= 


are given by 


te 
—6 <x < 4 are given by a 
] ] 
lub. =—,g1.b.= = 
Oca 5 
(b) /.u.b Lb 
ub, = —, g¢.l.b.= — 
ron Se 
(c) lu.b Lb 
c) lu.b. = —,g¢1.b.=— 
gg eG 
(d) None of these 
The /.u.b. and g./.6 of the function i = 0; 


x # | are given by 

(a) lu.b. = 3, ¢.1b.=1 

(b) Lu.b. = 3, g.1.b. does not exist 

(c) both /u.b. and g./.b. does not exist 
(d) None of these 


Answer Keys 
1. (c) 2. (b) 3. (a) 4. (b) 5. (c) 
11. (c) 12. (a) 13. (b) 14. (a) 15. (b) 
21. (b) 22. (c) 23. (c) 24. (b) 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Functions < 2.139 


If |x — 5| < 1, then the range of 


(a) (2/7, 3/8) (b) [7/2, 8/3] 
(c) [2/7, 3/8] (d) None of these 


If e =y+Jl+y’, then y is 


x. 
is 
x+10 


(a) e* + e* (b) e*—e~* 
e-e* e+e 
d 
CC) 5 (d) 5 
If f(x) 1s defined on [0, 1] by the rule 
x: if xisrational 
f(x)= bon ba ats weds , then for all x € [0, 1], 
l-—x, if xisirrational 
Ff x)) 1s equal to 
(a) Constant (b) 1 +x 
(c) x (d) None of these 
The range of the function y= —— iS 
1+x 


w [ud 
o[3e 


The range of functions 


1 | 
© [5 


(d) None of these 


———— is 
x(x -—1)(x - 2) 


(a) R (b) (0, 00) 
(c) R— £0} (d) None of these 
The range of function log (e*— x) 1s 
(a) R (b) (—00, 0) 
(c) [0, 0) (d) None of these 
2 
The range of functions 7 7 As 
1+x 
(a) (, 1) (b) [0, 1) 
(c) (0, 0) (d) None of these 


Which of the following functions are defined for all x? 
(a) sin[x] + cos [x] ([x]denotes greatest integer < x) 
(b) sec(1 + sin?x) 


(c) tan (log x) 


(d) = +05 x+cos 2x 
26. The range of the function sin’x — 5 sinx — 6 is 
(a) [-10, 0] Oa 
(c) [0, x ] (d) [-49/4, 0] 
6. (c) 7. (a) 8. (a) 9. (c) 10. (a) 
16. (b) 17. (c) 18. (a) 19. (c) 20. (c) 


25. (a,b,d) 26. (a) 
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‘CLASSIFICATION OF FUNCTIONS 


Based on their specific properties, functions can be classi- 
fied in following ways 


(1) One—one/many—one functions 
(11) 
(111) 
(iv) 
(v) 
(v) 
(v) 


Onto/Into functions 

One-one and onto (Byective) functions 
Composite functions 
Invertible/Non-invertible functions 
Even/Odd/Neither even nor odd functions 
Periodic/Non-periodic functions 


SONE-ONE/MANY-ONE FUNCTIONS 


One-one (Injective) Function 


f:.X — Y 1s called injective, when different elements in 
set X are related with different elements of set Y, 1.e., no 
two elements of domain have same image in co-domain. In 


other words, we can also say that no element of co-domain 
is related with two or more elements of domain. Consider 
the following mapping: 


X yx) Y 
FIGURE 2.121 


Clearly it is one-one because each element x,in X is 
associated with a distinct element y,in Y. 

e.g.,f: R — R such that f(x) = x? + x, fx) = 2*-2~. 

Kx) = mx + c, fix) = a*,a> 0 and a # 1; fix) = log x, 
a#1,a> 0 are injective function. 


ILLUSTRATION 156: Let A = {1, 2, 3, 4}; B = {1, 2, 3, 4, 5, 6} and f A > B be a function defined by 
fix) =x + 2 for all x € A. Is it one-one? 


SOLUTION: Using the analytical formula f(x) = x + 2, we get f(1) = 3, f(2) = 4, f(3) =5, f(4) = 6. There- 


fore the function as a set of ordered pair is obtained as f= {(1, 3), (2, 4), G, 5). (4, 6)}. It is 
clear that different elements in A have different images under function f So, f: A > B is an 


injection. 


MANY-ONE FUNCTIONS 


jf: X — Yismany-one, when there exist at least two elements 
in the domain set _X which are related with same element of 
co-domain Y. For example consider a mapping. 


X y=tx) Y 
FIGURE 2.122 


Clearly it is amany—one mapping as f(x,) =f (x,) =y, 
whereas x, and x, are distinct elements. 


e.g., f: R > R given by sin x, cos x, tan x, x? + 2x, 
De oe 


‘METHOD OF TESTING FOR INJECTIVITY 


To test a given function for injectivity, we assume 
two different elements x, and x, in domain X and their 
corresponding images f(x,) and f(x,) in co-domain Y. Thus, 
we have to prove that for distinct pre-images x, and x, their 
images f(x,) and fx,) remain different. We apply this feature 
to develop condition for injectivity in different ways. 


(a) Analytical Method: A function /:X > IY 1s injective 
(one-one) iff whenever two images are equal then it 
means that they are outputs of same pre-image. 1.e., 
KX) = f\x,) x, =x, V x,,x, € X. Or by using contra- 
positive of the above condition, 1.e., x, # x, f(x,) # 
Jes) Vee eX. 


NOTES 
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1. /f f(x) isnot one-one, then it is many-one function .If we go according to definition consider f(x.) = f(x). 


=> x isnot necessarily equal to x.,, 


i.e., If two f-images are equal, then their pre-images may or may not be equal. 


2. To test injectivity of f(x), consider f(x.) = f(x.) and solve the equation and get x, in terms of x, .If xX, =xX,Is only 
solution, then function f is injective, but if other real solutions also exist, then fis many-one function. 


ILLUSTRATION 157: 


SOLUTION: 


ILLUSTRATION 158: 


SOLUTION: 


ILLUSTRATION 159: 


SOLUTION: 


Show that the function f: Z > Z defined by f(x) = x? + x V x € Z, is many-one function. 


Let x,,x, € Z such that f(x,) =/(x,), then f(x,) =/(x,) 

Se ey ae => (72x) > Gx) = 0 

=> (x,-x,) @+x,+1)=0 > xX, =x,orx, +x,+1=0 
Since, f (x,) = f (x,) does not provide a unique solution x, = x, but it also provides 
x, = —x,—1, this means there may arise a situation when x, # x,, but f(x.) = f(x,). 

To verify the second situation, let us analyses the function further. 


1) 3 2x +1)? +3 
Ax) =x +x = (++) arr => fx) = ar eee 
it 1s very evident from above that f(x) generates same output for 2x + 1 =a or -a; where 


aeER 
a -l a 
1.e., for x =——-—— or —+-—. For instance when a = 1, we get x = -1 or 0. 
2. 2 Zz. 2 
Clearly (0) = (1) = 1. Thus, for two distinct inputs f(x) generates same output. Hence, 
fis many-one function. Also one can make out from the above discussion that infinitely 


many such pairs of integer inputs are possible by choosing o from set {(27 + 1);n € Z). 


Test whether /(x) = eis an injective function or not. 
Consider f(x,) =f(x,) > e*% =e = Ixf6+5=24+5 > x-21G=0 
> (x, —x,)(x7 +x, +x2)=0 C. x’ +x,x,+x,'2 4) 

Consequently the only real solution 1s x, = x, . Therefore, fis one-one function. 


Test the following functions for injectivity: 


(a) f(x)= 


2 2 
X= 2 24=3 ax 
————_ x)= x)= 
2osz76 ©) IMF Ag © I@)=T3 
x’-x-2 — (x+)(x-2) _ x41 
x’ -5x+6 (x-2)(x-3) x-3° 
This 1s clearly a rational linear fractional function and we know that it is an injective 
function. 


—] 
Ti cate 


(a) Given function f(x) = #23 


2x-—3 
2x+3 


24-3) _1 225 
fx) ~ fe) > (Pi9) 


Applying componendo and dividendo, we get 


(b) Given f(x) = 


4x, 4x, 2 
a 6 1 2" 
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(b) Graphical Method: 


For one-one: If every line parallel to x-axis, y =k ER ; 
cuts the graph of function exactly once, then the function 
is ONe—one or injective. 


y 


FIGURE 2.123 


For Many-one: If there exists a line parallel to 
x-axis which cuts the graph of function at least twice, 
then the function is many-one. 


y 


y=f(x) 
(a,,Y4) 


FIGURE 2.124 


(c) Method of Monotonicity: The concept of 


monotonicity can be used to determine the injectivity 
of function conveniently for continuous functions. 
For discontinuous functions the study of monotonic 
behavior of function in the interval concerned 
helps to decide the injectivity / non-injectivity of 
function. 


For one-one: If a function f(x) 1s continuous and 
monotonic on an interval /, then it is always one-one 
on interval / because any straight line parallel to x-axis 
y =k € / intersects the graph of such functions exactly 
once. 


FIGURE 2.126 


F(x) = 0; f(x) = 0 occurs only at isolated points or 


X, > xX, => f(X%,) > f(%) 


Functions < 2.143 


FIGURE 2.127 


f(x) < 0; f'() = 0 occurs only at isolated points or 
X, >X, > f(%,)< f(%) 
For many-one: 


Ga) If a function is continuous and non-monotonic on 
interval J, then it must be many—one on interval J. 


y 


y=f(x) 


FIGURE 2.128 
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(11) 


(iii) 


If a function is discontinuous and monotonic on interval 
I, then it can be one-one or many—one on /. Because after 
getting disconnected if the values of function drops down 
and again increases as shown in the figure below, then 
function becomes many-—one on J. In case of jump in the 
value, function may remain injection on /. 


many-one discontinuous 
and monotonic 


FIGURE 2.129 


x 
O/Yone-one, discontinuous 


and monotonic 


FIGURE 2.130 


e.g., y = tanx1s continuous and monotonic on (—1/2,7/2). 
y = tan x 1s injective on (—n/2,1/2); whereas y = tan x 
is discontinuous and monotonic on (0, 7) and 1s one— 
one in (0, 2) but is many—one in(O, 27) . 

Even functions and periodic functions are always 
many—one in their natural domains. Whereas they are 
one-one in their principal domain. They can be made 
one-one by restricting the domain. e.g., cos x is 


many—one on R but is one-one on [0, x] or 0.) 


Similarly, fractional part function {x} 1s periodic 
function with period 1. It is many—one on R but 
one-one on [n, n + 1) for each integer n. 


x ae 


€ 


io 
SOLUTION: Given /(x)=——— 
e +é 


=> f'(x)= 


(iv) 


(v) 


(v1) 


ILLUSTRATION 162: If the function f: R — R is defined by f(x) = eo 
a +2 


(e+e *) =(e" =e *Y 7 4 


If a function is discontinuous and non-monotonic on an 
interval J, then it can be one—one or many—one on J. It 
can be understood well by the graph shown below. 


many-one, discontinuous 
and non-monotonic 


FIGURE 2.131 


one-one, 
discontinuous 
and non-monotonic 


FIGURE 2.132 


All polynomials of even degree defined in R have 
at least one local maxima or minima and hence, are 
many—one in the domain R. Polynomials of odd de- 
gree can be one-one or many—one in R. 

e.g., fx) = x° + 1 is one-one in R as f'(x) = 3x” => 0 
and f'(x) = 0 only at one isolated point x = 0; whereas 
fix) = x° + 4x* + x — 6 is many-one in R as 
f(x) = 3x? + 8x + 1 which changes its sign in R. 
1.e., f(x) is continuous and non-monotonic in R. 

If fis a rational function, then f(x,) = f(x,) will always 
be satisfied when x, = x, in the domain. 

Hence, we can write f(x,) — fx,) = &, — x,).g(%,, x,); 
where g(x,, x,) 1s some function in x, and x.,. 

Now if g(x,, x,) = 0 gives some solution which is 
different from x, = x, and lies in the domain, then fis 
many—one else one-one. 


ote mee nce: 
then find whether f(x) is injective or not. 


—y 2 


520 VxeR. 


("+e") e+ey 


Thus, f(x) is strictly increasing and continuous function, consequently f(x) is an injective function. 
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ILLUSTRATION 163: Find the set of all real values of parameter ¢ for which the function f R — R defined as 
fix) = 3 sin x — 4% + 51s an injective function 


SOLUTION: A continuous function f(x) to be one-one it should be either monotonically increasing 
(f'(x) = 0) or monotonically decreasing (/'(x) < 0) in its entire domain. 


Clearly our function is continuous and /'(x) = 3cosx — 4f, thus, for one-one either 
fi®20VxeRorfii~<0VxeER 


Case (i): f(x)>OVxeER 
=> f(x)=3cosx—4t>0VxeER 


3 
> ar eae VxeR D> <2 Vxe Ras -7< 0083 ™ feE (—,-3 


Case (ii): f'(x)=3 cosxx—44<OVxeER 
3 3 3 3 3 
=> t2-cosx > t2—-— s —cosxs— => fte|—,n 
4 4 4 4 4 


Concluding the outcome of both the above cases, we conclude that fto be one—one function 


Greate 
te| —oo,— |W] —,o0 
4A 4 
ILLUSTRATION 164: Test whether the following functions are injective or not: 


(a) f(x)= 


2sinx —5 alog x’ —2 
——— b x -_- _ -___: : > 0 
2sinx+5 (b) SO) alogx’ +2’ ee) 


2sinx —5 


SOLUTION: (a) Given function is f(x) =— 
2sinx+5 


Ff (%) = FQ) 
2sinx,—-5)_{ 2sinx,—5 
pe = 7 ine = 
Applying componendo and dividendo, we get 
—4sinx, —4sinx, 
10 ~=—s«<100 


But we know that sin x is periodic function, and hence, is many—one function. Thus, 
sin x, = sin x, would occur at infinitely many pairs (x,, x,) such that x, # x,. Hence, 
f(x) 1s many—one function. 


Ssinx, oo sinx, 


alogx’ —2 
(b) Given IO) = oetad (a, x > 0) 
alogx?-2) { alogx, —2 
X= Xx. a | 
Fa)=I0a) = Gao Geers 


—alog a _ -alog x; 
4 4 


But log x is a monotonic and continuous function on (0, 9), thus, log x is one—one 
function on (0, 0). 


Applying componendo and dividendo, we get => log x = log x; 


; ae _ = 
=> xP=x2 > (x, +x) (x,-x,)=0 
=> xX, =x, orx, =-x, butx,x,>0 => x #xX, => xX, =x, 


=> fx) 1s one-one function. 
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(d) Hit and Trial Method to Test Many—One Functions: 


Many a times by keen observation it is possible to find 
an element in the range of function which is f image 
of two or more than two elements in the domain of 
function thus, concluding the fact that the function 
being investigated is many—one function. 

x°-—Axt+ 
x +4x+5 
function since it vanishes at two different values of 
input x, 1.e., x = 1, 3 (given by roots of x” - 4x + 3 =0). 
But it is not necessary that to be many-—one the 
numerator must have distinct real roots. Especially for 
those cases when numerator 1s non-vanishing we may 
proceed as illustrated below. 


For instance f(x) = is clearly amany—one 


Let us try f(x) = a) (where o is some fixed real num- 
ber such that f(a) is simple fraction, say a = 0). 


2 

x -4x+3 3 
.e., x) = fO -> = 
Le, Ax) = FO) Liens 5 
=> 5x*?-20x + 15 = 3x?+12x+ 15 


2x(x —16) = 0 
f(0) = f(16) == 


=> 2x*- 32x =0 => 


=> x=0,16 => 


Hence, f(x) 1s many—one function while carrying 
out the above process it should be kept in 
mind that it is hit and trial method and may 
fail to hit the questions rightly, for instance 


x* -3x+4 
id x) =————— 
consider f(x) eee 
*-3x+4 
Solving fix) = (0), we get ca 


43x44 — 


6x = O1e.,x =0 
Thus, we can’t arrive at any conclusion from the 
result, so fmay or may not be many—one, to decide 
either we go by other method or try for some dif- 
ferent real output of function say 
x°-3x+4 1 

Let =fal > > EE 

=I) x°4+3x+4 4 
Ax? - 12x + 16=x°+3x+4 
3x? — 15x + 12 =O1e., x? — 5x + 4 = 0 (which 
has D > 0) 


x= 1,4 


Thus, (1) = f(4) = 1/4, and thus, fis many—one. 
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- Denominator is non-vanishing and perfect square, thus, always positive, whereas 
determinant of numerator = D = 36 > 0, thus, has two real roots. 


f'®)= 2(x —5)(x +1) 7 ne for x € (—00,-1) U (5,0) 


(x7+x+8) — |negative for x €(-1,5) 


Due to change 1n sign of derivative f(x) 1s clearly continuous but non-monotonic function, 
so it 1s non-injective function. 


Method 3: Using hit and trial: 
Let Ax) = 0) 
7-x+12 3 
nea > 28 2x = 3x2 43x > 24+5e=0 > x=0or-5 
x+x+8 2 
So, for distinct inputs O and —5; f0) = f—-5) = 3/2. Thus, fx) 1s many—one function. 


ILLUSTRATION 166: Test the injectivity of the following functions 


(a) fx) = e* + e* (b) f(x) = e*-e* 
SOLUTION: (a) Analytical method: Consider f(x,) = f(x.) = e" +e" =e" +e” 
1 1 e" —e” 1 
PD, ns gg es a a a = as a a = 
see Seve eg ght a (e - ent? =0 > (e 4 I as) -0 
=> @'=e"oret” =] => x,=x,orx, +x, =0 


Clearly x, = x,1s not the only solution, x, = —x, 1s also solution. Thus, fis many—one 
function. The above analysis—also shows that f(x) takes same values for x and —x, thus, 
being an even function, it is many—one function. Consequently, we conclude that if f(x) 
is defined as f: [0, 0) — R; f(x) = e* + e*, it becomes an injective function. 


Method of monotonicity: 


Ky =F@te*=> ff) =4¢-e*= — 


a ae 
e 


—ve if x<0 


= fx)1s monotonically decreasing in (—c0,0) and increas- y 
ing in (0,00), thus, has non-monotonic nature with 
minima at x = O, also f(x) 1s continuous function. 
Consequently f(x) 1s non-injective function. 
Graphically: (0) =2 
Graph of f(x) is symmetric about y-axis and lines y 
= k;k>2, cut the curve twice showing that function 
is many—one. It 1s also evident from the graph that K 
restricting the domain of function either to (—co, 0] on 
[0, 00) converts it to an injective function. 

(b) Analytical method: Consider f(x,) = /(x,) 

> e"-e"*=e7-e” 


(0,2) 


FIGURE 2.133 


ee ft l (e" —e” 
> @i-et=e%-e* D e'-e°=—— => (e* —e” )+ ~~ =0 


e” e” e” +Xq 


1 +x, . . 
= (e* -e1+ st) =0 => e" =e" ore"? =—]1 (impossible) ase7>OVxeE R 


+ 
e1'% 


=> x,=x,. Clearly x, = x,1s the only solution. Thus, fis one-one, 1.¢., injective. 
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Method of monotonicity: f(x) = e*—e~* 


l 
=> f(x=ert+e*%=e'+ —>0 VxeEeR = fo) i1sstrictly increasing on R. 
e 


Also f(x) being the difference of two exponential functions is continuous on R. 
Hence, f(x) is injective on R. 
Graphically: f(x) = e*—e™~*;, f0) =0 
fx)=e-e* 20 Ge*-1209 e < 
-l ore’ > 1a e e[l, ») —& [0, ow) and 
fix) < 0 for x € (-c0, 0]. Also f{-x) = e*— e* 
— = 
=> f(x) 1s symmetric about ongin 
Moreover, as x increases e* also increases, 
where as e~* decreases 
e* — e* goes on Increasing as x increases. 


Thus, f(x) increases with x as shown in Fig- 


ure 2.134. Clearly f(x) is injective. FIGURE 2.134 


TEXTUAL EXERCISE-11: (SUBJECTIVE) 


1. Find whether the functions defined below are injective (d) If f(x) 1s continuous and strictly increasing func- 
or not? tion and range of fis a subset of [0, 1), then {f(x)} 
(i) fix) = 5x—4 is injective function. 
(ii) fx) = x — (1/x) (e) If fis continuous and strictly increasing function 
(iii) f(x) = x?- 6x +15; (« <3) and range of fis superset of [0, 1], then {/(x)} 1s 
2 many—one function. 
(x° +1) . . 
(iv) fix) = Oy” (x > 0) 3. Given a set A = £{1,2,3,4,5,6}. Prove that there 1s 


no injective functions f A — A possible such that 


(v) Aix) = 2° + 40x" + 2; for x € [0,00) a + fla) is a perfect square for every a € A. Does 


=] 
(vi) fix) = >x eR -— {-2} the above statement holds good if set A 1s replaced 
7 x+2 . by B not containing element 1? 
(vil) fix) = x4 + x? + 1; domain R ‘ 
7 = aaa +4x+ 
(vill) fix) = x° + x! + x° + 1; domain R 4. Let f: R > R where f(x) = — Is fone—one? 
sae 
2. State whether following statements are true/false? Justify. 
(a) If fis strictly increasing function, then [/(x)] 1s | 5, Find the values of k; if fox) = 2sinx — kx + 3, is defined 
always many—one function; where [.] denotes gint from R —> R and is one-one. 
function. 


| mee 5x-x°-4 
(b) If fis continuous and strictly increasing function, 6. A function f: D — R is given by f(x) = ay eo 


then [f(x)] is non-injective function; where [.] . . . : 

denotes gint function. where D 1s domain of function. Is the function one-one? 
(c) If fis continuous and strictly increasing function, 7 x°+3x+¢e 

then {f(x)} is many—one function; where {} 7. Let f: R — R defined by f(x) = x ——. Show 


al 
denotes fractional part function. that fis a many—one function for all c. 


Functions < 2.149 
Answer Keys 

1. (a) injective (11) non-injective (111) injective (iv) non-injective 

(v) non-injective (vi) injective (vil) non-injective (vill) non-injective 
2. (a) false (b) true (c) false (d) true (e) true 
3. no; only injective function f: B > B is given as {(2, 2), (3, 6), (4, 5), (, 4), (6, 3)} 
4. non-injective; f(x) has one point of local maxima and one point of local minima 
5. k € (-o, —2] vu [2, 0) 
6. yes; (since it is linear rational function) 


TEXTUAL EXERCISE-11 (OBJECTIVE) 


. The function f(x) = 


~ fx) =x - 12x + 1is 


(a) non-injective on R 

(b) injective on (—co, —2] and on [2, «) 

(c) injective on [—2, 2] 

(d) non-injective on [-2 — k, —2 + k] and on 
[2 —k, 2 +k] for each k> 0 


. The function f(x) = xt - 4x? + 4x? - 1 is 


(a) injective on R 

(d) non-injective on (1 —k, 1 + k) for each k > 0 
(c) non-injective on [2, 00) 

(d) non-injective on (—00, 0] 


. Let f: R > R be a function such that fx) = x° + x? + 


3x + sinx. Then 

(a) fis injective 

(b) fis non-injective 
(c) fis increasing 
(d) decreasing 


x?-2 


. The function y=S5+e iS 


(a) injective on R 

(b) injective [0, 0) 

(c) non-injective on (—0, 0] 

(d) injective on [—k, k] for each real k > 0 


2 
XxX 


yl 


(a) injective in (—0o, —1) 


is 


(b) non-injective in (—1, 1) 


Answers 


1. (a,b,c,d) 2. (b) 


3. (ac) 4. (b) 


. The function f(x)= 


5. (a,b,c) 6. (b,c,d) 7. (b,c) 


(c) non-injective on R 
(d) None of these 


. The function f(x) = In (1 -1n x) 


(a) non-injective 

(b) injective 

(c) having range R 

(d) decreasing function in its domain 


x? -2x? -9x4+18 | 
—, 

(a) injective on its domain 

(b) increasing at every point of its domain 
(c) non-injective on its domain 

(d) decreasing at every point of its domain 


. The function y=[x]+ JO} ; (where [.] and {} are 


greatest integer function and fractional part function 
respectively) 1s 
(a) injective on R (d) decreasing on R 


(c) non-injective on R (d) increasing on R 


. IfA=R- {3}, B=R — {1} and f: A > B be defined 


by f(x) -(). Then 


(a) fis non-injective 

(b) fis one-one 

(c) fis increasing function 
(d) fis decreasing function 


8. (ad) 9. (b,d) 
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‘SURJECTIVE AND NON-SURJECTIVE 


As we know that in a function all the elements of domain 
X must be related to some element in co-domain. When 
similar restriction 1s imposed for co-domain as well, then 
the function obtained is known as onto function. 


Onto (Surjective) Function 


A function f : X > Y 1s called surjective only when each 
element in the co-domain is f-image of at least one element 
in the domain, 1.e., f: X — Y 1s onto iff y € Y there exists 
x € X such that fix) = y, 1.e., 1ff R a co-domain (Y) 


f 


X y 
FIGURE 2.135 


NOTE 


x y 
FIGURE 2.136 


Surjective f : X — Y reduces the co-domain set to 
range of function. 


Example: 


1. If ffx) is any polynomial of odd degree, then it is 
surjective from R>R 


2. If fix) = logx (x > 0), then it is surjective from 
(0, 0) >R 
1 


3. If f(x) = tanx, then it surjective from [-=,5) >R 


4. If f(x) = cotx, then f(x) is surjective from (0, z) >R. 


The equality of range of function to co-domain forms the condition to test surjectivity of function. For instance to test 


surjectivity of f: [0, 00) —> [2, ce) such that f(x) = x? + 2. 


Using the analytic formula we obtain the rule of function for argument of x in terms of y as below: 


 ySxXe +2 
Ray=2 le, Ka Jy -2 
=> XSa/¥ =2 x>0 


Now we check whether the expression of x in forms of y is valid for all elementary co-domain. 


If itis so, then fis surjective otherwise it is non-surjective. 


Thus, x to be real and positive RHS, i.e., ./’—2 must be real and positive, thus, y € [2, «). Hence, the given 


function f is onto. 


Be into (NON-SURJECTIVE) FUNCTION 


While defining function we have mentioned that there may 
exist some element in the co-domain which are not related 
to any element in the co-domain. 

f.X — VY 1s into iff there exists at least one y € Y which 
is not related with any x €_X. 

Thus, the range of the into function 1s proper sub- 
set of the co-domain. That is, Range c Co-Domain 


(properly). 


Example: 


1. If f(x) 1s any polynomial of even degree, it 1s into from 
IR — R as the range of function = [k, 0) where k is the 
minimum value of function is proper subset of R. 


2. If fx) = e*, then it is into function from R —> R as the 
range of function = (0, 0) is proper subset of R. 


3. If f(x) = sec x, then it 1s an into function from 
R ~{On+yZinez} > IR as its range = (-co, -1] 


U [1, 0) 1s proper subset of R. 
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4. If f(x) = tan’? x, then f(x) is into function from f f 
R ~ {(2n +) San E zh — R as its range = [0, o) isa 


proper subset of R. 


FIGURE 2.137 


ee "O° +)) . 
een AND TRIAL METHOD For instance f: R — [0, ©); f(x) = ae is an 
i sin x 
Sometimes we choose an element of co-domain which may | into function, because f(x) cannot attain zero value 


not be an image of any element in domain and we test it for | for any x € RR, although zero is an element of 
same. If it comes out to be true, then fis into function. co-domain. 
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ILLUSTRATION 170: 


SOLUTION: 


ILLUSTRATION 171: 


SOLUTION: 


3 
For fix) = 1 > —O* - 
(x-2)° +3 
> 3cosx—3 = (x—2) > - 6sin’ = = (x—2)° 


LHS. € [-6, 0], where as RHS e€ [0, 00). Therefore, equality may hold if LHS. = RHS = 0 
for same input x, but it 1s never, so, as RHS vanishes at x = 2 but LHS 1s non-zero at x = 2. 
=> fx) # 1, neither f(x) can be —1. Clearly fis an into function. 


Show that f: N — N defined as f(x) = 2x — 1 is one-one function but not an onto function. 
Also analyse the nature of above function if it is defined from R > R. 


fx.) = f&,) > y= = 2y = 1 = x, = x,, thus, f/1s one-one 
But fis not onto function as there does not exist any x € N for which f(x) is even. 
Hence, no even natural number belonging to co-domain has its pre-image in N. 
But if fis a function: R > R 
Clearly function 1s one—one and being a polynomial 1s continuous. 
Also f'(x) = 2 > 0, 1.e., (x) 1s monotonic as well. 


such that 


+1 
Also for any real y € co-domain R there exists an x € R given by x = y 
+1 
f(x) =f (25) = y consequently /1s onto. 


Concluding that f: N —> N is injective but not surjective, whereas f: R > Risa 
byective function. 
tx” +3x-4 


ae Find the interval of values of ¢ for 


A function f: R —> R is given by: (x)= 


which the function is onto. 


It is given that the co-domain of the function is R. Since, the function is onto, the range of the 
function is equal to co-domain of the function, i.e., R. 
tx” +3x-4 
t+3x—4x’ 
=> t+ 3x-4-ty—-3xy + 4x4y =0 
Representing it as a quadratic equation in variable x, we get 
> (+ 4y) x24 3(1 -yx- (4+) =0 
Since x is real, D >0 
=> 91-y)+4@+ 4y) (44+ 4)20 
9(1 + y?- 2y) + 4(42 + Py + 457 + 16y) >0 
(9 + 16f)y? + (47 + 46)y + (9 + 162) > 0 


As the range of the given function has to be R, implying that the above inequality holds 
for all real values of y 


Let y= 


Y YU 


Therefore: Leading coefficient > 0 and D <0 

> 9+16t>0 > t>-Q16 (1) 
=> (4f + 46)?- {209 + 162}? <0 

=> (47+ 464+ 184+ 322 (47 +46 — 18 - 322) < 0 

> (+ 8 +16) (-8t+ 7) <0 


Functions < 2.153 


=> (¢+ 4) @-1)(@¢-7)<0 
=> (t-1)(@¢-7)<0ort=—+4 
> 1l<t<7ort=—-4 ...(11) 


Taking the intersection of the two intervals, we get ¢ € [1, 7]. 


2x-—3m for x<2 ae 
ILLUSTRATION 172: Let a function f defined from R > R as f(x)= _ If the function is 
mx—11 forx>2 


surjective, then find all values of m. 
SOLUTION: For the function /to be surjective, its range must 
be the set of all real numbers, i.e., R 
For x < 2, f'(x) =2 
= Monotonically increasing for x < 2 
Hence, the maximum value of f(x) for x < 2 occurs at 
x= 2. 


The maximum value for x < 2 is 4 — 3m. 
1.€., f(x) € (00, 4 — 3m] forx <2 


For range to be R, the minimum value of f(x) for x > FIGURE 2.138 
2, must be less than or equal to 4 — 3m and maximum y 
must approach to infinitely. 


Now for x > 2, f'(x) =m. Obviously m>0 _.... (1) 


(. 1f m <0, f'(x) < 0, 1.e., Aix) 1s decreasing, then the 
range can’t be R as shown in the given figure) 


forx >2,2m—11<4-3m 

Sm < 15 

m<3 ... (2) 
From (1) and (2), m e€ (0, 3] FIGURE 2.139 


y 


y 


1/3 
ILLUSTRATION 173: Prove that /: R — {1} > R, given by f(x) = os is injective but not surjective. 
xX — 


V3 1/3 
ne 
a —] Bp = | 
=> @3pis_— qs a qs B33 - 8 => ee _— 8 “> a= b 


This implies /1s injective. 


SOLUTION: Let f(a) = f(b) => 


To prove that fis not surjective assume that f(x) = 5; b € R. 
Then f(x) = b 


Bb? 
x=——, 
(6-1) 
The expression for x 1s not a real number when 5 = 1, and therefore, there 1s not real x 
such that fx) = 1. Thus, f{x) 1s not a surjective function. 
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“ONE-ONE ONTO FUNCTION 
ABIJECTIVE FUNCTION) 


If a function is both one-one as well as onto, then f(x) is said 
to be bijective function or simply bijection. Injection means 
distinct x € X are related with distinct y € Y and surjective 
mean each y € Y is related with some x € X. 

Thus, taken both conditions together, biyective 
imposes the most strict condition for a function. It leads 
to invertibility of the function as all the distinct elements 
of domain as well as co-domain are related to distinct 
elements. That 1s, V x, y € X such that x #y. 

=> fix)#fy) and V y,,y, € Y such that y, #y, 

=> x, #x,,; where y, = fx,) and y, = f(x,) 


f 


FIGURE 2.140 


Thus, a function f: X > Y can be one of the given four 
types: 


(i) one-one onto function (Injective and Surjective or 
Bijective): 


€33 
Xx y 
FIGURE 2.141 


(ii) one-one into (injective but not surjective) 
f 
X y 
FIGURE 2.142 


(iii) many—one onto (surjective but not injective) 
ea 
Xx y 
FIGURE 2.143 


(iv) many—one into (neither surjective nor injective) 
ee 
% y 


FIGURE 2.144 


ILLUSTRATION 176: 


SOLUTION: 


ILLUSTRATION 177: 


SOLUTION: 


ILLUSTRATION 178: 


SOLUTION: 


ILLUSTRATION 179: 


SOLUTION: 


REMARK 
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Show that a one-one function f: {1, 2, 3} — {1, 2, 3} must be onto 


Since fis one-one, three elements of {1, 2, 3} must be taken to 3 different elements of the 
co-domain {1, 2, 3} under f Hence, fhas to be onto. 
x+5,if xis odd | 


Show that f: Z — Z, given by f(x) = ite, is both one-one and onto. 
x-5, if xiseven 


Suppose f(x,) = f(x,). Note that if x, 1s odd and x, 1s even, then we will have x, + 5 = x,— 5, 
1.€., x, — x, = 10, which is impossible as the difference of an odd and even integer cannot be 
an even integer. Similarly, the possibility of x, being even and x, being odd can also be ruled 
out, using the similar argument. Therefore, both x, and x, must be either odd or even. Suppose 
both x, and x, are odd, then f(x,) = f(x,) 

=> x,+5=x,+5 

=> 0 = 2%, 
Similarly, if both x, and x, are even, then fx,) = f(x.) > x,-5=x,-5> x, =x, 

Thus, fis one-one. Also any odd number 2k + 1; (Kk € Z) in the co-domain Z is the image of 
2k + 6, in the domain Z and any even number 2r in the co-domain Z is the image of 27 — 5 
in the domain Z. Thus, fis onto. 


Investigate the function /: (0, 00) — R defined as fx) = e™! — x? for bijectivity. 


e™ x7 0<x<]l y 
ex x>1 i = (1K) — 


fix) = el x? = 


1 _yoexci 
x 


x-xX',x21 


We obtain the graph of fin (0, 1) by graphical addition as shown 
below. 


y=X-x? 


From the graph we can see that fis one-one and onto. Hence, fis 
biyective. FIGURE 2.145 


—2 
Let A = R — {3}, B = R — {1}. Let f A > B be defined by f(x) — Is f bijective? 
x— 


Give reasons. 

For one-one (injective): Let f(x,) = f(x,) 

—2 —2 

i lie > xx, —3x,-—2x,+6 =x, x,-2x,- 3x, +6 
A=. .X=3 


=> x, = x,. Hence, it is one-one. 


In order to convert a function from many-one to an injective function its domain must be transformed to principle 
domain. In order to convert a function from into to onto, the co-domain of function must be replaced by its range. 
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ILLUSTRATION 180: A relation f: R — R such that y = f(x) iff x? + y* = 1. Find its domain/range and convert it to 


(a) Function (b) Surjective function but not injective 


(c) Injective function but not surjective (d) Byective function 


SOLUTION: x?7+yY=1 > y=t fy > 1-20 > #81 > xe, 1] 


= D-=[-1, 1]. Similarly x = + Jl-y¥ > ye[-l,l] > R=, 1] 


Because for every value of x € [-1, 1], there are two values of y. 
x? + y= 1 1s a relation and not a function. 


(a) So, to convert it into a function, redefine it as follows: 


f:[-1, 1] > R defined by fx) =vV1-x? : D.= [-1, 1] ,R, = [0, 1] 

or f: [-1, 1] > R defined by f(x) = —V1-x’ = | R= [1,0] 

The above functions represent, respectively, upper half and lower half are of 
circle x? + y? = 1 as shown below: 


FIGURE 2.146 


Clearly these functions are many—one, 1.e., non-injective and non-surjective. 


(b) However if we redefine the function as given below 


f: [-1, 1] > [0, 1] defined by f(x) = 7-3? ; D,= [-1. 1]; R, = [0, 1] 
or f: [-1, 1] — [0, 1] defined by fix) =—vV1-x’ ,D,= [-1, 1] R= [-1, 0] 


Clearly these functions represent the upper and lower half of the circle x* + y* = 1 and are 
surjective but not injective (1.e., many—one), graph of function shown in part (a). 


(c) Now let f: [0, 1] > R be defined by Ax) = V1—x’ , D.= [0, 1]; R= [0, 1] (fig 2.150). 


or f: [-1, 0] > R be defined by Ax) =-V1—x? ,D.= [-1, 0}; R= (0, 1] dig 2.151). 
or f: [-1, 0] > R be defined by f(x) = -—vV1-x’ , D,.= [-1, 0]; R= [-1, 0] (fig 2.152). 
or f: [0, 1] > R be defined by fx) = —V1-x’ ,D.= [0, 1]; R= [—1, 0] (fig 2.153). 


The above functions represent the arc of circle x? + y’= 1 in first, second, third, and fourth 
quadrant, respectively, as shown below. 


FIGURE 2.147 


Clearly this function 1s injective but not surjective. 
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(d) Now let f: [0, 1] — [0, 1] be defined by f(x) = =e DS [O, = O. 1, 
or f: [-1, 0] > [0, 1] be defined by f(x) = =x 2D FL OL R= 1). 
or f: [-1, 0] > [-1, 0] be defined by f(x) =—- l-x"2 De [-l, 0], R= [—1, O]. 


orf: (0, 1] > [-1, 0] bedefined by Axy=—V1-2"; D= (0, 1),R.= (-1, 0). 

The above functions represent the arc of circle x* + y? = 1 in first, second, third, 
and fourth quadrant respectively as shown in part (c). 

Clearly these functions are injective as well as surjective. 1.e., bijective functions as their 
Domain = principal domain and range = co-domain 


x, can be mapped in (m — 1) ways 
x, can be mapped in (m — 2) ways 


m@ NUMBER OF RELATIONS AND FUNCTIONS 


Given two finite sets A and B having » and m elements 


respectively, 1.e., n(A) = n and n(B) = m. Sowa 
x, can be mapped in (m — (n — 1)) ways 


f = Number of injective functions 


“P m2n 
< 9 min —1)(m-2).(m—n- = 49 eae 


me Conclusion: ”P.<m" (total number of functions). 
} \ Number of Non-surjective Functions (Into Functions) 
Number of into functions (V) = Number of ways of 
A YX) Bg distributing n different objects into m distinct boxes so that 
FIGURE 2.148 at least one box is empty. 


> N=n(4,V4,VUA4A,vV...UA,);, where A, denotes 


Number of Relations: No. of relations = Number of the distributions when i box is empty. 


subsets of A x B = 2" = 2" = En(A) — Ind, A) + INA, VA, 04) -.... 
Number of Functions: Since each element of set A can be Now n(A) = (m - 1)", n(4,0.4,) =(m-2)"; 
mapped in m ways | n(A,vA,A,) = (m—3y 
= Number of ways of mapping all n elements of A Cm yp nC (mn — 2) + "C, (m= 3) — + 
S on oe eras Oe C8 
=|mxmxmx....xm | wayS=m ways ‘ I 
hms > N= > "C,-1)"'(m-r)"] 
Conclusion: 2°>m"Vm,neN ic 
Number of one-one function (injective): Number of Surjective Functions 
f Number of surjective functions = Total number of func- 


a, tions — number of into functions. 
= m" _ > ™C (-1)""'(m _ r)" 
r=] 


| =m" +>) "C,-l'(m-ry" =>) "C.(-1)"(m-ry" 
r=l r=0 
} \ Conclusion: Incase when n(A) = n(B), the onto functions 
. will be bijection 
A Y=f(x) B 


Number of onto functions = Number of one-one functions 
FIGURE 2.149 


=> "Co —] ‘ n—r)' =n! 
x, can be mapped in m ways 2. Dy 
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ILLUSTRATION 181: 


SOLUTION: 


REMARKS 


If a function f: X — Y be such that _X = {x, y} and Y ={a, b, c}, then find : 

(a) Number of relations from _X to Y. (b) Number of functions f: X > Y. 

(c) Number of injective functions f: X — Y. (d) Number of many—-one functions f/f: X -> Y. 
(e) Number of into functions f: X > Y. 

(f) Number of onto functions (surjective) f: X > Y. 


(a) No. of relations from X to Y 
= Number of subsets of X x Y = (2)"*%29 = 274«n® = (2)%3 = (2)° = 64 
(b) x can be related to a, 5 orc, 1.e., in three ways, and corresponding to each choice of x, y can 
be related a, , c in three ways. Thus, total number of functions = 3 x 3 =9 = 3) = [n()]}™. 
ee : 2 3! 
(c) Number of injective functions = sa ode n= ee i =3!=6. 
Remark: If n(X) > n(Y), then no injective functions can be formed from X to Y as in 
this case at least one element of Y has to be related to more than one element of X. 
(d) Number of many-—one functions 
= Total number of functions — number of one-one functions = 9 —- 6 = 3. 


(e) Number of into functions (non-surjective) 


> "C.C)(m—r)"; n = n(X) = 2; m = n(¥) = 3 
r=] 
="¢, G1) G=)) "6, Cl) G=2) °C, Gly G=syP= 12-3 +059 
(f) Number of onto functions (surjective) 
= (my — Number of into functions = ))(-1)’ "C,(m-r)' ; 
r=0 


where n(X) = n and n(Y) = m= (33-9 =0. 


1. If n(X) < n(Y), then after mapping different elements of X to different elements of Y, we are left with at least one 
element of Y which is not related with any element of X, and hence, there will be no onto function from X to Y, i.e., 
all the functions from X to Y will be into. 


2. Iff from X to Y is a bijective function, then n(X) = n(Y) 


ILLUSTRATION 182: 


SOLUTION: 


ILLUSTRATION 183: 


Find the number of surjections from X to Y; where X = {1, 2, 3, 4}, Y = {a, b} 


Every element of X can be connected to any of the two elements of Y, 1.e., 2 choices. So, total 
number of ways = 2*. But if all the elements of X get connected to a, function will not be onto. 
Similarly, if all the elements of A get connected to 5, function will not be onto. So, number of onto 


2 


functions is 2*-2 = 14 or alternatively, is (<1).°C, Q=ry = "€,Q2Y ="C. 0) #°C, 0 =14. 


r=0 


LetA = {1,2 ,3} and B = {4, 5, 6, 7}. How many functions are there from A to B? How many 
functions are there from B to A? How many injections are there from A to B? How many sur- 
jection are there from B to A. 
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SOLUTION: There are (4)° = 64 functions from A to B. There are 4 possibilities for the image 
of 1, 4 for the image of 2 and 4 for the image of 3. Similarly, there are (3)* = 81 functions from 
3 


B to A. Number of surjections from B to A = >» (-1)".°C, 3-1)’ 


r=0 


="C io) = © 2) Oly = 6) =48 73 = 36 
By the above result, there are 4.3.2 = 24 injections from A to B 


TEXTUAL EXERCISE-12: (SUBJECTIVE) 


. Test the following functions for injectivity and 


surjectivity. : 


x -1 
(a) y=5x+8 ) aa 
ax+b 
(°) y= (d) p= etter 
ax —b 
x-1 
= eX —e* = log} —— 
(ec) y=e*—e (ff) y (=) 


(@) y=logix+ Vi +) (hy x+— 


. Find number of surjection from A to B where 
A = £1, 2, 3, 4}, B = {a, b} 


. A function f: X > Y defined as f(x)=V1-2x +x is 


from A — B and is onto. If the set A is its natural 
domain, then find the set B. 


. If the function f: R > A given by 
x —|x| 


(a) fix) = 


fe= oe 
(b) fx)= et 
x 


(c) ae is surjection, then find A 

e+e 
. Is the function f: N > N defined by f(x) = 3x + 5 
surjective. 


. If a function f: X — Y be such that X = {x, y, z} and 
Y ={a, b}. Then find : 

(a) total number of relations from_X to Y. 

(b) total number of functions from_X to Y. 

(c) Number of one-one functions from_X to Y. 

(d) Number of many—one functions from_X to FY. 

(e) Number of onto functions from_X to Y. 


. Let fx) = ax’ + bx’? + cx + d sin x. Find the condition 
that f(x) is always one-one function. 


8. 


10. 


12. 


13. 


If f: R > B, defined by f(x) = sinx + cosx — 4, is onto, 
then find set B. 


. There are exactly two distinct linear functions which 


map [-l, 1] onto [0, 3], then find the point of 
intersection of the two functions. 


TW 


x -a 
It f/f: R>|2.5] , Kx) sn (F| is an onto 


function, then find the set of values of ‘a’. 


. Letf: Ro 0, =) defined by f(x) = tan’(x* + x + a), 


then find the set of values of a for which fis onto. 


For the following given functions f(x) : D Fae 4 
(D, denotes Domain of f): find set Y for which f(x) 
is surjective (on to) in each case. 

(a) f(x) = sin®x + cos*x 

(b) Ax) = log,(| sin x |* + |cos x| *) 


(c) fx) =/In | cosec x| 


(4) fle) = loe peentale 


Let A = {x : -k < x < ky k € N} and 


2 
B= [+%0smskimeZ}, BH AB 
O<m<k,;me R} 
B,={m’,me Z,0<m<k}; B, =A. For each of the 
following functions from A to B,, find whether it 1s 
surjective, injective, or bijective. 

X\ 
(a) pey=2 Zt pe > B, 
(b) g(x) = vx; g:A > B, 
(c) hx) =x)|x|,;h: AB, 
(d) kx) =x,k: AB, 
(ec) ox) = x cos (2x + 1) rx, 9: A > B, 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


Zi. 


ZZ: 


23. 


Let f:IR > R be a function such that fx) = x° + x + 
3x + sin x. Then check the injectivity and surjectivity 
of the function. 


Which of the following functions from Z to itself are 
bijections? 


(a) fx) =x + 3 (b) fin) =x 

(c) fix) =3x +2 (d) fix) =x? +x 

PP RAR el 
Dae > efined by f(x) = ae 


Show that fis one-one but not onto. 

Let f : R -— {2} ~ R —£1} be defined by 
f(x)= <— . Is f bijective? Give reasons. 

Let A = R — {3}, B = R- {1} and f: A — B defined 
by f(x) = Ace _ Is f bijective? Give reason. 


Determine the kind of mapping if f: [1, 7] > [2, 27], 
where f(x) = x? -4x + 6. 


For each of the following functions find whether it is 
one—one or many—one and into or onto. 


(a) f(x) =2 cot x; f: (x, 2x) > R 
4 

6) AD= TF ROR 

(c) fix) = x* + Inx; f: (0, 0) > R 


Classify the following functions f(x) defined in 
IR — R as injective, surjective both or none. 


x° +4x+30 
X)=-—_——_ 
LN 2 eras 


(b) f(x) =x° -6x* +11x-6 
(c) f(x) =(x* +x+5)(x? +x4+3) 


Find the set of values of & for which the function 
Six) = kx + 3sinx + 5 1s one-one and onto. 


—] 
Let fix) = a ,x € R. If the range of f(x) does 
m-x' +1 
—1 
not contain the open interval (1) , then prove 


—| 
that m <—. 
4 


Answer Keys 


1. (a) (a) byective 


(b) many—one into 


(e) one-one onto  (f) one-one into 


24. 


25. 


26. 


Zi. 


28. 


29. 


30. 


31. 


32. 


33. 


(c) one-one into 
(g) one-one onto 


= 
le —8x+18 oa 
Verify if f(x) = SaeaaG is an injective 
function. 
Check whether f(x) = Tex? x € R 1s injective or 
x 

surjective or both or none. 
Prove that f : (¢l, 1) ~~ R _ defined by 

a —-l1<x<0 
fix) = aes is a bijective function. 

x 

—, 0<x<l 

l-x 
If the function f: [2, 0) — X be bijective, where 


fix) =5-—4x +x’, then find the set_X. 


Let f: N ~ {1} > N be defined by f(n) = the highest 
prime factor of n. Show that fis neither one-one nor 
onto. Find the range of / 


Let fx) = 1/1 — x). If £@&) denote Aifx)}, F) 
denote f{/{f(x)}} and so on, then f, (x) is (7 € N ). 


ax+b ,x# <= If d = -a, show that 


ar ae cx +d 


Sifx)} =x, 1e., fofis an identity function. 


Let f: R > F-l, 1], f= aa Find whether 


XO sk 


fis onto 
l 
Show that the function f: R — R defined by fix) = — 
x 


is one-one and onto, where R is the set of all 
non-zero real numbers. Is the result true, 1f the domain 
IR is replaced by N_ with co-domain being 
same as R? 


Check the injectivity and surjectivity of the following 
functions: 
a) f: NN given by f(x) = x 
(ii) f: Z > Z given by f(x) =x 
(1) f: R > R given by f(x) = x’ 
(iv) f: NN given by fix) = x° 
(v) f: Z— Z given by f(x) =xX° 


(d) many-—one into 
(h) many—one into 


— 


11. 


12. 
13. 


14. 


17. 


18. 
19. 
20. 
21. 


22. 
28. 
33. 


a1 ARN 


14 3. 
- (a) [0, 1) (b) [0, 1/2) (c) (~~, 0) 
- (a) 64 (b) 8 (c) 0 


. Bb? < 3a(c — ad), a> 0 and b? < 3a(c + d);a<a<0O 


3x 3 -3 3 
y= +2 jx +2 
2. 2° 2 2 


1 
xe 4.0] to be defined and to be onto a = 1/4 
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5 


a) g (e) 2 


1 
10. xe (1 + to be defined and to be onto a = -1/2 


(a) [1/4,1] (b) [-log,2, 0] (c) [0, 0) (d) [0, 2log,3] 

(a) biyective (b) non-injective, non-surjective, non-bijective 
(c) non-surjective, injective, non-bijective (d) surjective, non-injective, non-bijective 

(e) Injective, surjective, bijective 

fis one-one and onto 15. fx) =x + 3 


I'@x)= me >OVxeER ~ {2} 
Yes, Kx) = ty ) 

non-injective, but surjective 

(a) bijective 

(a) neither surjective nor injective 

(c) neither injective nor surjective 
(—o0, —3] U [3, 0) 24. no 

prime numbers 29. x 
(1) Injective but not surjective 

(111) Neither injective nor surjective 


=> x =y and range = co-domain 


(b) neither injective nor surjective 
(b) surjective but not injective 


25. one-one, not onto 
31. into 
(11) Neither injective nor surjective 
(iv) Injective but not surjective 


=> yis injective on R ~ {2} andy#1;y eR = yis surjective. 


(c) bijective 


27. [1,0) 
32. no 


(v) Injective but not surjective 


TEXTUAL EXERCISE-12: (OBJECTIVE) 


1. 


Function f: (—0,—1) > (0, e°) defined by fix) = e?3**? 
1S 

(a) many—one and onto (b) many-—one and into 

(c) one-one and onto (d) one-one and into 


Given list of functions in column / and their classifica- 
tion in column II 


Column I Column II 
(i) e*-—e* (a) one-one onto 
Gi) x - 1 (b) one-one into 
ps 
(111) = (c) many—one onto 
x 
(iv) a* (d) many—one into 
(v) x3] x | (e) not a function 
2 
Re Se oI 
Ww) x +x4+1 


(vil) sin?x 


Which of the following represents the correct match 
for column I and column II? 
G@) Gi) Gu) Gv) (vy) Wi) (wu) 
(7) (@ © @d & @ qd) dd) 
(b) () @ @d ® qd (@ dq) 
(c) (@ © &® @d @ fwd dq) 
@d ® @ © @ @d bb) © 


. For the following given four functions if the function 


Kx) D> YO, denotes domain of /):, then f(x) 1s 
surjective (onto) for set Y. 


1 
(1) fix) = [loge 
| sec x | 


(a) R 
(b) [0, 2) 
(c) {05 
(d) [0,1) 
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: e*-e* 
CO ae ore 

(a) (-1, 1) (b) [-1, 1] 

(c) {0} (d) None of these 
7 x 
(1) fx) = ree 

(a) [9, 1] (b) [1, 2] 

(c) [3/4, 1] (d) None of these 
(iv) f(x) = sin*x + cos’x 

(a) [3/4, 1] (b) [1/4, 1] 

(c) [0, 1] (d) None of these 


. Let f: R — R be a function such that f(x) = x° - 
6x? + 1lx—-6 

(a) f1s one-one and into 

(b) f1s many—one and into 

(c) f1s one-one and onto 

(d) fis many—one and onto 


. The range of the function fx) = ““P_, is 


(a) [1, 2, 3] (b) {3, 4,5, 6} 
(c) {1, 2, 3, 4} (d) £1, 2, 3,4, 5} 


. Which of the following functions 1s not injective ? 
(a) f(x) = |x + 1], x € [-1, 0) 

(b) fix) =x + I/x, x € [0, «) 

(c) f(x) =x*+4x—-5 

(d) fix) = e*, x € [0, 0) 

. Amapping f: A > [-1, 1] defined by f(x) = sin 3x, 1s 


one—one and onto. Which of the following intervals 
can A be? 


a 1 qn 
(a) 2 (b) a4 
(c) eA (d) None of these 
6 2 
-If f : N +> £ is_ defined by 
ee when n is odd 
fin) = ; then the type of 


5 when n is even 


function is 

(a) injective 

(b) surjective 

(c) injective but not surjective 
(d) surjective but not injective 


9. 


10. 


11. 


12. 


13. 


14. 


x’ -4 
2 > 
x" +4 


If f: R > Ris defined by fx) = then the type 


of function 1s 

(a) injective 

(b) surjective 

(c) injective but not surjective 
(d) surjective but not injective 


Let f (-1, 1) > Y be a function defined by 


fcc) = tan” 

» [09 

() (-=,5) 
oD 


2 — 
Let g: R >(0% is defined by g(x) = cos” ss 
3 1+x 


2 
1 as >, then fis byective when Y is the set 
—Xx 


Then the possible values of ‘a’ for which g is surjective 
function is/are 
] 
6) ial hee! hom 
(b) ( | 


(d) None of these 

If f R > R, is defined by ffx) i 
- R > R, 1s defined by f(x) = ; 

X |X| -/2, x¢ OQ 

then the type of function 1s 

(a) injective 

(b) surjective 

(c) injective but not surjective 

(d) surjective but not injective 


1 fy = Sa, 


integer function, then 


where [.| denotes the greatest 


(a) fis one-one 

(b) fis not one-one and non-constant 
(c) fis a constant function 

(d) None of these 


Let X = {a,, a, ..., a} and Y = {b, b,, 6,}. The 
number of functions ffrom_X to Y such that it is onto 
and there are exactly three elements in X such that 
Ka,) = 6,, 18 
(a) 75 
(c) 100 


(b) 90 
(d) 120 


15. The number of biyective functions f : Y > Y, 
where Y = {4, 5, 6} such that f(4) # 6, f(5) # 4, 
J(6) #5, 1s 

(a) 1 (b) 2 

(c) 9 (d) None of these 

Let f: R > R and g: R > R be two one-one and onto 


functions such that they are the mirror images of each 
other about the line y = k. If o(x) = f(x) + g(x), then 


o(x) 1s 


16. 


Answer Keys 
1. (d) 2. (a) 3. (c) Gd (a) ~~ Giii) (©) 
7. (ac) 8 (ab) 9% (d) 10. (d) 11. (b) 
16. (d) 17. (b) 


:€OMPOSITION OF FUNCTIONS 


Composition of function is a process of combining two or 
more functions by which output of one function 1s applied 
to second function whose output in term is applied to third 
function and so on. For instance, consider two functions f 
and g such that for some input x the output f(x) lies in the 
domain of g and therefore the function g assigns a value for 
the input f(x) called as g(f(x)), the above successive opera- 
tions of functions f over x and then g over f(x) is called as 
composition and denoted by gof The composition of func- 
tion can be easily understood by the following machine 
model of composite machine g(f(x)). 


FIGURE 2.150 
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(a) one-one and onto 

(b) only one-one and not onto 

(c) only onto but not one—one 

(d) neither one—one nor onto 


Let X = {a,, a, a, a,,4,}, Y = {b,, by, by by b,}. Then 


the number of one-one mappings from X to Y such 
that fla) #b, Vie {1, 2, 3, 4, 5}. 


17. 


(a) 40 (b) 44 

(c) 24 (d) 60 
(iv) (b) 4. (c) 5. (a) 6. (b,c) 
12. (c) 13(c) 14 (4) 15. (0) 


The output f(x) of f machine is taken as input 
for g machine and g(f(x)) is the final output of composite 
machine gof 

Let us consider two functions f : X — Y and 
g .Y — Z, such that the co-domain of f is domain 
of g. By composing the function g with f, we mean to define 
the analytical formula for a new function h : X > Z, by 
which an element x €_X is associated with an unique element 
z € Z. The definition can be mathematically described 
as below. 


Composite of Uniformly Defined Functions 


Given two functions f: X > Y and g: Y — Z, then there 
exists a function h = gof : X — Z such that h(x) = (gof) 
(x) = g(f(x)) Vx €X. Itis also called as ‘function of function’ or 
‘composite function of g and f’ or ‘g composed with 
f° and oe ae shown as 


ser Se le] z= 2 0) 


FIGURE 2.151 
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Thus, the image of every x € X under the function | first apply fon x, then apply g on the output f(x). Figure 
gof is the g-image of the fimage of x. gof is defined | 2.152 represents the composition function gof of functions 
only if V x € X, f(x) is an element of the domain of g, | f:X > Y and g: Y > Z, where X = {a, b, c, d}; Y = £1, 2, 
so that we can take its g-image. To compute gof(x), we | 3, 4}; Z = {w, x, y, z}. 


ILLUSTRATION 184: Let /: {1, 2,3, 4} > {2,3,5, 7, 11} and g: {2, 3,5, 7, 11} — {5, 7, 9 } be functions defined 
as f(1) = 2, (2) = 3, A3) = 5, f4) = 7 and g(2) = g(3) = 5 and g(5) = 7, g(7) = 9. Find gof. 
SOLUTION: We have gof(1) = g(f(1)) = 2(2) =5, gof2) = 2(f(2)) = 23) = 5, gof3) = 2((3)) = 2(5) =7 
and gof(4) = 2(f(4)) = 2(7) = 9. 
Thus, gof, {1, 2, 3, 4} — {5, 7, 9} 1s given by gof = {(1, 5), (2, 5), (3, 7), (4, 9)} 
ILLUSTRATION 185: Given three sets X = {0, 1, 2, 3} .Y = { 1, 2, 5, 10, 15} and Z = {1, 3, 9, 19, 29, 31, 
51, 101, 201}. Let f: X — Y and g: Y — Zbe functions defined as f(x) = x*+ 1 and g(x) = 2x-1. 
Find gof : X > Z. 
SOLUTION: We have gof(0) = ge(f(0)) = 2(1) = 1, gof]) = gf) = 22) = 3, gof2) = aff(2)) 
= 9(5) = 9 and gof(3) = g(10) = 19. 
Thus, gof, X — Z 1s given by gof = {(0, 1), (1, 3), (2, 9), (3, 19)} 


ILLUSTRATION 186: Let two functions be defined as f = {(0, 1), (1, 2), (2, 3), (3,4)} and g = {C1, 3), Q, 1), 

(3, 2) , (4, 0)}. Define gof. 
SOLUTION: Here, Domain of f= D, = {0, 1, 2, 3}; Range of f= R, = {1, 2, 3, 4} 

Domain of g = D, = {-1, 2, 3, 4}; Range of g = R, = {0, 1, 2, 3} 
Now domain of gofis the set A of those elements of D, corresponding to which the output of 
the function ‘f° contains common elements of R, and D,,. 
Let set X¥ = R, NW D,= {2, 3, 4}. Now f(1) = 2, A2) = 3, f3) = 4. 
Hence, A = {1, 2, 3}. Clearly A 1s a subset of D,. Now, range of gof is the set B of those 


elements of R, which are the outputs of the elements of set X under g. Now g(2) = 1, 9(3) = 
2 and g(4) = 0. Hence, B = {1, 2, 0}. Clearly B is a subset of R, 


gof: {1,2,3} > {1, 2, 0} and gof= {(1, 1), (2, 2), G, 0)} 


FIGURE 2.152 
7 5 5x+2 
ILLUSTRATION 187: Show that if f: R — {2} > R - {3} is defined by f(x) = = 7 and 
x— 
5 7 7x+2 
g:R- {3} >R {4 is defined by g(x) = = 5 then fog = I, and gof = I,; where 
x— 


Functions < 2.165 


5 7 
A=R- {3} ,B=R {4 , L(x) = xe A, I(x) = x V x € B are called identity functions on 


set A and B, respectively. 


(+7) 
5x+2 s 35x+14+6x-14 41 
SOLUTION: Here we have goft) = g{ . )- ee  -  Bexvies 
3x-7 3( 22+ )-s 15x+6-15x+35 41 
3x-7 
+2 +2 
- “(2 )is vai for o> e695 which inde 
3x-7 3x-7 3 
5( 2242}, 
= 7x+2 = 35x+10+6x-10 41 
similar, oats) = (2 =) = See ee a ix Ve eA 
x= 


- s(t?) 7 ~ 2ix+6—-21x+35 41 


3x-5 
2 2 
* (2 : jis valid ie" fe 235 ecniaaus 
3x-5 3x-5§ 3 


Thus, gof(x) = x, V x € B and fog(x) = x, V x € A, which implies that gof= J, and fog = J. 


ILLUSTRATION 188: Given two linear polynomial functions f and g such that fx) = mx + c and g(x) = cx + m 
where m andc € N. If f(g(5)) — 2g(f(5)) = &, then find all possible ordered pairs (m, c) for 


(a) K=12 (b) k = 35 
SOLUTION: From the definition of fand g; f(e(x)) = m(g(x)) + c = m(cx + m) +c 
=> f(g(x)) = cmx + m’? +c aaa) 
Similarly; g(f(x)) = c(mx + c) + m=cmx+c?+m uae) 


Now f(g(x)) — g({x)) = m* + c— c?— m = (m’ —- cc’) + (c— m) = (m-c)(m+c- 1) 
(a) Now since f(g(5)) — g(f(5)) = 12 


=> (m—c)(m+c—1)=12 .... 3) 
Since (m — c) and (m + c — 1) are of opposite parity and m —c<m+c-— 1 and 
12 =2?x3 


= possible factorizations are 1 x 12 or2 x 60r3 x 4 

Case (ij: m—c=1andm+c-—1=12 

=> c=6andm =7 

Case (ii)} m—c=2andm+c-— 1 =6, not possible as m—c and m + c— 1 both cannot be 

even as they are of opposite parity 

Case (iii): m—c=3 andm+c—1=4.>5c=1andm =4 

Thus, the possible ordered pairs (m, c) are (7,6);(4,1) 

(b) If flg(5)) - 2((5)) = 35 

=> (m-—c)(m+c-— 1)=35, which 1s never possible because product of an even and an odd 
integer can never be odd. Thus, there exists no ordered pair solution (m, c) for k = 35. 


4x-8 
= Fi = for all x #4 ; then prove that 


ILLUSTRATION 189: A function f/: R —> R is such that f ( 
xX —- 


(i) Af{x)) =x VxeER-{4} (ii) {f{1/x)) = - Vx cR-40,7} 
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SOLUTION: 


ILLUSTRATION 190: 


SOLUTION: 


ILLUSTRATION 191: 


SOLUTION: 


ILLUSTRATION 192: 


SOLUTION: 


4x-8 
x-4 


@ irs —— 
=> f(x) =~ (from given) 


4(1/x)-8 _4-8x 
(i/x)-4 1-4x 


(Gi) f(/x)= 


for xz 0,4 
4 


(4-8 | 4 (1-22) 1-2x-1+4x 
1—4x 1-4x 

If f(x) =x +1;0<x <2 and g(x) = |x|; 0 <x <3. Calculate fog(x), fof{x). 
fog (x) =f { gx) } =f( |x), 0<x<3 
=|x/+1,;0<|x|<2and0<x<3 
=|x|+1;-2<x<2and0<x<3 

=|x|/+1,0<x<2 

Sofx) =f {Kx)} =f @t1), 0<x<2 
=(x+1)4+1;0<(@+1)<2and0<x<2 

=(x + 2);-l<x<1landO0<x<2 

=(«+2),;0<x<1 


sgoisy= 1S x 


Let A(x) = sinx and g(x) =./|1-x| . Find gof(x), fog(x), gog(x) and foftx). 


gof{x) = g{f{(x) } = a(sinx) =, 1—sinx| 
fog(x) = ft a(x)} =f {Vi1-x]} = sin yil-1 
goats) - g { ee} ~ g {vit-xI}= |yfi-vit-] 
fofix) = fKx)} =f (sin x) = sin(sin x). 
Find fog and gof, if 
(i) Ax) = [x] ; g(x) = sin x (ii) Aix) = sin? x ; g(x) = 2 
v 1 
(iii) f(x) =x? +2; ox) = 1-——,x#] 
1-x 
(1) (x) = |x| and g(x) = sin x 


=> fog(x) = f(sin x) = |sin x| and gof{x) = g(f{x)) = g(|x|) = sin |x| 
(11) Ax) = sin ‘x and g(x) = x? 


4x —8 4y—8 4y- 
)-= for allx #4 Let y= z >= y ; => f(y)=—2 
, 


4(428%)_, (4-8*)_, 
a8) 1—4x 1-4x _ 4-8x-2+8x 


sy os 
2x 


=> fog(x) = f(g(x)) = sin'(g(x)) = sin’x’ and gof(x) = g(fix)) = F{x))’ = (sinx)? 


(iii) fx) = x2 +2, g(x) =—— 
x — 
x’ _ 3x? -4x+2 


=> fog(x) = figx)) = (e@))/ +2= (x1) += G1 


+2 = x42 


and gof(x) = g(fx)) = g(x’ + 2) = G42)-1 #41 


1 


x 


Functions < 2.167 


5 
ILLUSTRATION 193: If f(x) = sin’x + sin? c +4) + COS x COS [++%) and (5) =1 , then find (go/f) (x). 


. . 1 Vs 
SOLUTION: Given f(x) = sin*x + sin? (x+2) + COS x COS c +4) (1) 


and e(3)- (2) 


We have f(x) = sin*x + sin? c +3) + COS XCOs (++%) 


2% 

1—cos| 2x +—— 
1—cos2x 3 1 a 
= oe 2cosxcos} x+— 
2 2 3 


7 cos2x+1- cos{ 2x +2.) +c09{ 2x + 


— 5. | cos2s:+cos{ 2x + 2 +e0s{ 2+ =) 

3 3 

1 i a 1| 5 a a 
— +~2eos{ 2x+ cos + cos{ 2+] = — 5 ~c0s{ 21+ |+005{ 23+) 
3 3 3 3 2| 2 3 3 


or f(x)= = for all x. Now, gof{x) = g{f{x)} = e(=)- 1: Hence, gof(x)=1, for all x. 


1 A 
—_ + Cos— 
2 : 


aa 


ILLUSTRATION 194: (a) Find the formula for the function fogoh, given f(x) = —38(4) = x and A(x) = x + 3. 
Find the domain of this composite function. Also eee iad (-1). 
(b) Given F(x) = cos?(x + 9). Find the function £ g, A such that F = fogoh. 
SOLUTION: (a) f(x) = ——; 1 3 8) = =x’ h(x) =x+3 


gth(x)) _  (h@yP +3)" 


Pogohyx) = EMM =F Gy id @)’ a1 (43)? 41 


(x+3)° (-1+3)" 2" 1024 ~—_—«1024 
ey eeoeney= (x +3) + » SEU) = (-14+3)°+1 241 1024+1 1025 
(b) F(x) = cos%(x + 9) 
F(x) = fogoh(x) => f(x) = x*; g(x) = cos x, h(x) =x+9 


ILLUSTRATION 195: Let a and 5b be real numbers and let f(x) = a@ sin x + bYx+4, Vx eR. If 
Nog,, (log ,10)) = 5, then find the value of f(log,,(log,, 3)) 


SOLUTION: Given f(x) =asinx+b¥x+4 and f (log, (log, 10)) = 
Now, let log,, log, 10 = k, then log, log, ,3 
= log, =a = (log,, | —log,, log, 10) =0-—k =—k 
log, 10 


Now, *.. fk) = asink + b(k)'®+4=5 >a sink + b(k)“=1 
. fk) =asinC’ + b-#)8 + 4=-(asink + b()") +4=-14+4=3. 
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(a) Domain: Given two functions f : X > Y and 
g:Y—- Z. For the composition gof to be defined 
from set X to set Z, the range of f must be a subset 
of the domain of g, 1.e., RS Y. 


If range of f is not a subset of domain of g but 
has some elements common with domain of 
g, then domain of gof is not the set X but is 
given by: Domain of g(f(x)) = {x : x € BP and 
Ixe DS. 
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(b) Range: Range of gof(x) = {g(b): be R a DS and where A 
can be obtained as given below: finite set. 
a) If f:A— B and g BC; then gof: A > C has 
range = {gof(a,), gofla,), gof(a,), ..., gof(a,)}; 


(ii) If f(x) and g(x) are increasing functions in Now if common domain of f(x) and gof(x) is [a, 
their respective domain, then gof(x) is also an B] or (a, B), then range of f(x) is [f(a), A(B)], or 
increasing function in its domain. Further, if both (Ka), f(B)) which in turn is domain of g(x). Then 
fix) and g(x) are continuous in their respective range of fog(x) will be [g({a), g{B))| or (eGo), 


domain, then gof is also continuous in its domain. g(f(B))). 
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(111) If fc) and g(x) both are decreasing functions in 
their respective domain, then gof is also a 
decreasing function. Further if both f(x) and g(x) 
are continuous in their respective domain, then 
gof is continuous and increasing function in its 
domain. If common domain of f(x) and gof{x) 1s 


[x, B] or (a, B), then range of f(x) is [f(B), f(a)] or 
(f(B), f(a)) which in turn in domain of g(x) which 
is decreasing and continuous function. Thus, 


range of gof will be | g(f()), (f(A))] or 
(g(S(@)), g(f(D))). 


(iv) 


If fx) and g(x) are functions of opposite monotonicity 
in their respective domain, then gof is a decreasing 
function on its domain. Further, if fx) and g(x) 
are continuous functions, then gof is continuous 
and decreasing function. If [a, B] or (a, B) 1s a 
common domain of gof(x) and decreasing function 


f(x) (say), then range of f(x) is [AB), fa)] or (FB), 
f(a)) which in turn in domain of g(x). g(x) being 
continuous and increasing (say), range of gof(x) will 
be [g(AB)), sXa))] or (e(KB)), sox). Same will 
be the range of gof(x) if f(x) is increasing and g(x) 
is decreasing. 


(v) 


If fx) 1s an increasing and continuous function 
in its domain and g(x) is non-monotonic having 
range [a, B] or (a, PB), then the range of fog(x)) 
will be [f(a), f(B)] or (a), AB)). Similarly if fx) is 


decreasing and continuous function in its domain 
and g(x) 1S non-monotonic having range [a, B] or 
(a, B), then the range of fog(x) will be [/(B), f(a)] or 
(KB), fla)). 
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ILLUSTRATION 202: Define a function f(x) = 1 + x and g(x) = (In x)’, then find the domain and range of composite 
functions fog(x). 


SOLUTION: Domain of f(x) = R; range of f(x) = R. Domain of g(x) = (0, 0); range of g(x) = [0, 0) 
Now domain of fog(x) contains those elements of domain of g(x) whose images under g 
are found in domain of f 1.e., domain of fog(x) = {x € (0, 0) : g(x) € R} = {x € (0, «): 


(In x)? e R} = D.C. (0, ee IR is true Vx e D, = (0, #)). 

Thus, domain of fog(x) 1s also D, = (0, 0) and fog(x) = f(e(x)) = 1+ (e@)) = 1+ dn x). 
Now fog(x) : (0, 0) — R 1s the composition of fx) = 1 + x and g(x) = (In x)” 

Now on (0, ©), f(x) is increasing function and range of g(x) is [0, «) 

=> range of fog(x) 1s [f(0), f(oo)| = [1, ©) 


(vi) If f(x) 1s non-monotonic function and continuous in by analyzing the behaviour of function f(x) on the 
its domain and g(x) is any function (monotonic or range set of function g(x). 1.e., by determining the 
non-monotonic) for which the composition function intervals of monotonicity, /.u.b., g.u.b. of f(x) in range 
fog is defined, then range of fog can be obtained set of g(x). 


ILLUSTRATION 203: Let f(x) = sinx and g(x) = cos"'x, then find the domain and range of fog(x). 
SOLUTION: /og(x) = f(2(x)) = sin(g(x)) = sin(cos™x) 


Now sin(cos'x) is defined for every value of cosx which in turn is defined for x € [-1, 1]. 
Domain of fog(x) 1s [-1, 1] 


Further range of g(x) is [0, 1] in which f(x) = sinx 1s non-monotonic but continuous. 

If we break [0, x] into two subintervals 0,2 and Z| , 1n interval 0,2 sinx 
: 8 t 

increases and belongs to [0, 1]. However in interval =| sinx decreases from | to 0, 


and hence, sin x belongs to [0, 1]. 
Thus, the range of fog is [0, 1]. 


ILLUSTRATION 204: Function fand g are defined by f(x) = sin x, x € R; g(x) = tanx,x e R~ Qn+)-; ne JZ. 


Find the range of the function fog and gof. 
SOLUTION: /(x) = sin x; g(x) = tan x. 

=> fog(x) = f(g(x)) = sin (tan x) 

= Range of fog(x) = [-1, 1] (.. tanx € R) 
Now goffx) = g(f{x)) = tan (sin x); -1 1 and tan x is continuous 
and increasing in [-=,5) 

2 2 
= tan (-1) < tan (sin x) < tan 1 => -—tan 1 < tan (sin x) < tan 1 


Range of gof{x) = [— tan 1, tan 1] 
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(vii) If fx) is monotonic and continuous in its domain and of fog(x) will be [f(a), f(B)] or F(a), A(B)) if fx) 1s 
g(x) 1s non-monotonic for which fog(x) is defined increasing and it will be [/(B), fa)] or GB), f(ox)) if 
and range of g(x) is [a, B] or (a, B), then the range fix) 1s decreasing. 


ILLUSTRATION 205: Let f(x) = sinx and g(x) = cos 'x, then find the domain and range of gof(x). 


SOLUTION: gof(x) = g(f(x)) = cos'(f(x)) = cos ‘(sin x) 
Now cos"1(sin x) is defined for sinx € [-1, 1] which in turn attains all these values V x € R. 
So, domain of cos '(sin x) is R. 
Range of sin x is [—1, 1] and cos“'(x) 1s decreasing for x € [—1, 1] and decreases from rz to 0. 


Thus, range of gof(x) is [0, r]. 


(viii) If fic) and g(x) both are non-monotonic and f(x) on the range set of g(x) 1.e., by determining the 
continuous, for which fog(x) is defined, then the range intervals of monotonicity, /.u.b. and g.l.b. of fix) in 
of f(x) can be obtained by analyzing the behaviour of the range set of g(x). 


ILLUSTRATION 206: If f(x) = sinx and g(x) = 2x? + 7x + 3, then determine the domain and range of 
fog(x) and gof{x). 
SOLUTION: Here both f(x) and g(x) are non-monotonic functions. Now fog(x) = sin(2x? + 7x + 3). 


Now /og(x) is defined for all real values of (2x? + 7x+ 3) which in tum is defined for all real 
values of x. 


Thus, domain of fog(x) is R. 


D 49 — 24 
Now range of 2x? + 7x+ 3 is given by 2.0 | = |S) pies 
a 


. —25 ; 
Now sinx being continuous function, when fed to inputs = | , by intermediate value 


theorem, sinx would attain each and every real number from f (=) to _f{00). 

As x — oo sinx attains all real values of interval [—-1, 1] 

Hence, fog(x) = sin(2x” + 7x + 3) would attain each value of interval [-1, 1] 

Hence, range of fog is [—1, 1] 

Further gof(x) = 2(f(x)) = 2(f(x))? + 7f(x) + 3 = 2(sinx)? + 7 sinx + 3 

Now, gof{x) is defined for all real values of sinx which in turn is defined for all real 
values of x. Hence, domain of gof(x) is R 


Next, (go/)(x) = 2sin’x + 7sinx + 3 
2 
= 2 sin? e+ Zina] +3 = 2) sin? x+Lsinx +2 |43-2 = 2 sin +1) 
2 2 16 8 4 


Now —1 < sinx < 1 


3. 7 11 (si 7) 
=> —x<sinx+—<— => |smx+—|eE 
4 4 4 


16’ 16 


9 =| 
4 


sca y 225 | 
= 2 sinx +7 oe E [-2,12] => gof(x) has its range [-2, 12] 


(c) fog(x) is not necessarily equal to gof{(x). 1.e., generally 


not commutative. However, equality holds when f and 
g are functions from set A to set A itself and each is 
inverse of other or at least one of them 1s an identity 
function on set A. 


Proof: Let f: A > A is a byective function, then 
f' =g:A—A1s also a byective function. 


such that f(x) =y & g(y) =x 


Clearly f! = g and g’=(f')'! =f.1e., fand g are 
inverse of each other. 


Now gof and fog both are composite function from set 
A to set A itself. 


Now for any x e€ A, goffx) = g(x) 


gy) 


[where y = f(x) > g(y) =x] =x .. () 


and fog(x) = fig(x)) = fy’) [where yo = g(x) 
=> fy’) =x] =x ... (2) 
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From (1) and (2), we have gof(x) = fog(x) =x VxeEA 

=> gof= fog = I,,1.¢., identity function on set A. 
Next let us suppose that f g:A >A andg=TJ,, 
1.e., an identity function on set A. 

=> gx) =xVxeEd. 
Now fog, 1.e., composition of f and g is a func- 
tion from set A to A itself, and for each x € A, 
fog(x) = fge(x)) = fi) and for each x e€ A, 
goflx) = g(hx)) = fx) 
Thus, fog(x) = gofix) = fix) Vx € A. 

=> fog = gof=f 
Similarly, we can show that gof = fog = gif fis an 
identity function on set A, 1.e., f= ce 


2.174 > Functions 


(d) The composition of functions is associative in nature, 


1.e., 1f f, g, h are three functions such that fo(goh) and 
(fog)oh are defined, then fo(goh) = (fog) oh. 


Proof: Leth:A>B,¢g:B—>Candf:C 5D, then 


=> goh:A-— C and fo(goh) : A > D. 
Also fog : B > D and (fog)oh : A > D 
Thus, fo(goh) and (fog)oh has common domain A. 
LetaeA 


(e) The composition of two biections is a biyection. 


Proof: Letf:A— Bandg: B—-C betwo byections 
such that gof: A > C exists. 


Injectivity: Let a,, a, € A such that (gof)(a,) 


=(gof\(a,) => glka,)] = g [Ka,)] 
=> fla.) = fla,) [-.. g 1s one-one] 
=> ad, =a, [-.. fis one-one] 


‘. gofis also one-one function. 
Surjectivity: LetceC, 


= there exists b € B, c € C and d € D such that 
h(a) = 5, g(b) = ¢, fle) = d, 
Then [fo(goh)|(a) = fl(goh(a)] = fig(h(a))] 
Alg(6)] = fle) = d 
and [(fog) oh] (a) = (fog) (A(a)) = (fog)(5) 
Alg(6)] = Ke) = d 
Thus, [fo (goh)] (a) = [fog)oh|(a) VaeA 

=> fo(goh) = (fog)oh 


= There exists b € B such that g(b) = c and be B 
there exists a € A such that f(a) = b 


[-. g and fare onto functions] 
Therefore, we can conclude that VceC there 
exists a € A: (gof) (a) = g(f(a)) = g(b) = 

= Every element of C is the gof image of some 
element of A. 


=> gofis onto function. 


y 


Thus, gof being one-one and onto, is a bijection. 


(f) If gofis one—one, then fis one-one and g need not be 


one-one. 

Proof: Let gof(x) = gof(y), thenx =y 

(.. gof is one-one) 

= Let fx) = fly), then g(fx)) = gf) 

(. gis a function) 

=> gof(x) = gofly) 

=> x=y (by (1)) 

= fis one-one, however g need not be one-one. 
e.g.,y =e = (e*); let g(x) = x’ and f(x) = e*, 
then gof(x) = g(e*) = (e*)” = e*; 
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Clearly gof(x) is monotonically increasing and 
hence, is one-one, also f(x) = e* is one-one but 
g(x) = x? is many—one. 


(g) If gofis onto, then gis onto but fneed not be onto. 


Proof: Letf:X > Yandg:Y-—Z, then gof:X > Z 
Let z € Z, then x € X such that gof(x) =z 

=> g(x) =z. Let fx) =be Y 

=> g(b) =z 

=> gis onto, however fneed not be onto. 


e.g., Let X = {1, 2, 3, 4, 53}; Y = {-l, 1, 4, 9, 
16, 25} and Z = {0, 2log2, 2log3, 2log4, 2log5}; 


2.176 > Functions 


Let f. X > Y and g: Y > Z defined as f(x) = x? and 
g(x) = log |x|, then gof: X > Z 1s given by gof{x) = 
2log|x| 1s onto. Also clearly g(x) is onto but f(x) is 
not onto as—1 € Y has no pre-image in _X under f 


(h) If ffx) and g(x) are both continuous functions, then 


g(f(x)) is also continuous. 


Proof: Let f: X > Y and g: Y > Z be two 
continuous functions. 


Then gof: X > Z 1s composite function of f and g. 


Let a € X; such that fa) = 5 e€ Y, then f(x) is 
continuous at x = a and g(x) 1s continuous at x = b 


=> lim f(x)= f(@) and limg(x)= f(b) A) 


(i) Monotonicity of composite function: Composition 


of two functions having same monotonicity is a 
monotonically increasing function. 1.e., if f1s increasing 
(tT) and g is increasing (1), then f(g(x)) is increasing 
(tT) and if f is decreasing (VY) and g is decreasing 
(1), then f(g(x)) is increasing (1). 

Proof: Case 1: When / and g both are increasing 
functions 

Let x, y € domain of fog such that x > y 

=> x,y € domain of g(x) andx>y 

=> g(x)> g(y) (.’ g 1s increasing) 

=> fig(x)) > Ke) C.’ fis increasing) 

=> fog(x) > fog) 


Now lim gof (x)= lim g(f(x)) 

= lim g(y) = lim g(y) 

= g(b) = g(fla)) 
lim f(x) = f(a) 

= gofla) | > as x > a; f(x) > f(a) 
ie. y > f(a) 


=> gof(x) is continuous at x = a 


‘. Composition of two continuous functions is also 
continuous. 


=> fog is increasing function. 

Case 2: When f and g both are decreasing 
functions 

Let x, y € domain of fog such that x > y 

=> x,y € domain of g(x) andx>y 

=> g(x) <g(y)(. gis decreasing) 

=> fige(x)) > f(e()) C.’ fis decreasing) 

=> fog(x) > fog(y) 

=> fog is increasing function. 

Aliter: f(x), g(x) increasing shows f'(x) > 0 and 
g(x) > 0 and {fog (x)$' =f' (g(&)).g'(x) > 0 


=> fog is also an increasing function 


ILLUSTRATION 213: 


SOLUTION: 
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tan x)!” 


Show that the function (tan x)!" and e! 


domains. 


Let f(x) = (x)!? and g(x) = tan x 


are monotonically increasing functions in their 


= D> R and D, = R ~ {2n+)ZneZ. Now f@)= as Vx eRw~ {0} 
x 


=> f(x) is monotonically increasing on R and g'(x) = sec’x >0 Vx €e R~ 4 (2n+ an = zh 


=> g(x) 1s monotonically increasing on R ~ {(2n - San E zh 
Thus, fog(x) = (tan x)!* being the composition of two increasing (same monotonicity) 


functions is also monotonically increasing on its domain R ~ {(2n = san = z} : 


Next, let h(x) = e* and k(x) = (tan x)!%, then hok(x) = e'"*)” being the composition of two 
monotonically increasing functions A(x) and k(x) on their respective domains R and 


R ~ {(2n + an “ z| is also continuous on its domain R ~ {(on + an = zh 


(j) Composition of two functions having opposite Now {fog (x)}' =f" (g(x)).g'(x) < 0 


monotonicity is a decreasing function. 


=> fog isa decreasing function. 


Proof: Let f(x) be increasing and g(x) be decreasing 
functions, then f(x) > 0 and g'(x) < 0. 


ILLUSTRATION 214: 


SOLUTION: 


ILLUSTRATION 215: 


SOLUTION: 


Show that the function 3(log,,x)’? + 4(log,,x)? + 7(log,,x) + 11 is a monotonically 
decreasing function on its domain. 


Let f(x) = 3x’ + 4x? + 7x + 11 and g(x) = log, x 
= Domain of fx) = R; and domain of g(x) = (0, 0) 
Now fog(e) = flg(x)) = 3(g(x))? + 4(e(x))? + 1(g(x)) + 11 
= 3(log, x)’ + 4dog, x)’ + 7dog,,,x) + 11 and domain of fog(x) is (0, 0). 
Further /'(x) = 9x? + 8x + 7 
Disc. f(x) = 64 — 252 = -188 <0 > f(x)>0VxeER 


= fx) is monotonically increasing on R. 


Also we know that log, x is a decreasing function on (0, 00), thus, g(x) 1s monotonically 
decreasing function on (0, 00). 


Thus, fog(x) being the composition of two monotonic functions of opposite monotonicity 
is decreasing on its domain (0, 00). 


If f(x) = In@? — x + 2): R*> R and g(x) = {x} + 1: [1, 2] > [1, 2]; where {x} denotes 
fractional part of x. Find the domain and range of f(g(x)) when defined. 

Given f(x) = In(? —x + 2): R*> R and g(x) = {x} + 1: [1, 2] > []1, 2] 

=> f[a(x)) = In({x}? + {x} + 2) 

= Domain of fog(x) contains those elements of [1, 2] for which {x}?+ {x} +2>0 


which holds V x € [1, 2] as Disc. of quadratic is negative or each term 1s non-negative. 
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= Domain of fog(x) = [1, 2], for x € (1, 2); {x} =x -1 
= fog(x)= In(e— 1)? + @— 1) +2) = In [x* —x +2] 


Now since x? — x + 2 1s continuous and increasing on (1, 2) 
= Rangeof foe(x) = (In 2, In 4) forx e€ (1, 2) and for x = 1 or 2, {x} =0 
=> fog(x) = \In2 => Range of fog(x) = [In 2, In 4) 


Let us find the composite function fog(x). The following 
steps are involved. 


ae 1cO MPOSITION OF NON-UNIFORMLY 
"DEFINED FUNCTIONS 

Step 1: Replace g(x) in the place of x in the definition of 

Piecewise or non-uniformly defined functions are those | f(x). 

functions whose domain is divided into two or more than ie... Fey | 2g(x)-l, Os g(x)<2 

two parts so that the function has different analytical g(x)’ +l; 2< e(x)<4 

formulae in different parts of its domain. We can say that a 

piecewise defined function is composed of branches of two 

or more functions. 


Step 2: Apply the definition of g(x) in the above step (1). 
2(x+l-l -lsx<l & O< x+1<2 
2(2x)-1; Isx<s3 & O<2x<2 


l x)= 
Seek seer = S(O) (xt+l’ 4] -l<x<1l & 2<x41<4 
, (2x) +1; Is<xs3 & 2<52x<4 
sin3z7x; -—<x<0 
eg, (x)= 3 Step 3: Take the intersection of domains and find the final 
— 1 definition. 
tan x; O0<x<— 
4 2(x+l)-1; -l<x<l 
di 2(2x) —-1; xef{} 
xX i 2o— ‘ ’ 
‘ .e. X= 
7 BE ai aie eek) 
The domain of function f(x), 1.e., (00, 00) 1s divided into (2x +1; Is<x<2 
l l 
four parts, 1.e., (—«,-5| : [-F.0| : (0,2 and =] 2x+l; -l<x<l 
ay 3 4 4 => fog(x)=4"", 
4x°+l; Ilsx<2 


Graphically it is shown in Figure 2.154. 
Thus, the domain of composite function fog(x) is 
[—1, 2] and graphically as shown in Figure 2.155. 


FIGURE 2.154 


Now let us discuss the method to find the composition 
of two non-uniformly defined functions with the help of 
following example. Consider the functions as defined below 


f= 2x —1; Wo teaa oe x+l; -l<x<l 
me x41 2<x<4 ee 2x; 1l<x<3 


FIGURE 2.155 
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ILLUSTRATION 216: If f(x) =—1 + |x — 2|, 0 <x <4 and g(x) = 2 — |x|; -1 < x < 3; then find fog(x) and gof{x). 
Draw rough sketches of the graphs of fog(x) and gof(x). 
—1-(x-2); O0<x<2 
SOLUTION: Given f(x) = 
—1+(x-2); 2<x<4 


_ fl-x; O<x<2 _[2+x; -l<x<0 
ey x-3; 2<x<4 mdse) = 2—-x; O<xs<3 
- _{l-g(x); 0<g(x)<2 
fog (x) = flg(x)) ses 2< g(x)<4 


1-(2+x); 0<24+x<2;-1<x<0 —-l-x; —2<x<0;-l1<x<0 
_ Jl-@-x); O<2-x<2; O<x<3 0 | x-];) O<x<2; O<x<3 
7 (2+x)-3; 2<2+x<4;-l<x<0 |x-l O<x<2;-1<x<0 
(2—x)-3; 2<2-x<4; 0<x<3 —-l-x; —2<x<0; 0<x<3 
—-l-x; -l1<x<0 sues 
Ke(x)) = a eens ; graphically shown in Figure. 


2+ f(x); -l< f(x)<0 
Next (gof) (x) = g(ftx)) -| Ba pene ea 
2-(x-3); O<(x-3)<3;2<x<4 
2-(-x); O<(-x)<3; 0<x<2 
2+(x-3); -l<(x-3)<0;2<x<4 
2+(-x); -1<(-x)<0; 0<x<2 
5-x; 3<x<6;2<x<4 FIGURE 2.156 
1+x; —2<x<l; O0<x<2 


= y 
x-1; 2<x<3; 2<x<4 
3-x; 1l<x<2; 0<x<2 2 
1+x; O<x<l ; 1 
3-x; 1<x<2 ‘ 0 12 3 4 ‘ 
(gof) (x)= Se ; graphically shown in Figure. 
x-1l; 2<x<3 
5-x; 3<x<4 
FIGURE 2.157 


ILLUSTRATION 217: Composition of piecewise defined functions: 
If f(x) =| |x -3] -2 |;O<x<4 
g(x) = 4-|2—x|;- 1 <x <3, then find fog(x) and draw rough sketch of fog(x). 
SOLUTION: f(x) =||x-—3|-2|,;0<x<4 
Lx: O0<x<l1 


0<x<3 
=> fix)= — x-1l; 1<5x<3 
5-x; 3<x<4 


And g(x) = 4-|2 -—x|;-l<x<3 


_ 4—(2-x); -I<x<2_ 2+x; —-l<x<2 
4—(x-2); 2<x<3 |6-x; 2<x<3 
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1-(2+x); O<2+x<1 and -1l<x<2 
2+x-1; %152+x<3 and -1l<x<2 
5-(2+x); 3<2+x<4 and -l<x<2 
1-6+x; O<6-x<1l and 2<x<3 
6-x-1l; 1<6-x<3 and 2<x<3 
5-64+x; 3<6-x<4 and 2<x<3 


1— g(x); 0< g(x)<1 
fog(x) =4 g(x) -1; 1< g(x) <3 = 
5— g(x); 3< g(x) <4 


—-l1-x; —2<x<-l and -1<x<2 —-l-x; -2<x<-l and -l<x<2 
14+; -l<x<l and -1<x<2 l+x; -l<x<l and -1<x<2 
3-X; l<x<2 and -l<x<2 3-X; l<x<s2 and -1<x<2 

7 x-5; -6<-x<-5 and 2<x<3 7 x-5; 5<x<6 and 2<x<3 
5-x; -S<-x<-3 and 2<x<3 5-— Xx; 3<x<5 and 2<x<3 
x-l -3<-x<-2 and 2<x<3 x-l; 2<x<3 and 2<x<3 
1+; —-l<x<l 

=93-x; I1<x<2 


x-l1, 2<x<3 


Alternate method for finding fog: g(z)=1- "ff 
: X)= 
ernate method for fmdimg fog: g 6x. 2<x<8 
Graph of g(x) 1s 
1— g(x); 0< g(x)<1 
fog(x) =4 a(x) -1, 1s g@) <3 
5— g(x); 3< g(x) <4 
From the graph of g(x), we note that no portion of . 
graph of g(x) lies in the interval [0, 1). 


Also g(x) € [1, 3) for x € [-1, 1) and g(x) € [3, 4] for 
x € [1,3] 


1— g(x); for no value FIGURE 2.158 
fog(x) = 4g(%)-l, -1sx<1 .. Q) 

5-—g(x); 1<x<3 
Now for x € [-1, 1), g(x) = (2 + x); for x e€ [1, 2), g(x) = (2 + x) and for x € [2, 3], g(x) 
= (6 — x) 


Therefore from (1), we have 


2+x-l; -l<x<l 

fog(x) = 5—(2+x); l<x<2 
5-(6-x); 2<x<3 
x+1; —-l<x<l 


= 43-x; 1<x<2 ; graphically shown in Figure. 
x-1; 2<x<3 FIGURE 2.159 


TEXTUAL EXERCISE-13: (SUBJECTIVE) 


1. Let f g be real valued functions defined as: 


Tx°+x-8; x<l 
x)= 45 4x45; 1<xS7 and 
8x +3; x>7 
| x |; x<-3 
g(x) = 40; —3<x<2 
Pe or Se Pe 


Find the values of composite functions at given points 


(fog)(—3), (fog)(7), (fog\(9), (gof\(2), (gof) (0), (gof) (6). 
. Let fx) = —— x #-1. If (fof\(x) = x, find the 
x+l1 


value of a. 


. The function f is defined on the interval [0, 1), 
then find the domain of definition of the following 
functions; where [ ] denotes the greatest integer 
function. 


(1) f (| [x — 2.5] |) 
(11) f(cos x) 


. Define fog(x) and gof(x). Also find their domain and 
range. 


() f(x) = [x], g@) = sin x 


(11) fix) = tanx,x € (2,4) , g(x) =Vv1-x? 


. Find the composite function fofix) for the following 


functions 

a l+x; O<x<2 
@) fa)={3"" Z2aeSS 
(b) fix) =-1 +|\x-2|/;0sx<4 
(c) fx) =2—- |x|; -Ilsx<3 


x+l; x<l 
@) ae x>l 

—X; x <0 
(ce) fx)=4 x; Osx. 

2-X; x>l 


. Find composition function fog(x) for the following 
functions 

l+x* x<l 

x+1 l< 


(a) f(x) -| and g(x) = 1- x; 2< 


x2 


x<l 


10. 


13. 


. Given 
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ee as 5 a | oe 
202 ay eZ 
ee Slee 
ae 2<x<3 


. Find the composite functions fog(x) and gof{x) for the 


following functions: 

(a) Ax) = -1 + |x - 2)|,0 sx < 4; g (&) = 2 - |x, 
—-l<x<3 
Draw rough sketch of the graphs of fog (x) and 
gof(x). 


7 x+l; x<l 
DO ee has 
fx’; -l<x<2 
=f" 2<x<3 


. Give two function f: N > N and g: N > N such that 


gof is onto but fis not onto. 


. Show that if for a map f: X — Y, there exists a map 


g:.Y—X such that (og)(y) = y, for every y € Y, 
then fis onto. 


Show that if for f: X > Y, there exists amap g: Y > 
X such that (gof)(x) = x for all x €_X, then fis one-one. 


. A function is defined as f: D> R , f(x) = cot" (sgn 


x) + sin! (x — {x}) where {x} denotes the fractional 
part function. Find the largest domain and range of 
the function. State with reasons whether the function 
is injective or not. Also draw the graph of the function. 


two functions f(x) and g(x) defined 


x+2; x<l 
as below f(x) = | and 


2x+1l; 1l<x<3 
yer: 
g(x) = 
x-1; 


Sh WS A: . 
. Find composite functions 
4<x<6 


Kg(x)) and g(f(x)) and their domain and range and also 
find the number of solutions of equations 


(a) fig) =5.01 —(b) ge) =5 
(c) fig(x)) = 1 
_ | xta; if x<0 
ves foy={"" if x>0 ene 


x +1; if x<0 
2(x)= ; > where a and 5b are 
(x-1)° +5; if x20 
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non-negative real numbers. Determine the composite 
function gof. If (gof) (x) 1s continuous for all real x, 
determine the values of a and b. Further for these val- 
ues of a and 5b, 1s gof differentiable at x =O? Justify 
your answer. 


14. Let fbe increasing and g be decreasing functions from 
[0, 00) to [0, 0). Let h(x) = (fog)(x) and h(O) = 0. Prove 


that h(x) =0 V x € [0, «). 


Answer Keys 


1. 


iif di) U 


neZ 


15. If f: [0, 1] > [1, 2], defined by fx) = 1+ x and g: 
[1, 2] — [0,1 | defined by g(x) = 2 — x, determine gof. 


16. Find domain and range of the following functions: 


[>| 


(i) f(x) =cos” log,.;— . where [.] denotes the 


x 
greatest integer function 


ji) f(x)= én(cos(sin x)) 


(fog)(—3) = —8, (fog)(7) = 427, (fog)(9) = 683, (gof)(2) = 173, (gof) (0) = 8, (gof)(6) = 845. 
2a 7 ona +z ~ {2nt} 
2 2 


- Gi) gof = sin [x]; domain : R; range {sin a: a € I} fog = [sin x]; domain : R; range : {-1, 0, 1} 


(ii) gof = V1-tan* x ; domain = 2.2] ; range : [0, 1] fog = tan V1—x? ; domain : [-1, 1]; range [0, tan 1] 


x+2 O<x<1l 
5.(a) 42-x 1<x<2 (b) {* aa 
. (a a < 
4-x 2 as 
4-x 2<x<3 
x+2; x<0 
—x ,-l<x<0 : 
5-(x4+l°; O0<xsl 
(c) 4x <x<2 (d) es 
5-(3-x'); 1<x<2 
4-x XS 3 ; 
(5—x*) +1; X22 
2+X; x<-l 
—X; —-l<x<0 
(e) X; O<x<l 
2-X; l<x<2 
—(2-x); x>2 
; 2-2x+x°; xsl ‘ l+x?; -l<x<1 
. (a 
” x1; -l<x<0 ©) 2x 42: l<x<J2 
x+l1 <x<l 
7 ote) —(1l+x) ,-l<x<0 f (2) 3-x A Ee 
° O2(X)= ;20) (xX) = 
ar ae x1 <x<2 ° x-l NP eS 
5-x 3<x<4 


x +1; -l<x<l 
2x +1; 


(b) fog(x) = 


8. fix) = 2x + 4; g(x) =) 0 = x? + 3; g(x) = vVx—-3 
11. D = [-1,2);R 45% 
4°24 


Nd a 1}. 


; the function 1s neither injective nor surjective. 


16. (i) D:[2,0);R: §nx/2} 
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FIGURE 2.160 


x? +3; x=0 


12. fig(x)) -| ; domain of f(g(x)) = | -1,v2 | and range [3, 7]. 


2x? +3; -l<x<Oor0<x< V2. 


x? +4x4+5; —3<x<l 


5 
goftx) = 44x°+4x+2;  1<x<3/2 ; domain of goftx) = 35] and range [1, 17] 


2X: 37 2245/2 
(a) 1 solution (b) 2 solution 
x+atl; Xx<-a 
13. gof(x) = ak aes aman = |] and b = 0; yes. 
x +b; O0<x<l 


(x-2) +); x>1 


TEXTUAL EXERCISE-13: (OBJECTIVE) 


1. If f and g are byective functions and gof is defined 


then, gof must be 
(a) injective (b) surjective 


(c) bijective (d) into only 


- Number of functions which can be _ defined 


from R — R for which the composite func- 
tion f(f/(x)) is an identity function for every 
x € R,1s 

(a) zero 

(b) exactly one 

(c) exactly two 

(d) infinite 


. Let f()=—& g(x) = 


(a) f (g(x)) and g (f(x)) have different domains 
(b) f (g(x)) and g (f(x)) have the same range 


(c) no solution 


15. (gof\(x) =1-x,O0<x<l 


Gi) Dinn,nel;R: {0} 


(c) f (g(x)) 1s a bijective mapping 
(d) g (Kx)) 1s neither odd nor even 


. Let f and g be two functions both being 


defined from R > R as follows: 
fx) x+|x| ieee x for x<0 ie 
x) =———an x)= _ Then 
2 p x” forx=0 


(a) fog is defined but gofis not 

(b) gofis defined but fog is not 

(c) both gof and fog are defined but they are 
unequal 


(d) both gof and fog are defined and they are 
equal. 


. Let fix) = sin x and g(x) = |€n x| if composite functions 


fog(x) and gof(x) are defined and have ranges R, and 
R,, respectively, then 
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(a) R, = tu: -l<u<I1},R,= tv: 0<v<o} 

(b) R, = {u: ~0 <u <0}, R, = tv: -l<v<]} 

(Cc) R, = {u: O0<u < of, Rk, = fy -l <v <1], 
v #0} 

(d) R= {u:-l<u<1},R,={v:0<v<o} 


. Let f: [0, 1] > [1, 2] defined as fx) = 1 + x and 
g:[1, 2] — [0, 1] defined as g(x) = 2— x, then the 
composite function gof is 

(a) Injective as well as surjective 

(b) Surjective but not injective 

(c) Injective but not surjective 

(d) Neither injective nor surjective 


~if fp =-1l1+h-1)/,-1sx<3 and g (= 
2-|x + 1],-2 <x < 2 then find (og) (3/2) 
equals 


FIGURE 2.161 


(a) A\x,), 8A%,)) 
(b) x, g(x) 

(C) x B(Ax,)) 
(d) Ax,), Kg (%)) 


(a) 0 10. If fx) = x? + 2x + 1 and g [fd] = |x + 1] then the 
(b) 1 function g(x) 1s 
(c) 1/2 (a) g(x) =—-xVx 


(d) None of these 


(b) g(x) = xVx 


. On the interval [0, 1], f(x) is defined as, (c) g(x) =x” 
x ifxeQ (d) None of these 
f(x)= f . Then for all x e€ R the 
=e eee 11. If fix) =x? + 2x + 1 and g [f)] =| x4 1 |, then the 


composite function f (/(x)) is 
(a) a constant function 

(b) an identity function 

(c) an odd linear polynomial 
(d) 1 +x 


. Given the graphs of the two functions, y = f(x) and 
y = g(x). In the adjacent figure from point A on 


function g(x) is 
(a) xvVx 
(b) vx 
(c) Vx 


(d) None of these 


. If f(x) = (ax’ + by, such that fg(x)) = g(f(x)), then 


the graph of the function y = f(x) corresponding ee | ye 
to the given value of the independent variable (a) A\g@x)) =x (b) g(x)= F 

(say x,), a Straight line is drawn parallel to the x-axis _ 

to intersect the bisector of the first and the third (c) Ag) = 2x (d) None of these 


quadrants at point B. From the point B a straight 
line parallel to the y-axis is drawn to intersect the 
graph of the function y = g(x) at C. Again a straight 
line is drawn from the point C parallel to the x-axis, 
to intersect the line NN’ at D. If the straight line 
NN'1s parallel to y-axis, then the co-ordinates of the 
point D are 


13. 


If f(x) = sin’*x, g(x) =Jx x and h(x) = cos’! x, 
O<x< 1, then: 

(a) hogof(x) = gofoh(x) 

(b) gofoh(x) = fohog(x) 

(c) fohog(x) = hogof\x) 

(d) None of these 


Answer Keys 


1. (a) 2. (d) 
I. (b) 12. (a,b) 


3. (b,c,d) 4. (d) 
13. (d) 


5. (d) 6. (a) 7. (c) 8. (bd) 9c) 10. (b) 


m@ INVERTIBLE/NON-INVERTIBLE FUNCTIONS 


While studying function so far we have evolved it as a 
machine that picks up elements as inputs (pre-images) 
from domain set D, and V x € D, generates an output 
(image) in another set (co—domain) and is denoted as f(x) 
and fis called connecting rule. A natural question arises, 
‘whether a machine exists that converts back the output 
(images) produced by machine f to input (pre-images)?’ 
Of-course yes, such machines are called inverse machines 
and mathematically denoted as inverse function of f(x), 
symbolized by f': Y —X .1.e., pre-image(s) = f' (image) 

In some case the invertibility of relation is easily 
conceivable, for instance the relation “teacher of* is the 
inverse relation of ‘student of’. On the other hand in most of 
the cases involving functions, the inverse relation is not so 
explicitly conceivable, for instance the inverse of relation 
‘ais son of 6’ is not exact, as b may be father or mother of 
a. Therefore mathematicians needed to develop a technique 
(better called algorithm) to obtain inverse function (relation) 
for a given function. 

To obtain inverse function first of all it 1s necessary to 
furnish rules by which inversion has to take place, however 
keeping in mind such rules, f' has to be function from 
Y + X. This clearly put a restriction that each element y 
(images under f) of Y must be related with exactly one 
element x (pre-image under /) of X. 

Consequently the inverse function f’ so obtained is 
always defined from its domain (Y) to its co-domain (X). 
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Thus, we can conclude that domain and co-domain of 
f is exchanged for f' and there should be bidirectional 
restriction on X — Y that each element of one set is 
related with exactly one element of other set, 1.e., the 
process of inversion can be carried out for any function 
f:X — Y which 1s bijective. For instance if f1s continuous 
and monotonic on an interval [a, b] — [c, d], naturally it 
becomes invertible. 


Definition of Inverse of a Function 


A function f X > Y 1s said to be invertible iff there exists 
another function g : Y + X such that fx) =y @ g(y) =x, V 
xe Xandye Y. 

Then g : Y + X 1s called inverse of f: X > Y and is 
denoted by f". 

=> g=fi={(fx), x): &% Ax) € Sf 

e.g., let A = {2, 3, 5,7}; B = {3, 8, 24, 48} 

Define a function f: A > B as f(x) = x7 - 1 

Then f= {(2, 3), (3, 8), (5, 24), (7, 48)}. Now if we 
define another function g : B > A as g(x) = Vx+1 , then 
g = {G, 2), (8, 3), (24, 5), (48, 7)}. Clearly @, y) € f 
> (y, x) € g for all ordered pairs (x, y) and (y, x) 

Thus, f: A — B is invertible and f' = g and g' =f 
1e., inverse of function f(x) = x” — 1 is g(x) =Jx+1 and 


inverse of g(x) = Vx+1 is f(x) =x?- 1. 


ILLUSTRATION 218: Find the inverse of y = x*(x > 0) and draw its graph. 


SOLUTION: Given function is f(x) = x’, 1.e., function converts x (> 0) to x’. 


Thus, (x, x°) € f for x > 0) which implies @*, x) e f' for x > 0 


i.e., (x, Vx) € f! for x > 0, i.e., y = Vx; x > 0 represents the inverse of function y = x°(x > 0) 


The graphs of function f(x) = x? (x > 0) and f(x) = Vx (x > 0) are shown below, 


FIGURE 2.162 


FIGURE 2.163 


¥ 


FIGURE 2.164 
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For a function to be invertible it must be a bijective function. 
In case the function loses at least one of the two properties 
1.e., surjectivity and injectivity, then the function remains no 
more invertible as is clear from the discussion given below. 


Casel: Let fbe one-one but not onto. 
Consider the function f: X — Y such that f= {(x,,¥)> 
(X,,¥5)> 5 V5) (, ¥,)} (shown in Figure 2.165), where 
Dae eee re eee ay and Y = {V2 Vo Va Var Vs 


Lf 
m= 
Z 
Xx Par Y 
is not a function 


FIGURE 2.165 


Clearly the function f is injective as different inputs 
from X are mapped to different outputs in Y. However, 
the function is not surjective as y, € Y has no pre image 
in X under f. 

As there is no output for y, under the relation g from set 
Y to X defined by g(v,) = x, @ fx,) = y,. 

=> g:Y->X1snota function. 

= /fisnot invertible from set_X to set Y. Thus, for fto 
be invertible f should be surjective 


Case Il: Let fbe onto but not one-one. 
Consider the function f from set _X to set Y such that 


SF = {&,, V,), &» V)> & V,)> > Y3)} (Shown in Figure 
2.166), where X = {x,, x,, x,,x,} and Y = {y,, y,, V5}. 


a 


X Pa Y 
is not a function 
FIGURE 2.166 
Clearly the function is surjective as range of function 


f = co-domain Y. However, the function fis not injective as 
there is same output y, corresponding to different inputs x,, x,. 


= the relation g: Y +X defined by g(v) = x, @ fix) 
= y, 1s not a function / as there are two outputs x,, 
x, corresponding to input y, under the relation g. 

=> fis not invertible. 

= For fto be invertible it must be injective. 


‘CONCLUSION 


For a function to be invertible it should be one—one and 
onto, 1.e., bijective function. 


fis a function 


FIGURE 2.167 


Method to Find Inverse of a Given Function 


Before finding the inverse of a given function f: X > Y 
we test the function for biyectivity as if the function is 
bijective, only then we can find its inverse, otherwise it 1s not 
invertible. 
We shall demonstrate the procedure to find the inverse 
x- 


| 
of a function with the help of an illustration. Let f(x) = eo 12 


be the given function defined from R ~ {-2} >R. 


Step 1: Check the injectivity (one-one): Take fix,) = 
Kx,) and show that x, = x, or show that fis continuous and 
monotonic on its domain. 
Here fix,) = f(x,) 
Ral . a=) 
Be Bey : bee 


= 2 Pea RK Lee PX, 2 

=> 3x, = 3x, => Me 

Note that if fis non-injective in its domain, then define 
principal domain (P. D.) of function in which every function 
is injective, and hence, we can make f(x) injective. 


Step 2: Surjectivity (onto): 
Find the range of the function (R,) and compare it with 
co-domain. If R, = co-domain, then fis onto. 
—] 
Here, let y = ore 
x+2 


1+2 
x= 
ley 
= Range of function is i R ~ {1} 
So, fis an into function 


= 
=> jx) = = is not invertible from set 


R ~ {-2} > R due to lack of surjectivity. 

Note that had the function f been defined as 
ff: R~ {-2} > R ~ £1}, then the function would have been 
invertible. If fis not onto, then to make it surjective replace 
co-domain by Range (K,). 


Step 3: Using equation y = f(x) express x in terms of y. 


i<— sont) 


Functions < 2.187 


Step 4: Replace x by y and y by x in the obtained 
relation (1) to get y = f"(x). 


— 


1+2 
y= . is required inverse function f'(x) 


if f(x) is defined from R ~ {-2} — R ~ {1} 
for verification, show that f(f'(x)) =x Vxe ¥: 
where f: X — Y is byective. 


2x+1 
l-x — 2x+1-1+x _ 3x 
1.€., = ——____ =— = 
2x +1 ) 2x+14+2-2x 3 
l-x 


Hence, verified. 
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ILLUSTRATION 220: 


SOLUTION: 


ILLUSTRATION 221: 


SOLUTION: 


= fis surjective 
.. fs byective, and hence, is invertible from set A to set B. 


Ty—5 7x-5 


Now from equation (1), we get x = 


Find whether the function f(x) = 2x*-— 7x + 5 from A = Z| >» B= 2,0] is invertible 


or not. If invertible, then find its inverse. 


Given function is f(x) = 2x* -— 7x + 5 defined from set A to 8B; where 
+ eae 

4 8 
We know by theory of quadratic equations, the quadratic function fx) = ax* + bx + cis 


b ; 7 ae: 
one-one in the domain 3.0 1.€., 700 and its range 1s given by 
a 


art) ie |e) 
—-—,*O/1e,/-—,0| =B 
4a 8 


Thus, f(x) 1s one-one and onto, 1.e., bijective from set A to set B 


=> fix) 1s invertible function from set A to set B 


Let y = 2x*?-7x+5 => 2x?-7x+5-y=0 
7+/49-8(5-y) _ 7+./9+8y — 7+/9+8y C- 2 2}) 
= EC = a Ee “3 
‘ 4 4 4 es 14 
+ pj 


Find whether the function f(x) = |cos(2x)| from A = 0, 4 —> B = [0, 1] 1s invertible or not. 


If invertible, then find its inverse. 


Given function 1s f(x) = |cos(2x)| from set A to set B, where A = 0,5 and B = [0, 1] 
6 [05] = (F->)e[95 
2 2 2 
Now f(x) = |cos (2x)| and f Ga = |cos (1 — 2x)| = |-cos (2x)| = |cos (2x)| 


Thus, f(x) = f (= | = Thus, f(x) 1s not injective 


=> fx) 1s not invertible from set A to set B. 


However, range of |cos 2x| for 2x € [0, x] 1s [0,1] =B => f(x) 1s surjective 


For making f(x) invertible the domain of function should be selected 0,2 for which 
2x € 0,2 in which function 1s biyective. 


| ee | ee 
Now f(x) = |cos2x| = cos2x => y=cos2x > x= ae y > f'w= ao x 


ILLUSTRATION 222: 


SOLUTION: 


ILLUSTRATION 223: 


SOLUTION: 
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Find whether the function f(x) = |log x| from A = (0, 00) + B = [0, oo) 1s invertible or not. If 
invertible, then find its inverse. 
Given function 1s f(x) = |log x| from set A to set B, where set A = (0, 90) and B = [0, «) 
We know that log x € (—o0, 0] for x € (0, 1] and log x € [0, 0) for x € [1, «) 
=> |logx| € [0, 0) twice, firstly on (0, 1] and secondly on [1, 
00), graphically shown in Figure 2.169. 
Thus, f(x) is many—one on (0,0) => /(x) isnot bijective 
=> fx) 1s not invertible 
However, the range of function f(x) = [0, 0) = B = co- 
domain 
=> fx) 1s surjective. 
Now for making f(x) invertible we shall take its domain 
as principal domain, 1.e., (0, 1] 1n which f(x) 1s bijective. 
In x € (0, 1], log x <0 = f(x) = |log x| = -log x 


y 


=> y=—logx FIGURE 2.169 
=> x=10°> fi) =10 


Test the invertibility, and hence, find the inverse function of the following. 
(a) y=sin{ xx+7) (b) y=x?-4x +5 
] 
(c) y=v1-x (d) y=xt+— 
x 
bh 3 i A : fois a 
(a) For injectivity Cc +4) must be in principal domain of sin x, 1.e., 4,2] 
1 a\ 0 3% 4 
=>. =—S) 747 —>)|5— > -—SsSAXS— 
2 ( *) 2 4 4 


=> xe [-3/4, 1/4] and for surjectivity co-domain equals range of sin x, 1.e., [—1, 1] 


Leff . Aes 1].N sin{ xx +7] —> sin’ y=2x+— 
474 3 4 - 4 


] 1 ] 
> x= 2 sin" ( y)- *) => f"'()=y=—sin'x- ri (interchanging x and y) 
a Hl 


(b) y=x?-4x +5 


Given function being a quadratic polynomial (even degree polynomial) is 
many—one on R. 


b 
So, for injectivity the domain of function must be the principal domain, 1.e., > 
a 


1.€., [2, 00) and for surjectivity co-domain must be equal to range, 1.e., 2.0 | 1.€., [1, 00); 
a 
Nowy=x*7-4x+5 > x-4x+(5-y)=0 


press baie! ay 4 nae Sy > x=2+Jy-1 => fix)=2+ Vx-1 (xe [2, &)) 


2 
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ILLUSTRATION 224: 


SOLUTION: 


ILLUSTRATION 225: 


SOLUTION: 


(c) y=v1-x’ 5 D,=[-1, 1] 


For injectivity domain should be principal domain = [0, 1] and for surjectivity co-domain 
should be the range of function, 1.e., [0, 1] 


Now y=V1-x7 => x2=1-py> x= Ji-y’ => eS qla5er (." x € [0, 1]) 
=> f(x) = Vl-2’ .. f(x) is inverse of itself. 
] 
(d) y=x+—;D,= R~ {0}, Range = (—o, -2] u [2, «) 
xX 


The graph of y = x + 1/x1s as shown above. 

For injectivity take domain as principal domain = [-1, 
1] ~ {0} and 

For surjectivity take co-domain = Range = (—00, —2] U 
[2, 20) 


2 


x’ +1 
Now, y= > x*-xy+1=0 
x 
+4] 2_4 
=> x= 2X 
+y?—4 ~fy-4 
y=2 NW for y <-2 and x=2—* — for y>2 
2 2 FIGURE 2.170 
2 
2a mae a; for x € (-00,—2] 
» fiGe)= — 
= 5 ; for xE[2,0) 


Let f: R > R be defined by f(x) = cos (5x + 2). Is finvertible? Justify your answer. 
We know that any function f: X — Y is invertible iff it is bijective. Now f: R > R, given by 


fix) = cos(5x + 2) 1s neither injective nor surjective. 
For —1 < cos (5x + 2)< 1 
=> Rangeoff#R = fis not surjective. 
Also f (x + 21/5) = cos {5(x + 21/5) + 2} = cos (Sx + 2) = f(x) 
So, the function 1s periodic with period 21 / 5 and all periodic functions, are many—one. 


.. fis not injective. Thus, fcan’t be invertible. 


If the function /: [1, 0) — [1, 0) is defined by fx) = a, then find f(x). 


Injectivity: f(x) = ar = fi~= la (2x - 1) 
For f(x) to be one-one, it should be strictly increasing or strictly decreasing. 
So, f(x) > 0 = a®* (2x—1)>0, where a* *>0 for all x 
=> 2x-l1>0 => x>1/2 
Thus, for given domain [1, 90), Ax) 1s always increasing, hence, one-one. 


Surjectivity: As f(x) 1s strictly increasing and being exponential function 1s continuous over 
its given domain. 


(1) 


(11) 


Y ¥ 


PROPERTIES OF INVERSE OF A FUNCTION 


The inverse of a bijection is unique. 

Proof: Let f : A ~ B be a byection. If 
possible let g: B > A andh: B >A be two inverse 
functions of f- 

Also let a,, a, ¢ A and 6 € B such that g (db) = a, 
and h (b) = a,, then g(b) = a, 

f(a,) = 6 and h(b) = a, > f(a) = b. 

But fis one-one, therefore f(a,) = f(a,) 

g(b) =h(b), VbeB 

g(x) = h(x), 1.e., inverse of fis unique 


a, — a, => 


The inverse of a bijection 1s also a bijection. 


Proof: Let f:A—B bea byection and g: B >A be 
its inverse. We have to show that g is one—one and onto. 
Injectivity: Let b,, b, € B such that g(b,) = g(8,)... @ 
b, ,b 


_» 5, € Band gis a function from B to A 
there exists a,, a, € A such that g(b,) = a, and 
g(b,) = a, 


from (1) a, = a,and f: A > Bis a function. 


Ka,) = Ka,) 


b= 0, 


g 1S injective. 


YU 


(iii) 


YU 
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 g(i)=a,, g(b,) =a, 
=> f(a) =5,, f(a.) =8, 


as f & g are inverse of each other. 


Surjectivity: LetaeA 

There exists b € B such that fia) = b (by definition of /) 
a= g(b) [~ fla) = b> a= gb) 

Which proves that g is onto. Hence, g is also a 
surjection. 

If f: A > B 1s byective function, then f' : B > A is 
also a bijective function. 

If fand g are two byections f: A > B, g: B > C, then 
the inverse of gof exists and (gof)! = flog. 

Proof: Since f:A— Band g: B-C are byections, 
gof: A > C 1s also a byection> (gof)!: CA. 
Now let a € A, b € B, c € C such that f(a) = b and 
g(b)=c 

(gof) (a) = glXa)] = g(6) =e 


a = (gof)(c) (1) 
Now fa)=b > a=f'(b) ao(2) 
and g(b)=c > b=g (c) ....(3) 
(fog'\(c) =f? (ee) =f") [by (3)] 
=a [by (2)] 
= (gofy'(c ) [by (1)] 


(gofy = fiog” 
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(iv) 


Inverse of inverse of a given function is the given 
function itself, 1.e., (")'! =f 

Proof: Let f:A— Bis byective, then f’ : B >A is 
also bijective (fA B exists. 
LetaeA = there exists b € B such that f(a) = b 


© filby=a => PF)" @= b= fa) 


(v) 


PP)" @=favVaeA4 => Co) eae 
fix) and f'(x) if intersect, then the point of 
intersection should be on the line y = x or 
y =-x + k for some real value of k. 

Proof: Case (a) If f(x) is a function such that 
whenever (a, 8) € f then (B, a) ¢ f. Now (a, B) ef 
(B, a) ef", but (B, a) € f 

Thus, there is no point common in the graph of func- 
tion fand its inverse f", 1.e., function fand its inverse 
jf! would not intersect each other at any point. 1.e., the 
function would remain strictly on one side of the line 
y =x as shown in Figure 2.171 and 2.172. 


FIGURE 2.172 


YU 


And if it exists on both sides of the line y = x, then 
there will be a point of discontinuity at the point 
across which the curve of f(x) transits the line 
y=x. 

Case (6) If the function f(x) contains a pair (a, B) 
such that (B, «) belongs to function f(x), then there 
exist two sub-cases as given below: 

Sub case (i) When a = 8, 1e., if function is 
anti-symmetric 

(a, B), (Ba) e foa=B 

(a, B)= (B, a) = (a, a) 

1.e., function f(x) and its inverse f'(x) would intersect 
at the line y = x as shown 1n Figure 2.173 and 2.174. 


_ 


FIGURE 2.173 


FIGURE 2.174 


Sub case (ii) WhenaB. 

As f(x) contains two different ordered pairs (a, B) as 
well as (f, a). 

It implies inverse function f'(x) also contains the 
ordered pairs (B, «) and (a. B), 

that means the function f(x) and its inverse f'(x) 
would intersect each other at two different points 
(a, B) and (B, a). 

Thus, the points of intersection of f(x) and its inverse 
f'(«) would lie on the line joining the points (a, B) 
and (B, «) whose equation is given by 


Se em 
: p(s am 
y=-x-a)+B> y=-~+k,wherek=a+8 


1.e., f(x) and f'(x) intersects at line parallel to 
y =-x as shown in Figure 2.175. 


FIGURE 2.175 


If f(x) has more than one points of the form (a, B) 
for which (B, «) € f then if a = £, then the point of 
intersection would lie on the line y = x and ifa #fB 
then indeed the point of intersection would lie on the 
line y = -x + k, where k = « + B as shown in Figure 
2.176. 


FIGURE 2.176 


L) If a function is symmetric about the straight line 


y =x thatis(a, B)é fo @ a) e fV @, B) 


YU 


(v1) 


(vil) 


> 


Functions < 2.193 
e f, then the function 1s inverse of itself called as 


self invertible function graphically shown in Figure 
21%, 


FIGURE 2.177 


Further in such cases f(x) = f'(x) 1s an identity 
in x, therefore infinitely many solutions. 

If a function is monotonically increasing, then f(x) 
and f'(x) cannot intersect on line y = —x + k unless it 
is the point of intersection of y = x andy =-x + k. 
Proof: Let if possible (a, B) and (Bp, a) € f(x); 
a <8 and f(a) = B and fp) =a ..() 
Since f(x) 1s monotonically increasing, it implies 
Aa) sfB) and f(B) < Ka) 

B<aanda<f 

ao = B, which is contradiction that a < B 

Thus, whenever (a, 8) and (B, «) € f(x), then a = B 
f(x) can’t have two points (a, B) and (B, a) simultane- 
ously for a # B 

tx) and f'(x) cannot intersect on any line y = —x + kun- 
less it 1s the point of intersection of y= x andy =-x + k 
f(x) and f"(x) have same monotonic nature, 1.e., either 
both increasing or both decreasing. 

Proof: Let g(x) =/f'(x) 


fie) =x > f(ex)).g)=1 
i a ._ftve if f(x)Tt 
Cn Gay r=] if f(x)¥ 


If f(x) is increasing, then f'(x) is also increasing and 
if f(x) is decreasing, then f(x) also decreasing 

If f(x) is increasing function, then f'(x) is also an 
increasing function but f(x) and f'(x) have opposite 
curvatures, 1.e., if f(x) is concave upwards, then 
f'(x) 1s concave downwards and if f(x) 1s concave 
downwards, then f'(x) 1s concave upwards. 

Proof: Case(a) If f(x) is increasing and concave 
upwards. From the derivative of g(x) = f'(x),we have 

l 


oD FE) 


f(g) . 
ey 


—] 
(f(g) 
LZ ASQ) 


—ve 


g(x) = .() 


g(x) 
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=> g(x) <0 => g(x) = f'(*) is concave downwards 
graphically shown in Figure 2.178. 


¥ 


FIGURE 2.178 


Case (b) Let f(x) is increasing and concave down- 
wards. From (1), first factor is negative and second 
factor is negative as f(x) 1s concave downwards and 
third term is positive as f(x) and f(x) = g(x) both are 
increasing functions. 

g(x) > 0 1e, g(x) = f(x) is concave upwards 
graphically shown in Figure 2.179. 


y 


FIGURE 2.179 


(vil) If f(x) is a decreasing function, then f'(x) is also a 
decreasing function, but f(x) and f'(x) have same 
curvatures. 


Proof: Case(a) If f(x) is decreasing and concave 


upwards. 

g(x)=——_—— . fg). 2 
FC) ee 
UU." 


g(x) > 0 
g(x) = f'(x) is concave upwards graphically shown in 
Figure 2.180. 


YU 


FIGURE 2.180 


Case (b) If f(x) 1s decreasing and concave 


downwards. 

g(x)= ———.. f(g) . 2) 
(Fey SOS 

g(x) <0 


YU 


g(x)1sconcave downwards, graphically shown in Fig- 
ure 2.181 


FIGURE 2.181 


(x) Ifthe graph of a function f(x) is symmetric about the 


line y = x, then f(x) and f'(x) are equal functions. 1.e., 
(x) will be self invertible function or (involution). 

=> fx) =f'(x) 1s an identity, and therefore has infinitely 
many solutions. 


FIGURE 2.182 


(x) Iff{A > Bisa byection, then f': B > A 1s an inverse 
function of f| then f'of = I, and fof” = J,. 


Here J, is an identity function on set A, and J, is an 


identity function on set B. 
Proof: Let f:A— B be a biyection, then f': B>A 
is also a bijection. 
1e.,f'of A>A 
Let a € A, then there exists b € B such that fa) = b 
and f'(b) = a. 
Now flofia) = f'(Ka)) = f"(6) =a 
. flofay=aVaead 
=> f'of=TI,1.., identity function on set A 
Also fof'!: B > B is a byection 
LetbeB 
= There exists a € A such that f'(b) = a and f(a) = b 
Now fof" (6) = ff'(0)) = fla) = 5 
 fof'(b=bVbeEB 
-. fof’ =I,,1.e., identity function on set B. 
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ILLUSTRATION 227: If f(x) is an invertible function, and g(x) = 2 fx) + 5, then find the value of g" (x). 


SOLUTION: Given equation is g(x) = 2 f(x) + 5. 
Replacing x by g'(x); we get g(2'(x)) = 2fe"(x)) + 5 
> x=2 fe(x))+5 


> fig'@)="= = ew=7(75| 


ILLUSTRATION 228: Compute the inverse of the following functions: 


@ F@)=tn(r+Ve¥+1) 0) yoy=27 © y=” 
+ 


SOLUTION: (a) Given f(x) = én(x+V/x? +1) 
Ifx >0, thenx + V¥x?+1 >0 and if x <0, then |x| = ee ee 
Thus, magnitude of x 1s less than the magnitude of , y41= xt bx? 41 >0 
Thus, for every real values of x,x + , / x2 41 >0 
= Domain of fx) is R 


Also x + x? 41 being the sum of two continuous functions is also continuous. 


1 
Further, f'(x) = >OVxeR. 
LO" a 
= fx) is strictly increasing function. Thus, f(x) is a bijective function from R — R (range) 
Now y = f(x) = In (x+4x? +1) => Perino ee ....(1) 
Again y = In (x+¥x74+1) > -y=—ln — => -y= In w+¥x7 41)" 


1 dove +1 +1 es 
— =] — io =? : 
<2 (a) = ae +1 een rey +1 Ne) 


=> 6% =x-Vx? +1 ...(2) 


e _ e’ 


Adding (1) and (2), we get e” — e” = 2x orx = 


x —x 


—é 


Thus, inverse function of f(x) will be y= i 


Given f(x) = 2-1 
Domain of f(x) is R — {1} and range of = is R — {1} 
xXx— 


(b 


oe 


Also 27 is continuous and increasing function, thus, range of f(x) will be (2, 2”) ~ {2}. 
1.e., (0,00) ~ {2} 

Thus, f(x) is a bijective function from R ~ {1} to (0,0) ~ {2}, and hence, is invertible 
when defined from set R ~ {1} to set (0,00) ~ {2} 


x 


Now y=2") => logy = (- =} 08,2 => logy 4 


—] 
| : l 
> x(log, y— 1) — log, y = 0 => ee) = f (x)= 082% 
log, y—1 log, x-1 
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ILLUSTRATION 229: 


SOLUTION: 


ILLUSTRATION 230: 


10* -10~* 
(c) Given f(x) = 107410": Clearly f(x) is defined for all real values x, hence, domain 
of f(x) is R. 
0* -1 2 oe : 

Further f(x) = —j—~ =| 1-;-—~ | which is continuous and having greatest lower 

10° +1 10° +1 
bound —1 and least upper bound 1. Thus, range of f(x) 1s (1, 1). 

4(10)* log 10 
Further /\(x) = Te >0 Vx e R which implies f(x) is monotonically increasing, 
and hence, is bijective when defined from R to (1, 1). 

10* -10* 10% -1 


Now y = 


eee => =_ 
107 +107 ¥ 10 +1 


: 7 +1 _ 10° -14+10% +1 
Applying componendo and dividendo, we get y= 


~1 10*—-1-107" -1 


+1 2.107 1+ 1+ 
=> 2 => = yt1=(-y10* > 10*=—* => 2w=log |—* 
—2 l-y l-y 


y-l 
1 l+y 4 1 1+x 
=> x=-—lo —| > x)=—lo — |. 
tol 3) f(x) 7 eu) 


Find the inverse of f(x) = 2'°%°* +8 and hence, solve the equation f(x) = f'(x). 


Given y= 287 +8 
log, ,* 1s defined for x > 0, therefore domain of function f(x) 1s (0, 0). 
Also range of log,,x 1s (20,90) and 2* being continuous and increasing function, 27 has its 


range (0, 00). 


Thus, range of function f(x) =2'%"” + 8 is (8, 0). Further fx) is monotonically increasing 


(sum of increasing and constant function) when defined from (0, 0) to set (8, 00) 1s bijective, 
and hence, is invertible. 


Now y= 7 !0810% +8 => log, ox a log. (y = 8) > y= 19° ®) os f° (x) — 192°) 
Now, to solve f(x) = f'(x), we solve fx) = x, and f(x) =-x + k. 


However, f(x) = -x + k 1s taken if f(x) has at least two points of symmetric about the 
line y = x, 1.e., (a, B), (B, a) € fanda # B. 


Here, f(x) = 2°80" +8 is an increasing function, therefore it would not contain any two 
different points of symmetry. Thus, fx) and f'(x) can intersect only on line y = x. 


Thus, f(x) = f'(x) 1s equivalent to equation fx) = x. 
28e* +8-y = 2%07-y-8 = log, x=log,(x-8) = log, ,x=log,10 
> x=10 


—J¥2+4+1 V¥2+1 1- 
Let pe[Eavioi}>] = = | be a function defined by fe) =. 


Is f invertible? If yes, then find its inverse. 
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SOLUTION: Domain of f(x) = | -v2 +1,/2 +1] (given) 


1-x | x’ -2x-1_ y 
Here, f(x) = fiat = I'®) = d+x)? 


for xE | -V2 +1,V2 +1] 


=> fx) 1s a strictly decreasing function on 
| v2 +1,V2+ 1 graphically as shown in 
Figure 2.183. 

=> fx) 1s injective on [V2 +1,V¥2+1] 
Also f(x) being a rational function is continuous on | -V2 + 1,V2 + 1] as its denominator 


1s non-vanishing. 
—J/24+1 ¥2+41 
Thus, f(x) should have its range | ¢(V2+1), £(-v2 +1) | = = 


=> fx) 1s surjective. Thus, f(x) is a byective function and hence, 1s invertible. 


FIGURE 2.183 


| = co-domain 


N 1-x (1) 
ow y = ——> bs 

*” V4? 

> xy+y=l1-x > xy+x+(Q-1)=0 


_-1+y1-4y-) : 14 J4y—4y? +1 7 -1+./-(4y?-—4y +1) +2 
2y 2y 2y 
-1-J/-(4y’ —4y41)+2 ye 


2y 


1 1 
Now > € co-domain of f (domain of f"), substituting y = > we have x = —1 — V2 


for y #0 


Taking negative sign, we have x = 


Which does not belong to domain of /( range of /*), 


-1+4y-4y’ +] 


Hence, rejecting negative sign, we have x = ———~——————_ for y # 0 and for 
2y 
y =0, x = 1 [from (1)]. 


14+ V¥4x—4x7 41 
f (x)= 2x 
1 ;x=0 


>x#0 


ILLUSTRATION 231: Let /: N > N, where f(x) =x + (-1)*". Find the inverse of 7. 


x+1; x an odd natural number 


SOLUTION: = MPSS... ks ne oe we ee St ee — etter ] 
y= £@) (ei X an even natural number (1) 


Injectivity: Letx,,x, « N such that f(x,) = f(x,) 

=> x,+1=x,+11fx,,x, are odd natural numbers > x, = x,and 

=> x,-1l=x,-11ifx,, x, are even naturalnumbers > x, =x, 
If x, and x, are opposite in nature (say) x, odd and x, even, then f(x,) = f(x,) 

=> x,+tl=x,-1 => x,— x, =2, which isa contradiction as difference of an odd and even 
integer can never be an even integer. 


Similarly, x, even and x, odd is impossible. Thus, f(x) 1s injective function. 
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ILLUSTRATION 232: 


SOLUTION: 


ILLUSTRATION 233: 


SOLUTION: 


Surjectivity: Let n be any natural number. 
Now if 7 is odd say n = 2m—1;m &€ N; then (2m) =2m—-1=n 
and if m is even say 2m, m € N; then {2m — 1) = 2m =n. 
Thus, f1s surjective function. Hence, f1s an invertible function. 
Now from (1), we have 

y—1; if x an odd natural number y—1; if y an even natural number 

. y+; if x an even natural number - y +1; if y an odd natural number 

x-1; if x an even natural number 


am | — + i] x-l — af: =| +(x +1) 
x+1; if x an odd natural number rg ee) vow) x+ (Cl) 


Let f: D Ps IR, where D p denotes the domain of function f Find the inverse of /, if it exists, 
where (1) f(x) =1-27 (11) Kx) = [4 -(« - 79° |” 
(1) Given function 1s f(x) = 1 — 2 = f'x%)=2-7In2>O0VxeER 
=> fx) 15 strictly increasing and hence, 1s injective. 
Now 2% € (0,0) > —2*%€(-«0,0) > 1-2*€(-~,1) 
Range of function is (oo, 1)#R 
=> fx) 1s not surjective and hence, f(x) 1s not bijective. 
If R is replaced by range (—co, 1), then f(x) is invertible and for its inverse y = 1 —- 2* 
1 : ] 
> 2*=1-y > -~x=log(l-y) > x= ors = of (@)=tog, +) 
l-y l-x 
Gi) fx) = [4-@- 9) 
oh: 1 3 745 2 
=> fx) ==[4-(z-7) |" [3-77 ]so 


=> fx) 1s a decreasing function => f(x) 1s an injective function 


Also f(x) is continuous function and lim f(x)=-0, lim f(x)=0 


= Domain of fx) = R and Range of f(x) = R = codomain 
=> fx) 1s a4 surjective function 
“. f(x) 1s byective function and hence, 1s invertible. 
Now y = [4-(¢-79]"% > x=7+4-ypy*® > fiwR=7+(4-x)% 


Let /: 2,2] — B defined by f(x) = 2 cos’*x + V3sin2x +1. Find B such that f° exists. Also 


find /" (x). 
Given p22] —B 
3° 6 
If f* exits, then function should be one-one and onto. 
Given f(x) = 2 cos*x +3 sin 2x + 1 =cos2x + 1 + V3 sin2x + 1. 


Now for f(x) to be invertible, 2x + 2 = 2,2] (principal domain of sin x) 
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=> re|-=,2| , which is true 
3° 6 
Also f(x) = 2 + 2sin (22+) €[0,4] = Range of fx) = co-domain (B) => B = [0,4] 


.1f y-2 
Now from (1); y— 2 = 2sin (22+) + sin (25?) =204% 


2s Yoar(22)-4) = roo-Hur(%2)-2 


xs if x<l 
ILLUSTRATION 234: If f(x) = x’; if l1<x<4- then find f(x), if Ax) is invertible. 
8Vx; if x>4 


x, if x<l1 

SOLUTION: y=f{x)=4x; ifl<x<4 .. () 
8/x; if x>4 

The graph of f(x) 1s a shown below 


1; if x<1 
=> f'x%)= 42x; ifl<x<4 
4 * 
ae 
=> f(x)>0VxeER 
=> jx) is strictly increasing Vx e R 


if x>4 


=> fx) is injective function Vx e R 


=> f(x) is invertible from R to its range set. FIGURE 2.184 
y; if x<l 
Now from (1);x = 4Jy; ifl<x<4 
2 
Y. if x>4 
y; if y<l1 
> x= Jy; ifls<y<16 
2 
BD ‘ 
—; if y>16 
ee 
x if x<1 
> fxj=4vx if l<x<16 
x 
— if x >16 
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TEXTUAL EXERCISE-14: (SUBJECTIVE) 


1. Determine the inverse function and its domain 
x, —-o<x<l 
definition if f(x)=4x°; 1<x<4 
2°; 4<x<o@ 
2. Determine f' (x), if given function 
invertible 
a) f : (-o, -l) ~ (-o, -2) defined f(x) 
—(x + 1-2 
7 
(11) 52.2 )5 [-1, 1] defined by f(x) = 


| 


Lt f(s)={ 


e()=| 


Then prove that the functions f— g and f+ g 
invertible, whereas fg is not invertible. 


WU 
x+— 
] 


x, if x isrational 
0, if x isirrational 
x, if x isrational 


0, if xisirrational 


x 


of 


l 
. If g(x) be the inverse of f(x) and f'(x) = aE, then 
x 


find g'(x) in term of g(x). 


. If fix) = sinx + cos x; g(x) = x’ — 4, then find the 
domain in which g(f(x)) is invertible. 


. If fx) = sin x + cos x, g(x’) = x’ + 7, then find the 
domain in which g(f(x)) is invertible and also find 
inverse and domain of inverse function. 


. If X and Y are two non-empty sets, where f: X > Y 1s 
a function. Let C c X and D c Y, we define 
KO) = Sfx): x € Ch}. Clearly fx) c Y and 
f' (D) = {& € X; fx) € D}. Clearly f' (D) c_X, then 
show that f"(B)) = Bif Bc fx). 


sin 


10. Let g(x) be a non-negative function defined on [0, 1]. 


If the area of the equilateral triangle with two of its 


v3 


4 


vertices at (0,0) and (x, g(x)) is then 


a 


find g* (x). 


are ie oe . 
. Let fbe an injective function form domain {1, i, @} to 


range {5, 6, 7}. If it is given that exactly one of the 
following statements is true and other two are false 


id: 


e _— 
4. Let f: R ~ R be defined by f(x) = 5 fl) = 5, fi) # 5, fo) # 7, then find (£6) 
Is f(x) invertible? If so, find its inverse? (where i= V-1;0 = cuberoot of unity | 
12. Find the solution of equation 2x* -— 5x — 2 


y= loga(x-+x? +1); (a> 1) 


. Find the inverse of the function (assuming it onto) 


= 5-V9-8x 
4 


5 
* where x < — 
4 


Answer Keys 
x; 0 <x<l 
1 f'(x=4 vx; 1s x<16 2. (i) -l-vx-2 (ii) sin! x 
log,x; l6<x<oa 
4. log(x+ Vx +1] 8. -(a" a") 6. 1+ (ge) 


—1 1 
1. Xe = 
& 4 


10. VI-x’ 5x € [0, 1] 


[7-V2,7+2 | 


XH) 3). 2 ae 
= ae Domain of inverse function is 


B 
3-5 


i k= 
y) 


sin”! ( 
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TEXTUAL EXERCISE-14: (OBJECITVE) 


1. 


Find f'(x) if f : (-, 1] > Cx, 1] such that 
fix) = x(2 — x), then f'(x) is given as 


(a) 1-Vl-x (b) 1+Vl-x 
(c) -1-vi-x (d) -1+Vi-x 
. If fx) = 3x — 5 and let g(x) = f'(%), then g(4) 
equals 
(a) 7 
(b) 3 


(c) g(x) does not exist as f(x) is not one-one 
(d) g(x) does not exist as f(x) is not onto 


. Suppose f(x) = (x + 2) for x < —2. If g(x) 1s the 


function whose graph 1s the reflection of the graph of 
fix) with respect to the line y = x, then g(x) is 


(a) -2-Vx;x20 (b) 2+ Vx;x20 
(c) 2-Vx;x 0 (d) 2+Vx:x20 
Ify = fx) = aa , then 

(a)x=f(y)+1 

(b) f? (4) =2 

(c) f*(0) = 2 


(d) y decreases with x for all x # 1. 


. If the function f: R — R be such that f(x) = x = [x], 


where [y] denotes the greatest integer less than or 
equal to y, then f'(x) 1s 


(a) 


(b) [x]-x 


x-[x] 


(c) not defined (d) None of these 


. Let f: (2, 4) > C1, 3) be a function defined by 


fix) = x- ; ; (where [.] denotes the greatest integer 
function), then f' (x) is equal to : 


x 
(b) ae 
(d) x- 1 


(a) 2x 


(c) x +] 


. If ft): [0, 00) —> [0,00) and f(x=— then f(x) is 


1+ 
(a) invertible 
(b) non-invertible 
(c) one-one but not onto 
(d) onto but not one-one 


l 
8. If f: [1, 0) — [2, 0) 1s given by f(x) =x+—, then 
x 


10. 


12. 


13. 


. The 


F(x) equals 


x+Vx°-4 x 
(a) oe (b) ie 
(c) —- = (4) 14¢-Vx?-4 


. If f: [1, ©) > [], 0) is defined by f(x) = 27», then 


f(x) is given as 


(a) s[t- Fates; x | 
(b) s[t+yiFatog, x] 


(c) [1-,/1+4log, x | 
(d) [1—,/1+4log, x | 


Let f(x) = x, x € (O, «) and let g(x) inverse 
of f(x), then g'(x) must be 
(a) x(1 + log x) (b) x(1 + log fix)) 


l 
ae d) D t exist. 
(Cc) HE loz SG) (d) Does not exis 


inverse function of the function 


l 2+x 
b) —lo 
(0) 2 oO 


(d) None of these 


If A, = {1, 2, 3, 4} and A, = {5, 6, 7, 8}, A, = {9, 10}; 
A, = {I11, 12, 13, 14}. Let nij = Number of invertible 
functions from A; to A;, then Xnjz equals 

(a) 36 (b) 576 

(c) 144 (d) None of these 


Let f be a function defined as fx) = V3 sin x — 
cos x + 2. Then f(x) 1s given by 


(d) None of these 
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14. If fx) = sin"! (2x) +2 and g(x) = f(x), then 


domain of g(x) is 


mE] © 
» oe 


15. If f(x) = ,/cos” (2x) += and g(x) = f(x), then range 
of g(x) is 


(a) [0,1] 


0 fs 


16. Let fx) = (1 + b*)x? +2bx + | and let m (db) be the 
minimum value of fx). If b varies m(b) becomes a 
function of b, then inverse function of m(b) from its 
principal domain to range is given by m™ (x) equals 


(d) None of these 


(d) None of these 


Answer Keys 
1. (a) 2. (b) 3. (a) 4. (b) 5. (c) 
11. (a) 12. (c) 13. (b) 14. (b) 15. (b) 


m@ EVEN AND ODD FUNCTIONS 


The knowledge about the symmetry of graph of the function 
extends great help in study of the behaviour of function 
and analysis of problems involving these functions. 
Fundamentally functions possess two kinds of symmetry (1) 
symmetry about a straight line (say y-axis) (11) symmetry 
about a point (say origin). 

If a function has its graph symmetric about y-axis, 1.e., 
portion of graph lying to the left of y-axis 1s mirror image of 
the portion lying to the right of y-axis, then it is known as 
an even function. If the graph of the function is symmetric 
about origin, 1.e., itis symmetric in opposite quadrants, then 
it is known as odd function. 

For instance, f(x) = cos x 1s symmetric about y-axis 
and is called an even function and f(x) = sin x is symmetric 
about origin and called as odd function graphically shown 
in the Figures. 


17. 


18. 


(d) None of these 
Let f : (0, ©) > (1, ©) be a function such that 
F(x) =| f (dt. If Fe’) = x1 + x), and g(x) = 


f(x), then g(10) equals 
(a) 49 
(c) 36 


(b) 99 
(d) None of these 


If f : (0, 0) > C1, ©) be a function such that 

F(x) = [f(t)dt. If FG?) = 2 + x) and g(x) = 
0 

f-'(x), then the point where g(x) and f(x) intersect is 


(b) (4, 2) 


(c) (4, 4) (d) Does not exist 
6. (c) 7. (b,c) 8. (a) 9. (b) 10. (c) 
16. (a) 17. (c) 18. (c) 
y 
y=COsx 
; x 
FIGURE 2.185 


FIGURE 2.186 
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REMARKS 


(i) The functions having no symmetry like odd/even functions are called ‘neither even nor odd functions: 


(ii) Before testing the even/odd symmetry of the function it is essential to observe whether the domain of function is 
symmetric about y-axis, i.e., if the domain is of the type [-x_,%,] OF Ix, -X,) 0 Ix, x fete, 


FIGURE 2.187 


Properties of Even Functions: 


‘EVEN FUNCTIONS 

| (i) Graph of even function is symmetric about y-axis 
because if (x, y) lies on the curve, (—x, vy) also lies on 
the curve. 


A function f: X —> YF is said to be an even function iff 
fix) = fx) V x - x € X (Domain). 1.e., fic) — f(x) = 0 
e.g., x", sin’x, cosx, secx, 2* + 2* 
y 
y=x" 
(—x,f(-x) 


FIGURE 2.188 FIGURE 2.191 


y 


Proof: Since for even function f-x) = f(x) 
Vx, -x € X (Domain), 1.e.,y=fx%) > y=f-) 
Consequently (x, y) € f >Cryy) ef 
It is important to see that if we rotate the curve by 180° 
- about y-axis, then the appearance of the rotated curve 
is same as the original curve. We can state this alterna- 
tively; if we rotate portion of the curve on the left side of 
y-axis by 180° about y-axis; then we get the portion of 
y graph to the right of y-axis and vice versa. 
(1) For any function f(x), if g(x) = fix) +f), then g(x) 
is always an even function. 
Proof: g(-x) =f-x) + fx) = g(x) Vx,-xe D , 
Hence, g(x) is an even function. 
(1) The domain of even function must be symmetric 
about zero, 1.e., D Fe [-a, a] or (-a, a) or (-a,, —a,) U 
(a,, a,); where a is some real number. 
e.g., f: [-2, 4] > R defined as f(x) = x” is not an even 
FIGURE 2.190 function since domain 1s not symmetric about zero. 


y=2*+2~ 


FIGURE 2.189 
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However it will be an even function if we redefine the 
function f: [-2,2] > Ras fx) =x’or . f: [-4, 4] > 
IR as f(x) =x? 


FIGURE 2.192 


(iv) Even functions are non-invertible as they can’t be 


strictly monotonic when taken in their natural domain, 
however, even functions can be made invertible by 
restricting their domains to either side of y-axis. 


Proof: Since f(-x) = fix) V x, -x € D , 


=> fx) is many—one and hence, not bijective 
=> fx) is non-invertible in D . 


(v) 


=> 


If fx) is even function, then /'(x) 1s odd function. 
Proof: Let g(x) =/'(x), given f(x) an even function. 
Since f(-x) = f(x); differentiating both sides with 
respect to x, we have f'(—x) (-1) = /'(x) 

2(-x) = -g(x) => g(x) 1s an odd function. 


(vi) f(x) =c; where c is a constant defined on symmetrical 


domain is an even function. 
Proof: Since forx,-—x € D p Kx) =feH) =c 


= fx) 1s an even function. 
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ODD FUNCTIONS 


A function f : X — Y is said to be an odd function iff 
Sex) =-f(x) V x, -« EX 


1.e., f(x) + fix) =0 Vx, «~ € X 


e.g., x°, sin x, tan x, 2* — 2* are odd functions 


y 
y=x° 


FIGURE 2.193 


FIGURE 2.195 
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m@ PROPERTIES OF ODD FUNCTIONS 


(1) Graph of odd function is symmetric about origin. 


Also known as symmetric in opposite quadrants. 

1.e., straight lines passing through origin cuts the 
graph both sides symmetrically. 

This is because if (x, y) lies on the curve, (—x, —y) also 
lies on the curve. 


FIGURE 2.196 


yy 


(a1) 


> 


Proof: Since for an odd function f(-x) = —f(x) 
Vx EX, 1e., y=f\x) 

—y = f(—x) which clearly leads to the fact that (x, y) € f 
(x, ef ) € f 

Therefore, it is really interesting to observe that if 
we rotate the curve by 180° about origin, then the 
appearance of the rotated curve remains same as the 
original curve. Further, it is important to notice that 
the portion of curve lying to the left of y-axis can be 
obtained by the following two steps: 

Step 1: Reflecting (taking mirror image) of the por- 
tion of curve lying to the right side of y-axis about y-axis 
Step 2: Reflecting (taking mirror image) of ‘reflec- 
tion obtained in step (1)’ about x-axis. 

For any function f(x), 1f g(x) = K-x) — f(x), then g(x) is 
always an odd function. 

Proof: Since g(x) = K-x) — f(x) 

g(-x) = fx) — f-x) = g(x) V x, -x € D, 


(ii1) The domain of odd function must be symmetric about 


zero. 1.e., D ee [—a, a] or (-a, a) where a is some real 
number, 

e.g., f. [-n, 2x] — R defined as f(x) = sin x is not 
an odd function because its domain 1s not symmetric 
about zero. 


FIGURE 2.197 
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However f(x) = sin x 1s an odd function when defined 
on set [—a, a] or (-a,a) Vae R 

If fix) is odd, then /'(x) 1s an even function. 

Proof: Let f(x) = g(x). 

Since f(—x) = — f(x) Vx, -« € D, 

Differentiating with respect to x, we have f'(x) =f"(—x) 
2(x)=g(-~) Vx,«xeE D, 

g(x) = f'(x) 1s an even function 

If x = 0 lies in the domain of an odd function, then 
JO) = 0, 1.e., the graph of an odd function must pass 
through origin. 

Proof: Since f(x) =—(-x) V x, -x € D,and veD, 


=> f0)=(0) > 2f0)=0 > f0)=0 


1.e., f(x) passes through (0, 0) (origin) 
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SOLUTION: 


ILLUSTRATION 245: 


SOLUTION: 


(a) fx) 1s an even function, since the domain 1s symmetric about origin and the graph 1s 
symmetric about y-axis. 
(b) Ax) 1s neither even nor odd, since the domain 1s not symmetric about origin. 
(c) fx) 1s neither even nor odd, since the domain 1s not symmetric about origin. 
(d) Ax) 1s an odd function, since the domain 1s symmetric about origin and the graph is 
symmetric in opposite quadrants. 
(e) Ax) 1s neither even nor odd, since the domain 1s not symmetric about origin. 


Find whether the following functions are even or odd or none. 


(a) f(x) =log(x+V1+2x7) (b) f(x os 

(c) fay-$ (d) fM=s aa 

(e) Ax) = [@ + 1)7]'* + [&- 1)7]” 

(a) Given f(x) =log(x +V14x7) 0) 
=> f(-x)=log(-x+V1+x’) 2) 


Adding (1) and (2), we have fx) + f(x) = log (v1 +x" +x) +log(v1 +x —x) 
= log [((1 +x2)-x7] > f)+fx)=0 => fCx)=-f@) => fx) isan odd function 


(b) Given f(x) = so) 2) 


—1] 
=> f(-x)= ae la) = esl = f(x) ; Ax) is an even function 
~—] l-a a’ -1 
(3) 
(©) Given f@)= TEP > pe - P-L EEO _ pry 
ail Oo 
. 7 2* 
‘. f(x) 1s an even function. 
(d) Given f(x) =—— +41 (0) 
e-l 2 
_ xX XX ,  -*¥ x _ xe x 
gee ae e*-1 2 a) 
. (-1) 
Subtracting equation (1) from (2), we get f(—x)— f(x) = ~ 7] —x=0 
=> f-x)=fx) «.. f(x) 1s an even function. 
(e) Given f(x) = [@ + 1)7]" + [@ - 17)" 
=> fx) = [Cx + 1)? + [Ce- 17) = [0 -x¥P + [0 +7) 
= [x - 1)7]'* + [1 + x)7]!4 = fx) = fx) is an even function 


ILLUSTRATION 246: Let fix) = ef¢"s*} and g(x) = ¢*"==1, x € R; where { } and [ ] denotes the fractional part and 


SOLUTION: 


integral part functions respectively. Also if h(x) = In ( Ve (x)) + In(g(x)) for all real x, then 


show that A(x) 1s an odd function. 
Given A(x) = In ( F(x) g(x)) = IneV#0!. where y =e"lspn x 
=> hx) = {fy} + by] =y = eMsgnx 


ILLUSTRATION 247: 


SOLUTION: 


ILLUSTRATION 248: 


SOLUTION: 


Functions 


—x 


e if x>0 e if x<0 
if x=0 h(-x) =40 if x=0 
if x<0 —e if x >0 


Clearly h(x) + h(x) =O forallxe R => hCx)=-A(x%) Vx => A(x)1s anodd function. 


h(x) = e”' spn x =4 0 


1+ 
Find whether the function f(x) =log (aes is odd or even or none of these. 
sin x 


1+ 
Given function is f(x) = log (ssn) 


1-sinx 


1-si 1+si 
=> f(-x)=log (see) =—log (see) =—f(x) => fx) is an odd function. 
1+sinx 1—sinx 


l 
Find whether the function {(x) =[x] ie ,x ¢ Z is odd or even or none of these. 


1 
Given function is f(x) =[x]+—,x¢€Z 
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=> f(-a)=[-a]+ = 4a]-14+5- [x] + [-x] =-1 forx ¢ Z) 


‘. f(x) 1s an odd function. 


tos + |=-7) (. 


ILLUSTRATION 249: If the graph of the function f(x) = 


ak "t n EZ is symmetric about y-axis, then show 
that 7 1s an odd integer. 

a*—1 
x"(a* +1)” 
Since graph of function is symmetric about y-axis, it implies that function 1s an even function 

l-a a*—1 
Ge ae at (xP = x)" = C1 )x” 
(—x)"(a* +1) x"(a* +1) 
=> -1=(€¢1)" > nmust be an odd integer. 


SOLUTION: Given function is f(x) = 


, D,= R - {0} 


> fy) =f) VxeD,> 


Proof: If f(x) is even, then f(—x) = f(x) 
If f(x) 1s odd, then f(—x) = —f(x) 
Comparing f(—x), we get fx) =—f(x) 

=> fx)=0VxeER 


m@ ALGEBRA OF EVEN-ODD FUNCTIONS 


1. f(x) = 0 Gdentically zero function) is the only function 
which is both, an odd and an even function, provided 
it is defined in a symmetric domain. 


1 
e vientxil oy {x} |én{ x}| 
{x}; 


odd as well as even; where {x} denotes fraction part of x. 


ILLUSTRATION 250: Prove that the function defined as /(x) = whenever it exists . fix) 1s 


otherwise 


SOLUTION: 


We have to prove that function is odd as well as even. It is possible only when f(x) = 0. 


Consider the following two cases as given below. 


1 
—,/|@n{ x} |én{ x} 
Vlen{x}] {x} | 


Case l: Whenever the expression @ exists 


Now, {x} € [0, 1) and In{x} 1s defined for {x} € (0, 1). Hence, Vx e R~Z 
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YW YY 


yg 


ILLUSTRATION 251: 


Now f(x) = In{x} <0 for {x} € (0,1) = 


1 
1 [ 1 i 
— Ninf | == a ~In{x} 
e |¢n{ x} — {x} |én{x}] —@ (—In{x})" enn = 


-(-infx})” _ o inte)” 


=e =) 


Case ll: {Forx € Z} 


[In {x 5] = —In {x}. 


In{x} 


1 
ints)” _ (lati)? 


fix) = {x}=0 (.” {x} equal to zero for x an integer). Thus, fx) =O Vx e R 


=> f(x) 1s even as well as odd function. 


find the value of (10). 


xf (x") 


SOLUTION: ———__ 
24 tan XP ax ) 


Given f(x)= 


It is given that f(x) is an even function and satisfy the relation f(x) = 


= six) 


x f(x") 


2.+tan* x. f (x7) ° a 


f(x ) 
2+ tan’ (x) f(x’) 


=> f-) =x) = f/f) 1s an odd function, but f(x) is given to be an even function 
=> f(x) is odd as well as anevenfunction > f(x)=OVxeER = f(10)=0 


. A linear combination of two or more even functions 


is an even function, 1.e., in particular for two even 
functions f(x) and g(x), the function (af + Bg) is an 
even function; where a, B € R. 


Proof: Since f(x) and g(x) are even functions, there- 
fore f(—x) = f(x) and g(—x) = g(x). 

Now let h = (af+ Bg); where a, B € R 

h(x) = (oof + Bg (x) = af(-x) + Bg(—x) 

h(x) = o,fe) + Bg(x) = (af + Bg)(x) = he) 
h(-x)=h(x) => 
Applying the above result for more than two functions 


repeatedly, we can show that linear combination of 
more than two even functions is also an even function. 


h(x) 1s an even function. 


. A linear combination of two or more odd functions is 


an odd function, 1.e., in particular for two odd func- 
tions f(x) and g(x), the function (af + Bg) is an odd 
function; where a, B € R. 


Proof: Since f(x) and g(x) are odd functions, 
therefore f(—x) = —f(x) and g(—x) = —g(x). 

Let h=af+ Bg; where a, B € R 

A(-x) = (af + Bg\(—x) = af(-x) + Be(—x) 

A(x) = —af(x) — Bg) = 4aflx) + Be)) 

=-(af+ Bg)(x)=-h@) = hCx)=-h() 

h(x) 1s an odd function. 


Applying the above result for more than two 
functions repeatedly, we can show that linear 


WY UUQNSY 


=> 


combination of more than two odd functions is 
also an odd function. 


. The product of two or more even functions is an even 


function. 

Proof: Let f(x) and g(x) be two even functions 
Sx) = f(x) and g(-x) = g(x). Leth = fig 

A(x) = fix).g(x) 

h(—x) = (f.g)(—x) = fl-x) . g(-x) 

h(x) = flx) . g(x) = (F-g)(x) = h(x) 

h(-x)=h(x) => h = f.g 1s an even function. 


Applying the above result for more than two functions 
repeatedly, we can show that the product of more than 
two even function is again an even function. 


. The product of an odd and an even function is an odd 


function. 


Proof: Let fix) be an odd function and g(x) be an 
even function 


Sex) = fx) el) 
g(-X) = g(x) aoet2) 
Now leth=fg > h(x)=(fg\(x) =x). g(x) 

. Ax) =fC*). g—) 
= Lf) . [g)] (by using (1) and (2)) 


= fx) . 8%) = “F-g) (x) = A(x) 

h(-x) = -h(x) 

h=feg, 1.e., the product of an odd and an even function 
is an odd function. 


6. The quotient of two even functions (or two odd 


functions) is an even function. 
Proof: Let f(x) and g(x) be two even functions 


=> f-x) = f(x) and gx) = g(x) 
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odd function which 1n turn is a product of an even and an 
odd function, 1.e., an odd function. (by property 5). 


. Composition of several functions, f(g(h...(p(x))...))) 1s 


odd iff all are odd functions. 


Ce a Proof: Let F(x) = fg(h...p(x))...))) 
g > F(x) = figth...(p(-x))...)) 

n(—xy= Lx = OY) J Sy ay = figth... (-p(&))....)) =... =flg(th....p0))...))) 
g g(-x) g(x) g 


h(-x)=h(x) => h(x) 1s an even function 

Similarly if foc) and g(x) are two odd functions, then 

n(-x) =L(-x) = LO I) Ly ean 
g g(-x) —g(X) 8 

h(x) 1s an even function 


. The nature (odd or even) of product of odd functions 
depends upon the number of functions taken in the 
product. 1.e., product of odd number of odd functions 
is an odd function and that of even number of odd 
functions is an even function. 

Proof: Casel: If an even number of odd functions 
is taken, then their product will be an even function. 


Let there be 27 number of odd functions. If we make n 
pairs of all the functions, then the product of functions 


10. 


= f(-g(h....(p(x))....) = flg(h... .p(x))..) = Fx) 
Thus, F(x) =—F(x) => F(x) 1s an odd function. 


. Composition of several functions is even iff atleast 


one function 1s even, provided the function composed 
of either even or odd functions after that even 


function. 1.e., 1f F(x) = fig(h... .(p(x))....))) and g(x) 1s 
an even function, then A(x), ...,p(x) all should be either 


log tan(cossin(x’)) 


even or odd. For example, f(x) =e 
then f (-x) = a logtan(cos(sin(— x)" ) elogtan(cos(—sin.x*)) 


- elogtan(cos(sin x°)) = f(x) 


Any function f(x) can always be written as sum of an 
even function and an odd function. 


i PQs. Oe eZ OIE 


in each pair is an even function, as the product of two 2 y) ° 
. . . A“. “— 
odd functions is an even function. ach odd 


Thus, our product is reduced to product of m even 
functions, which is an even function (by property (4)). 
Case ll: If an odd number of odd functions is taken, 
then their product will be an odd function. 

Let there be (2n + 1) number of odd functions. If we 
make n pairs of the functions in the product, then we 
are left with an unpaired odd function. The product of 
functions in each pair is an even function, as the product 
of two odd functions is an even function. Thus, our 
product 1s reduced to product of n even functions and an 


provided its domain is symmetric about origin. 


PACS ah e.2) 
2 


Proof: Let g(x)= , then g(—x) = g(x), 


hence, g(x) 1s an even function. 


TIAVE IES) 
2 


and let A(x)= , then hA(-x) = —-A(x), 


hence, A(x) 1s an odd function. 


Thus, f(x) = g(x) + h(x); where g(x) 1s even and h(x) is 
an odd function. 


NOTE 


Consider f(x) = 


}, then the 


1 1 
. Suppose that we express f(x) as a | ee 
Se e am ( | (— 1+ tanx 


1—tanx 1—tanx 


domain of the new representation is R — {x: tan x = 1}, which is different from that of f(x) which is IR — {x: tan x = 1}, 
and hence, it is a function different from f(x). This difficulty appears because the domain of f is not symmetric about x = 0. 


Hence, we cannot express this function as a sum of an even and an odd function 


ILLUSTRATION 252: Express f(x) = sin x — cos x as sum of even and odd functions. 


SOLUTION: Here domain of fis obviously the set of real numbers, and hence, for each x, (—x) is also in 
the domain. 
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ILLUSTRATION 253: 


SOLUTION: 


ILLUSTRATION 254: 


SOLUTION: 


Now we can write fas f(x) = = (fe) + f(-x)} + ; {Kx) — f (-x)} 


= F {(sin x — cos x) + (sin(—x) — cos(—x))} + {(sin x — cos x) — (sin(—x) — cos(—x))} 
= -—cos x + sin x = A(x) + g (x) 
where A(x) = —cos x 1s an even function and g(x) = sin x 1s an odd function. 
Note that we have followed the standard procedure to express f as a sum of even and odd 
functions. The same thing could also be done without this if one could sort out all even terms 
together and odd terms together separately. 
Test whether the following functions are even or odd 
(a) fx)=et+e7 (b) (tanx*)e* "™* 
(a) Given ffx)=e* +e*7 > fvy=er*+eM=eF+e8> K-)=/) 
This clearly shows that the given function 1s even. 
(0) f(x) = (tanx*)e" 
Since tan x and x° are odd functions, therefore their composition is an odd function. 


And x?, sgn x, x’ are all odd functions, therefore sgn x’ is odd function and x? x sgn x’ 
is an even function. Finally, the given function becomes product of an odd function and 
even function, so it must be an odd function. 


Examine whether the following functions are even, odd or none 


x|x|; if x<—-1 
Gi) f(x) =4f1+x]+[01-x]; if -l<x<1 
—x|x : if x>1 
= 2x(sinx + tan x) . . 
Gi) f(x) =—-__.— , where [ ] denotes greatest integer function 
x+19z 
2| ——— |-37 
V4 
x|x\5 if x<-l 
(i) Given function is f(x)=4[1+x]+[1-x]; if —1<x<1, graphically shown below 
—X |X; if x>1 y 
—(—x)|-x|; if x<-1 5 
=> f(-x)= 3[1-x]+[l+x]; if -l<x<l 
1 
(—x)|-x]; if x>1 . 
. a = \0 1 , 
x|xX|; if x<-1 
=<fl—x]+[l+x]; if -l<x<1= f(x) f a 
(—x)|x| if x >1 y' 
Hence, f(x) 1s an even function FIGURE 2.198 


2x(sinx+tanx)  2x(sinx+tanx) 


a| 2218 |-7 2| © +19 |-31 
yim JE 


(ii) Given f(x) = 


2x(sin x + tan x) 


s. {2 0) 
2| =| 1 
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fe a ad eed ea oe) is 7 ah) 


2| 241 
at 


2] a1 
1s 


Now, if x = n,n € Z, then fx) =f-x)=0 => f-nn)=—f(nr)=0 


So, letx # na, n © Z, then a ¢i=> =| = {1+{]) (.” [x]+[-x] = -1 for x ¢ Z) 


=> f(-x)= 


2x(sinx+tanx) 2x(sinx+tanx) 


=—f(x) => f&x)1s an odd function. 


vt 


ILLUSTRATION 255: If f(x + y) =/f(x) . f(y) and f(0) # 0, then prove that 


1— f(x) . 
1+ f(x) 

1- f(x)+ f°) 
1+ f(x)+f*(x) 


Gi) g(x)= 


(ii) A(x) = 


is an odd function 


is an even function 


SOLUTION: (i) Given function is g(x) = eed) ... Q) 


1+ f(x) 
And f(x + y) = f(x) . fy) and (0) # 0 wee) 
Putting x = y = 0 in (2), we get f(0) = (0) 


=> f0)=0orf0)=1 
But given that /(0) # 0. 
=> f0)=1 


.. (3) 


Now putting y = —x in (2); we get f(x — x) = f(x) . fC) 
1 
=> f0)=f) fe) > 1=f) fy) > fCx»)=—- 


Now from (1), we have g(x) = 


=> g(-x)= 


(ii) Given function is A(x) = 


1-f(-x)_ 1-1 @) _ | | 
1+ f(-x) 7 1+(I/f(x)) re 14+) _ g(x) => 2(x) is an odd function 


L-f@+LO gy te fCO+ UC’ 


F(x) 
1— f(x) 
1+ f(x) 
f(x)-1 


=> 


1+ f(x)+ f(x) 1+(f(-x))+FC-»)Y’ 
1 1 
]—- + ; . 
= —fts)_ ey = UG) -f@)+1 =h(x) = h(x) is an even function. 


+ 


1+ 
f(x) (FQ) 


m@ EVEN AND ODD EXTENSION OF FUNCTION 


If f(x) is a function f: [a, B] > B such that o and B are 
of same sign, then the domain of function can be extended 
and the function f(x) can be redefined such that it becomes 
an even or odd function without having any change in the 
definition of fon [a, B]. 


(f(x) + f(@) +1 


Even Extension 


Extending the domain of function f(x) and redefining such 
that the function obtained is even. 
f(x); ifa<x<fBP 
1e., A(x) = 
f(-x); if -Bsxs<-a 
Clearly for x € [a, B], A(x) = f(x) and —x € [-fB, -a] 
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=> h(-x)=/f). 

Thus, h(—x) = h(x) = f(x) for x € [a, B] 

Similarly for x € [-B, —a], hc) = h(—x) = fi»). 

Thus, h(x) defined above is an even function with 
domain [—B, —a] U [a, B] called even extension of f(x). 
Vx; if O<x<1 és 


e.g., even extension of /(x)= 
: z x, if l<x<2 


—-x; —2<sx<-l 
V-x; —-l<x<0 
given by A(x) = 
Vx: O<x<l 
bee lex 2 


The graphical interpretation of such extension is that 
‘the graph of function f(x) is extended by taking the mirror 
image of f(x) in y-axis, 1.e., image about y-axis’. 


FIGURE 2.199 


Odd Extension 


Extending the domain of function and redefining it such that 
the new function obtained becomes odd. 


f(x); 
f(-x); 
Clearly for x € [a, B], A) = fx) and —x € [-f, -c] 

=> h-x)=-f%). 

Thus, h(x) = —h(x) = —f(x) for x € [a, B] 

Similarly for x € [-B, -o], A(—x) = -h(x) = —f(-*). 
Thus, h(x) defined above is an odd function with do- 


main [—B, -x] U [a, B] called odd extension of f(x). 


x’; O<x<2 


ifa<x<fP 
if —-B<x<-a 


1.e., A(x) = | 


e.g., odd extension of f(x) -| 


i Seoea 
—4, -4<x<-2 
_ |e s 325250 
= x; O<x<2 
4; 2<x<4 


The graphical interpretation of such extension is that 
‘the graph of function f(x) 1s extended by taking the mirror 
image of f(x) in x-axis’. 


Reflection 
about y-axis 


FIGURE 2.200 


ILLUSTRATION 257: 


SOLUTION: Even extension of f(x) is given by A(x) = 
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(b) For making f an odd function we need odd extension of f(x) given 


x); ifa<x< 
by A(x) = F(x) | B 
—f(-x); if -B<x<-a 
x; if O0<x<l1 
1; if x>1 
Thus, A(x) = 
x; if -l<x<0 
-1; if x<-l 
1; xs-l 


Gi x)= 
iven 7) —x; -l<x<0 


Find the odd and even extension of the function f(x) 


1; x<-l 

—-x; -l<x<0 
h(x) = 

x, O<x<l 


1 I1l<x<o 


and odd extension of f(x) is given by A(x) -{ 


1; x<-l 

—x; -l<x<0 
h(x) = 

—-x; O<x<l 

=]; x21 


F(x); 
f(x); 


ILLUSTRATION 258: Write odd extension of the following functions: 


SOLUTION: 


(4) sinx + |sin x|; for x € [0, 00) 


(In.x)’ 
| Inx| 


(ii) Inx- 


(i) Given fx) = sinx +|sinx |; for x € [0, 0) 


2sinx; if snx>0 
=> f(Q)= 


0; if sinx<0° 


= odd extension of function f(x) = 


2sin x; if snx>0 
_ 0; if sinx <0 
sinx—|sinx|; if snx<0 
sinx—|sinx|; if smx>0 
ae (Inx) 
(ii) Given y=Inx- 
In| 


Inx—Inx; ifInx>0 
=> = 
*\ainx  ; if nx<0 


; for x € [0, 0) 


2sinx; if smnx>0 


h(x) = 


0; if snx <0 


2sinx; if smx<0O 


for x>0 
for x>0 
for x <0 
for x< 0 


0; if sinx >0 


7 athe 


sin x—|sin x |; 


ifa<x<fP 
if —B<x<-a 


F(x); ifa<x<B 
f(x); if -B<x<-a 


for x >0 
for x >0 
for x < 0 
for x < 0 


if x>0 
if x<0 


0; ifx>l 
=» — 
4 2Inx; 1f0<x<1 


; Thus, f(x) = -1 for x <-1 and x for-1<x<0 
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TEXTUAL EXERCISE-15: (SUBJECTIVE) 


1. Determine whether the following functions are even | 
or odd or neither even nor odd: (vi) f(x)=x f a | 
(i) tan x 


(11) cos x (vii) f(x) =log (x 4x7 4+ 1) 
(1) sin (x? + 1) 
(iv) x +x 


(v) x-x 


(vil) f(x) = sin x + cos x 


(x) fix) =? — 1) |x| 
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2. Check whether the following functions f(x) are 8. Test whether f(x) 1s even or odd or neither even nor 
ge PEDIC: odd, f(x)=~vVcosx if xe 2, 4 and V—cosx 
(a) 2" ic 
nq 3a 
(b) sin x + cos x for re|%, = 
(c) x7-|x| 
as eae 9 If f : [-20, 20] — R_ defined by 
2*-1 2 f(xy)= sth sinx+cosx, is an even function, then 
10 1+sin x a 
OEE l—sinx find the set of values of a. 
(f) \fx) | + 1;,f&) is an odd function (where [.] denotes greatest integral function) 
x\9 
(g) Cree 10. A function defined for all real numbers, is defined 
2 for x > 0 as follows: 
af 2 AE 2 x|x|, O<x<l 
Le i eas fo)=| fe , how should f be defined 
(1) (x) = [Kx) + f-x)] [g) - g-)] 2x, x2] 
| secx+x*—9 for x < 0? if 
Ds) = 78 | 
xsin x (i) fis an even function 
= (i) fis an odd function 
3. Determine whether the function f(x) = (-1)®! is even, 
odd or neither of the two. V4 ifO<x<1 _ 
11. If f(x)= . Find even and odd 
4. ifx<-l | a x+l; ifl<x<2 
4. Let " dx: if-1<x<0° If f(x) 1s an even function in extension of f(x). 
R, then find the definition of f(x) in (0, ©). 12. Extend fx) = x? + x defined in [0, 3] onto the interval 
[-3, 3] so that the extended function becomes 
5. Prove that function f(x) satistying the property (i) an even function 
fix + y) + fix — y) = 2f(x). fly) is an even function. (ii) an odd function. 
6. If fix) is a real valued function, satisfying f(x + y) + Pasa OSS 
fx — y) = 2fx). fv) V x, y € R. Then prove that the | 13, If f(x)= a A , then extend the 
function f(x) is odd if f(0) = 0 and even if f(0) = 1. x+e°; if x21 
definition of f(x) for x € (— o, 0) such that f(x) 
2 +t 
7. Prove that /f(x)= ai en) is an odd becomes 
x+21% 
2 a = (1) an even function 
function. (11) an odd function 
Answer Keys 
1. G@) odd, (11) even (i11) even (iv) neither even nor odd 
(v) odd (vi) even (vil) odd (villi) neither even nor odd 
(ix) even 


2. Even: (a), (c), (, Gj); Odd: (e), (h), @); Neither: (b) , (d), (g) 
3. fis an even function when x € Z and odd function when x ¢ Z 


4x; if O<x<l 


a f0)=1' if x>1 


8. Neither even nor odd 9, ae (400,00) 
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x|x|; if O<x<l 


x|x|; if 0<x<1 


— 12x; if x21 a. W2ee AES 1 
10. (i) (11) 
—2x; if x<-l 2x; if x<-l 
—x|x|; if-l<x<0 x|x|; if-l<x<0 
x4th if 0<x<Il x’ +1; if 0<x<l 
x +1; ila 72 x +1; if t< Xs 2 
11. Even extension = 4, and odd extension = : 
x'+l]l if-l<x<0 —-x°-1; if -l<x<0 
—-x+l; if -2<x<-l x-l; if -2<x<-l 
<. . Noe eae if [0,3] eee be are if [0,3] 
12. GQ) 55. (11) Bie ee 
x -x; if -3<x<0 —x'+x; if -3<x<0 
x’+sinx; if 0<x<l x+sinx; if 0<x<1 
x+e°; if x>1 x+e°; if x>1 
13. (1) A(x)= ° ii) A(x)= ° 
ee) x’-sinx; if-l<x<0 2) ~x’+sinx; if -l<x<0 
—x+e’; if x<-l x-e'; if x<-l 
TEXTUAL EXERCISE-15: (OBJECTIVE) 
1. Match ae Praia of column I with column II to (i) (ii) Gii) Gv) (Vv) (i) (ii) 
correctly deiine their nature: @) C A A B B A B 
Column I 
— J-x (b) A A C B B A C 
a (c) C A A B BB CC 
ee (4) C A B A AB A 
(11) ye 
e 


(411) sin (sin x) 
(iv) sin (cos x) 
(Vv) cos (cos x) 


V1 
Ww) x+x’ tan x 


sinx =| 
(vii) x" (s= =) 


Column II 
(a) an odd function 
(b) an even function 
(c) neither odd nor even 


sin’ x+cos* x 


(d) cannot be said 


Which of the following represents the correct match 
for column I and column II? 


2. Match the functions of column I with column II to 
correctly define their nature. 


Column I 


< tel 4 
ae in) | 


‘ 1+ tan x 
(ii) cos x.log ———— 
1— tan x 


| 
a” 
(l+e*) 


(iv) : 


e 


(v) Vl4+x4x° +41-x4+x° 
(vi) V1+2x4+3x? —V1-2x+3x° 


(iii) 


Column II 
(a) an odd function 
(b) an even function 
(c) neither odd nor even 
(d) cannot be said 
Which of the following represent the correct match for 
column I and column II? 


Gi) (i) Gu) dv) (vy) (i) 
(a) A A B A A B 
6) A B A B A B 
c) A A B BB A 
d@ A CC D BB A 


~ Which of the following functions is/are even? 
(a) f(x) = In |x| 
) f(x)= sin"( x 

l+x° 


a*—l 


(Cc) foy=x{ 
(d) f(x) =sin| log(x+vx? +1) 


. Which of the following functions is/are odd? 
a (b) |x| —tan x 


(d) cosec x 


(a) senx +x 
(c) x? cot x 


. The function f(x)= se¢| log (x +V1+x’ ) is 
(a) odd 

(b) even 

(c) neither odd nor even 

(d) constant 


. The function f(x) = sin(tan(Iog (x + Vx +1)}} is 


(a) an even function 

(b) an odd function 

(c) a periodic function 

(d) neither an even nor an odd function 


0; for x =0 
. Let f(x) = + sin{ =) for —1< x<1(x#0) then: 
x 


x|x|; forx>lorx<-l 
(a) fix) is an odd function 


(b) f(x) is an even function 


(c) f(x) 1s neither odd nor even 

(d) f'(x) is an even function 

~ If fix) = 2x° + 3x4 + 4x’ + 7, then f'(x) is 
(a) even function 

(b) an odd function 


10. 


11. 


12. 


13. 


14. 


15. 


- On the 
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(c) neither even nor odd 
(d) None of these 


interval [0, is defined as, 


1], fx) 

x; ifxeQ 

f(xy= . Then for all x € R the 
ifx¢eQ 


composite function f(/(x)) is: 


1—x; 


(a) a constant function 

(b) an identity function 

(c) an odd linear polynomial 
(d) Lex 


0; if x is rational 


Let f(x= and 


x; if x is irrational 
0; if x is irrational 

g(x)= a, 28 > then 
x; if x is rational 

(f—g) xis 

(a) odd 

(b) even 


the function 


(c) neither odd nor even 
(d) odd as well as even 


If f(x) is an odd function, then: 
a LO+IO) 


2 
wy LO=fc9 


is an even function 


is neither even nor odd 
(c) [ |ffx)| + 1] 1s even; where [x] = the greatest integer 


Sx 
(d) None of these 
If f(x) = 7 rae a (tan? x); a> lis 
(a) an odd function 
(b) an even function 
(c) neither even nor odd function 
(d) None of these 
If f(x) = (a-x")'",n € N, then f(f(x)) is 
(a) an even function 
(b) an odd function 
(c) neither even nor odd 
(d) even as well as odd 


If f(x) 1s an even function and f'(x) exists, then f'(e) + 
f'(e) is (e € R) 

(a) >0 (b) =0 

(c) =0 (d) <0 

A function f(x) not identically zero satisfy the func- 
tional equation f(x + y) = f(x) + fy), then the function 
g(x) =a +a, a> Lis 

(a) odd function 

(b) even function 
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(c) neither even nor odd 
(d) even as well as odd 
16. If g(f{x)) = |sin x| and f'g(x)) = (sinvx)?; then 
(a) f(x) is even and g(x) 1s odd 
(b) f(x) 1s odd and g(x) is even 
(c) f(x) is even and g(x) is neither even nor odd 
(d) f(x) is odd and g(x) is neither even nor even. 
_ 3 2 | ? a A 
17. Let f(x)=x -x* +sin ae + log (|x| + 1), 
O <x <2, then odd extension of f(x) in [—2, 2] 1s: 


(a) x°-x*—sin™' (25H) — log (|x|+1) 


Answer Keys 
1. (a) 2. (c) 3. (a,c) 4. (d) 5. (b) 
l(c) 12(a) 13.0) 14) 15. (b) 
PERIODIC FUNCTIONS 


In our day to day life we usually come across many man 
made and natural phenomenon-that repeatedly occur 
after a regular interval of time. For instance, rotation of 
planets around sun, position of needle of the clock etc. In 
mathematics the periodicity of functions has same notion 
as above, except the fact that here it can be observed 
with respect to any variable. Periodic functions are those 
who repeat their values after regular interval of values 
of independent variable in the entire domain. When we 
observe the graph of periodic functions, indeed we notice 
that the graph can be constructed by choosing its particular 
smallest periodic segment and repeating it throughout the 
domain. The length of such smallest periodic segment 
(along domain axis) is known as Fundamental Period of the 
function. e.g., observe the graph of y = {x} (fraction part 
function), the graph can well be constructed by constructing 
it in an interval of ‘one unit length’ (say from zero to one) 
and repeating the same. Thus, making it very clear that we 
need a smallest segment (along domain axis, 1.e., x-axis) of 
‘one unit length’ to construct the entire graph. 


Z 
Fundamental 


one 
it period 


un 


FIGURE 2.201 


(b) x°-—x* +sin™ 2=E soe (a 


(c) x°+x° -sin™ (2-H) — log (|x| +1) 
(d) None of these 


18. If f(x) = sin*x + sin’ [+ + cos x . COS [++ : 
then f(x) is 
(a) an even function 
(d) an odd function 
(c) neither even nor odd 
(d) even as well as odd 


6. (b) 
16. (c) 


7. (a, d) 
17. (c) 


8. (b) 
18. (a) 


9. (b,c) 10. (a) 


Observation of periodic symmetry adds _ further 
convenience in the analysis of functions due to the fact that 
it can be analyzed for an interval spread over one period 
(of length 7) anywhere in its domain, as the same analysis 
prevails in all periods throughout their domain. 


Definition of Periodic Function 


A function f(x) is said to be a periodic function if there 
exists a real positive and finite constant T independent 
of x such that f(x + 7) = f(x), Vx € D, provided, (x + T) 
€ D (domain). Since ... =f(x-2T)=f(x-T)=f(x)=f(x+T)= 
f («t+ 27) =... Therefore, we conclude fix) = f(x + nT) V 
n é€ Z, for which x + nT € D.. Consequently if a positive 
constant 7 1s period, then any natural multiple of 7 within 
the domain shall also be its period, thus, making it (period) 
a non-unique quantity. 

The least positive value of such 7 (af exists), 1s called 
the period/principal period or fundamental period of f(x). 
e.g., fix) = tan x, f(x) = sin x are periodic functions with 
period x and 27, respectively. 

The functions which are non-periodic are called as 
non-periodic functions. 


Test of Periodicity 


In order to test the periodicity of fix) put f(x + T) = fx) for all x 
and find all possible values of 7 independent of x. Ifno positive 
value of 7 independent of x 1s possible, then f(x) 1s said to be 
aperiodic or non-periodic. If positive value of 7 independent 
of x is possible, then f(x) is said to be periodic function and the 
fundamental period of f(x) will be the least positive value of T. 


ILLUSTRATION 261: 


SOLUTION: 
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Test the periodicity of the following functions and if penodic, find their fundamental period. 
(a) f(x) = acos(2x +c), a #0 (b) fix) = sinvx 


(c) Ax) =x-cosx (d) f(x) = tan (== 


As we check periodicity by applying the definition of periodic function, assuming its period 
to be 7 and subsequently analysing equation f(x + 7) = f(x) 

(a) Given f(x) = a cos(2x + c) and f(x) = f(x + T) 

=> acos(2(x« + 1)+c)=acos(2x+c) > cos(2(x + 7) +c) -—cos(2x +c) =0 


=> 2sin{ 2OE* 1226 in( 2) => sin(7)=0or sin(2(x+7}+e)=0 


=> T=nnor2x+T+c=nn, ned 


=> T=nn or T= nn - 2x —c (rejected, as depends on x) 
T=nn ,n€Z, which is constant (.. 7>0) => YT, =x (fundamental period) 


Therefore f(x) = a cos(2x + c) 1s periodic function with fundamental period 1. 
(b) Consider f(x) = sinvx be periodic with period 7. 


=> f(x) =f{x + T) ie, sin /(x+T) =sinJx = sinvx+T-sinJ/x=0 


(Te) (aera) 

= 2cos a sim a = 0 
x+T +x _(2n+))a Vx+T - Vx en 
a i a? or a =nxz,neZ 


=> Vx+T + Vx =(2n+))z, or Vx+T — Vx =2na 


Therefore, 7’ can never be made independent of x, consequently f(x) 1s a non-periodic function. 
Aliter: sin,/(x+T) =sinJx = J(x+7) = nx +(-1)’ Vx, neZ 

Squaring both sides and solving for 7, we have (x + 7) = (na + (-1)" vx y 
=> T=(nn+ (-1)" vx =x 


On expanding the right hand side, we observe that the expression of 7'1s not independent 
of x. 


Hence, our assumption 1s false and therefore the given function is not a periodic function 
(c) Consider f(x) = x — cos x be periodic with period 7°. 
=> fx) =f + T), 1.e., & +7) -—cos(x + T) =x-cosx 


=> cos(x+T)-cosx =T > -2sin{ +4 sin{ 7 = 
Therefore, 7’ can never be made independent of x, consequently Ax) is a non-periodic function. 
(d) Let Ax) = tn( =) be periodic with period 7. 
=> fx)=f—+T) => tan F(2+7) = tan = 
=> sin —(x +T)cos—— cos{ (x +) sin—~ = 0 
3 3 3 3 


T T 
=> sin ** 42722) => sin =" }—0 = amt n€Z>T=3n,neZ 
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-_ 


SOME IMPORTANT FACTS 


Let =: p. g © Z; co-prime to each other and 
q 


(a) Trigonometric Functions: The function sin x, cos x, q # 0 be period 
sec x, cosec x are periodic with period 27, whereas tan 
x, cot x are periodic functions with period z. 


(b) There may be Periodic Functions Which have No 
Fundamental Period, for example, 


Gi) Dirichlet Function: 


f=} 


1, when xis rational 


0, when xis irrational 
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=> f(x + T).g(x) -— g(x + Tf) = 0 1s an identity in x there- 


=> fix) 1s periodic with period _ but has no fore substituting x = 0, we obtain 
fundamental period, as it is impossible to find a SE)8(0) =o) 0 a a 2) 
least positive rational number p/g. It is clearly a polynomial in 7 of degree n (here n is 
degree of the polynomial having larger degree out of f 
(ii) Constant Function: Consider a function and g). 
fx) = € 


Now since equation (2) has degree n but can had 
Clearly fx + T) = f(x) = c holds good for all (n + 1) roots for instance 0, 7, 27, 37, ... nT. 
positive values of 7. Therefore fulfilling the 


requirement of periodic function. Although 
any positive real number may be taken as 
period of constant function but indeed no 
such least real number can be predicted. | (d) Algebraic Function (Except Constant Function) 


Consequently, by fundamental theorem of algebra, 
fix) must be identically equal toO Vx € R. 


Therefore, /(c) must be indeed a constant function. 


Thus, constant function has no fundamental Can Not be a Periodic Function. 
period. (e) A Function Can be Periodic in a Bounded Subset of 
(c) No Rational Function (except constant function) Its Natural Domain. 
Can be a Periodic Function. We can discuss the periodicity of a function in an 
Let F(x) = JG) ; where f(x) and g(x) are two polyno- . . sre oe 
g(x) interval. For instance f(x) = 5 cosa7x; O<x<100 
mials and g(x) # O and F(x) be periodic with period 7. 101-x; x >100 
=> F(x) =F(x + T) .. () Is not a periodic function in its natural domain but it is 
f(x+T) f(x) clearly a periodic function in the interval [0, 98] 


g(x+T) g(x) Because f(x + 2) = f(x) holds good for all x € [0, 98]. 
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ILLUSTRATION 265: Let f be an even and periodic function with fundamental period 10 units and the graph 
of f(x) 1s shown below for the interval [0, 5] 


SS EERETEEIIE ERnianieEnianA Ehentemieniententa Shemtemtentestenta shententemtentente shestententend 


eee 


a 


FIGURE 2.203 


If [.],| land { } represents the greatest integer/least integer/fractional part function of x; then 


amr) 2) Come (Serco 


SOLUTION: From the graph; we can write the definition of the function for x € [0, 5] 
2x; Vxe[0,1] 
3-x; Vxed,2] 
f(x) =911-5x; Vxe(,3] 
3x-13; Vxe(3,4] 
3-x; Vxe(4,5] 
Now given that the function 1s even; we can also find the function for x € [—5, 0) 
—2x; Vxe[-1,0) 
3+x; Vxe[-2,-]) 
f(x) =4 114+5x; Vxe[-3,-2) 
—3x-13; Vxe[-4,-3) 
3+x; Vxel[-—5,-4) 


And given that the function is periodic with period equal to 10; hence, we can find the 
value of fx) Vx € R. 
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| 
ceecee 
» Bf xo-am (ror () 


And f(-273) = f-270 — 3) = f-3) = 3) =—4 
=> {f-273)} = {4} =0 


rae OHA} LE = (a)ver 


= =) (-9)+4454+0+0 = 44341 _716+641 _ 9 
2 4 2 4 4 4 
ILLUSTRATION 266: Using praphs, find whether the following functions are periodic, 1f so find the period: 
in 2 
(a) y=—— (b) y=tan x cot x 
| sin x | 


SOLUTION: (a) y= 


sin2x _ 2cosx; sinx>0O 
|sinx| |—2cosx; sinx<0 
Consider for x € (0, 21) ~ {nm}; we have y= 


2cosx; xe(0,z) 
sin 2x 


—2cosx; xe(z,27) 


The graph of y= ! is given by 


| sin x 


FIGURE 2.204 
From the graph, we can see that the function 1s periodic with period 7’ = 1. 
(b) y=tanx.cotx > y=1;x# a .. The graph of y 1s given below. 
a 
As 1s evident from the graph the period of y = tan x . cotx is T= > 
¥ 


FIGURE 2.205 
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ILLUSTRATION 267: Check whether the function f(x) defined as fx) = Vx—3k ; where 3k <x <3(kK+1),k € Z, 
1S periodic or not. 
SOLUTION: Given f(x) = Vx—3k ; where 3k <x <3(kK+1),kKEZ 
Putting k = 0; we get f(x) = Vx; x € [0, 3) 
Putting k = 1; we get f(x) = Vx-3:x € [3, 6) 
Putting k = 2; we get f(x) = Vx-6:x € [6, 9) 


Vx+3; xe[-3,0) 


| vx; xe€[0,3) 
Moving on the same pattern; we see that f(x) = 
x-3; xe[3,6) 
x-6; xe[6,9) 


The graph of f(x) 1s as shown below 


FIGURE 2.206 


Now as 1s evident from the graph; the function 1s periodic with a period of 7 = 3. 


ILLUSTRATION 268: Suppose that fis an even periodic function with period 2, and that fx) = —sin™ sin (==) for 


1] 
all x in the interval [—1, 0]. Find the value of f (=) 


SOLUTION: Given that f(x) is an even function, therefore f(x) = sin™ sin (== ;V xe [0, 1], 


Graph of f(x) 1s periodic with period 2 and is shown below 


= je" 2aand Vx € (3,4) 
11 A 3 
f(5)=% 


f(x)=2n-Fx 


(i) 


(ii) 


PROPERTIES OF PERIODIC FUNCTION 


If f(x) is periodic with period T, then a f(x+k)+5b 
is also periodic with same period T; where a, 5 are 
real constants and a > 0. 

Proof: Let g(x)=afx+ k)+b 
e(x+T)=afxt+T+k)+b C. fix + T) = f(x)) 
= afix + k) + b = g(x). Hence, proved. 

Alternatively we may put the argument geometrically 
that by adding a constant (say k) to independent 
variable (input) the graph of function shifts as a 
whole horizontally either to the left or right without 
changing the shape and size of graph, therefore does 
not affect the periodicity of function. 

Similarly, adding a constant to the dependent 
variable (output) the graph of function shifts as 
a whole vertically either up or to down without 
changing the shape and size of graph, thus, not 
affecting the periodicity of the function. And also it 
is true that the periodicity of the function 1s repetition 
of values of function after a regular interval of inputs 
x, therefore remains unaffected by transformations in 
vertical directions along y-axis. 

For example, vertical stretching/compression pro- 
duced in the graph of function due to multiplying f(x) 
by aconstant a also produces no change in periodicity. 


If f(x) is periodic with period 7, then {(kx + b) is 
T 
periodic with period lk] provided & is non-zero 


real number and b « R 
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Proof: If f(x) 1s periodic with period 7 and let 
g(x) = flkx + 5) 


eft | AGeeral = fike + T + b) 


| | 

= flkx + b) = g(x) 

Converse of this property holds good. 

Alternatively we may put the argument 
geometrically as the multiplication or division of 
independent variable x by a positive constant a, 
results in change in size with respect to origin in the 
horizontal direction. The graph shrinks horizontally 
when independent variable is multiplied by a positive 
constant greater than | by the factor which is equal 
to the multiplier. This mean periodicity of graph 
decreases by the same factor, 1.e., |a]. 


The graph stretches horizontally when the 
independent variable is divided by positive constant 
greater than | by the factor which is equal to the 
divisor. This means periodicity of graph increases by 
the same factor, 1.e., |a]. 

We combine these two observations by saying 
that period of graph decreases by a factor |al. 

Note that magnitude of constant a more than | 
represents multiplication and less than | represents 
division. 

In the nutshell, if 7 1s the period of f(x), then 
period of function of the form y = p.f(ax + b) + q; 


., ue 
a#0,b,q,p€ Pre ae 
a 


NT 
ILLUSTRATION 269: Find the period of function f(x) = 3 + asin 


ILLUSTRATION 270: 


SOLUTION: Given function 1s f(x) = 3 + asin 


EX 


7 


me 3 Z 
Rearranging the terms, we have f(x) = 3 + 2sin (Fs +3 


The period of sine function is 27. 


Comparing (1) with the function pf(ax + b) + g, magnitude of a 


1.€., 


period, then find the set of the values of a. 


1 = = . . 1 
a| 1s Z* Hence, period of the given function is 7’ = —— 


) —: 
SOLUTION: Given f (x) = sin (J[a] x) ; Period = 


=> fa]=4 


via] 


Pr 26 


la| 2/3 


If f(x) =sin./[a]x ; (where [.] denotes the greatest integer function) has x as its fundamental 


= ae (4,5) 
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m@ PERIOD OF COMPOSITE FUNCTIONS 


While dealing with periodicity, it is important to understand 
the changes in the periodicity of a function f(x) that may or 
may not occur when we compose the function with other 
functions like modulus or power function, exponential, 
logarithmic functions. If f(x) 1s a periodic function with 
fundamental period T and g(x) is any function for which 
composite function gof is defined, then gof 1s also periodic 
function with one of its period as T (not necessarily 
fundamental period) . 

Theorem: If f(x) is periodic function with funda- 
mental period 7 and g(x) is monotonic function, over the 
range of f(x), then g(f(x)) is also periodic with funda- 
mental period 7. 

For example, If g(x)= e* and f(x) = sin x, then gof{x) 
= e™ is periodic with fundamental period 22. 

Proof: Given the period of f(x) = T, then f(x + T) 
=fix) Vx eD , 

=> glkx + 1] = glhkx)] 

=> gofis also periodic with period T 

Let if possible k € R* and 
k < T, be the fundamental period of gof 


= gof(k + x) = gofix) 


we) 


NOTE 


Corollary: 


(i) 


(ii) 


=> g(flk + x)) = g(fx)) 


=> fk + x) =f(x) as g(x) is monotonic, consequently 


k < T is fundamental period of f(x), which is a 
contradiction to the fact that f(x) has fundamental 
period 7. 

gof has fundamental period 7. 


If f(x) is periodic with period 7, then 
] 
I(x) 
le ; . 
Proof: Since g(x) = — is a decreasing function, 
x 

] 

therefore gof(x) = g(f(x)) = FO) being the composi- 
x 

tion of a monotonic function over a periodic function 

with period 7 is also periodic with same period 7: 


is also periodic with same period 7. 


/ f(x) is also periodic with same period T. 


Proof: Since g(x) = Vx is an increasing function, on 
its domain [0, 00), therefore gof(x) = g(f(x)) = V¥ f(*) 
being the composition of a monotonic function over a 


periodic function with period T is also periodic with 
same period 7: 


1. Composition of anon-monotonic function g(x) over a periodic function f(x) having period T is always a periodic 
function with period T. (But fundamental period may be less than T) 
For example, if g(x) = x? and f(x)= cosx, then gof(x) = cos’xis periodic with period 2x, but its fundamental period is x. 

2. Composition of a periodic function f(x) over a non-periodic function g(x) may be a periodic function. For example, 
if g(x) = [x] and f(x) = costx, then fog(x) = cos [x] is periodic with period 2. 

3. Composition of two non-periodic functions may be a periodic function 


For example, Consider g(x) = 3[x] -2 and f(x) = 


x -8 
~— 


x¢Z 
we have fog(x)=3 Vx € R. 


3( sin? x+cos’ x); yeZ 


which is a periodic function indeed. 


ILLUSTRATION 271: Let f(x) = x — tan x and g(x) = cot x be two functions, then using these two functions, prove 
that the composite function of a periodic and a non-periodic function can be a periodic 
function. Also find the period of that function. 


SOLUTION: 


Let fix) =x — tan x and e(x) = cot x 


Now f(x) 1s non-periodic, whereas g(x) 1s periodic g(f(x)) = cot(x — tan x) 

On replacing x by x + 7m in g(f(x)); we get g(f(x + 2)) = cot(x + a — tan(x + 7)) 
= cot(x — tan x) = g(f(x)). 
Hence, g(f(x)) 1s periodic with period 7. 


ILLUSTRATION 272: 


SOLUTION: 


ILLUSTRATION 273: 


SOLUTION: 


ILLUSTRATION 274: 


SOLUTION: 


ILLUSTRATION 275: 


SOLUTION: 
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Let f(x) = x — cos x and g(x) = cot x be two functions, then using these two functions, prove 
that the composite function of a periodic and a non-periodic function can be a periodic 
function. Also find the period of that function. 


Let f(x) = x — cos x and g(x) = cot x. Now f(x) 1s non-periodic, whereas g(x) is periodic 
=> g2(f(x)) = cot(x — cos x). On replacing x by x + 27 1n g(f(x)); we get 
2(Kx + 21)) = cot(x + 2m — cos(x + 21)) = cot(x — cos x) = g(f{x)) 


Hence, g(f{x)) 1s periodic with period 2x. Similarly cot(x -cot x) 1s periodic with period 1. 


Using the functions f(x) = | Vx | ; where [ | represents the greatest integer function and 


e-{ e”; x¢éZ 


i ‘ , Show that the composite function of two non-periodic 
sin’ x+cos x; xEZ 


functions can be periodic. 


Now (f(x) will always give an integral value. Therefore g(f(x)) = sin*(f(x)) + cos*(f{x)); 
VfxyeZ > gfx%))=1VxeER 


Hence, g(f(x)) is a constant (periodic with no fundamental period) Vx « R 
(a) If Ax) = tan'x and g(x) = {x}, then show that fog(x) is a periodic function with 


fundamental period 1. 
2x 


(b) If f(x)=\% rT and g(x) = |sin x|, then show that fog(x) 1s a periodic function with period 1. 
x 
1 
(a) Ax) =tar’x > f'(x%)= 7>OVxeER 
1+x 


=> fx) 1s monotonically increasing function and g(x) = {x}. 
We know that fundamental period of {x} 1s 1. 


Thus, fog(x) represents composition of monotonic function over the periodic function 
with fundamental period 1 


.. By above property, fog(x) 1s periodic function with fundamental period 1. 


_ 2x 
2(1- x’) 
=> f'()= >0 for x € [-1, 1] and <0 for x € (-20, -1] U [1, ~) 


(l+x’y 


=> fx) 1s anon-monotonic function. Also g(x) = |sin x| 1s periodic function with period 1. 


fos 2) = f(g) = 
Sy Vey Le eI 


1+|sin(x+z)? 1+|sinx/ 


Thus, fog(x) 1s a periodic function with period 1. 
] 
Functions f and g are defined by f(x) = sin x,x € R; g(x) =tanx,xe R Gre ; where k 


€ Z. Find periods of fog and gof. 
Given f(x) = sin x and g(x) = tan x. Now, fog = f(g(x)) = sin (g(x)) = sin (tan x) 
Clearly period of fog is x. Also gof= g (f(x)) = tan ({(x))= tan (sin x) 


Period = 2x (period of sin x 1s 2x and tan x 1s an odd function) 
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PERIODICITY OF MODULUS/POWER 
“OF A FUNCTION 


(i) Period if [f(x]: If the fundamental period of f(x) 
is T, then the fundamental period of fxy""!; ne Z will 
also be 7. That is, the fundamental period of function 
remains same on raising it to an odd integer power. 
For example, we know that period of functions sin x, 
COS x, Sec x, cosec x 18 27, therefore the period of the 
functions (sin x)?""!,(cos x)""!,(sec x)?""!(cosec x)7""! 
is also 27. 

Similarly, the period of tan x, cot x 1s x and also the 
same is the period of (tan x)”"*! and (cot x)?""". 


“Sr ~2n-3n 


2 


Y Ud 


If 7 is the period of f(x), then f(x) = f(x + 7) 
(1) 

On raising both sides of (1) to any odd degree power 

(2n+1), we get f(x)" = (fae +T))"'VneZ 

T is the period of (f(x))" VneZ 

Let if possible k < T be the period of (f(x))"" 

(Ax) yr" =fx t+ kyr Vne £ 

fx) =fx + k) Coa l=btloa=b) 

k < T 1s period of f(x) ,which contradicts the fact 

that 71s the fundamental period of f(x). 

Thus, 7 will be the fundamental period of (f(x))?". 


Proof: 


(ii) Period of [f(x)]’": If the fundamental period of 
fix) is T, then the fundamental period of [f(x)]”; 
n€ Zmay not be 7. 


That is, the fundamental period of function may 
change on raising it to an even integer power. 
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For example, we know that the period of the functions 
sin x, COS x, sec x, cosec x is 27 and that of tan x, cot 
x 1S 7, whereas the period of the functions (sin x)*”, 
(cos x)", (sec x)", (cosec x)”, (tan x)", (cot x)”, |sin x], 
lcos x|, |tan x], |cot x], |sec x]., |cosec x| 1s 7. 
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7 p 2n+l period of the functions (sin x)p/q, (cos x)p/q, (sec x) 
(iii) Period of [f(@)]p/q: where —= ,, where p p/q, (cosec x) p/g is also 2p. 

: Similarly, the graph of tan x, cot x is p and also the 
same is the period of (tan x)p/q and (cot x) p/q . 


and g are co-prime, g #0 andn € Z. 
For example: we know that the period of the func- 
tions sin x, COS x, sec x, cosec x 1s 2p, therefore the 


ILLUSTRATION 278: Using graphs, find the periodicity of f(x) = sin-lsin x, and hence, find the periodicity of 
(sin-1sin x)3/2 and (sin-1sin x)3/5. 


SOLUTION: Graph of sin—1sinx (Periodicity = 2p) 


FIGURE 2.214 
Graph of (sin—1 sin x)3/2 (Periodicity = 2p) 


FIGURE 2.215 
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p 2n For example, we know that the period of the functions 
(iv) Period of f(x)p/q: where —=—,, where p and q sin x, COS x, sec x, cosec x 1s 27 and that of tan x, cot x 
q 4q pees 
is 1, whereas the period of the functions (sin x)”, (cos 
are CO-prime, q #Oandne Z. xn, (sec xn ,(COSeC xy, (tan xr, (cot xe, 1S T. 


ILLUSTRATION 279: Using graphs, find the periodicity of f(x) = sin'sin x, and hence, find the periodicity of 
(sin'sin x)”4 and (sin™'sin x)**. 


SOLUTION: Graph of sin'sin x (Periodicity = 27) 


FIGURE 2.217 


Graph of (sin'sin x)** (Periodicity = 1) 


FIGURE 2.218 
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Graph of (sin'sin x)** (Periodicity = 7) 
y 


(sin-(sinx))®* 


Sn 2 Se 
2 2 


FIGURE 2.219 


(v) Period of Linear Combination of Two Functions: => Tf=nfYI, and T=mT¥, for some positive integers n, m. 
If f(x) be periodic with period 7, and g(x) with period => Fat T)=afx + nT,) + bg + mT,) = affx) + 
T, such that LCM of 7, and T, exist and is equal to 7, b.g(x) = F(x) 
then a.f(x) + b.g(x) is a periodic function with period C. fie + nT) = f0r)) 
T (a and b are non-zeros). = Tis the period of F(x) 
Proof: Let F(x) =af(x) + b.g(x) cas) = If there does not exist 0 <A <7=LCM (7, and T,) 
Let 7, and T, be the periods of function f(x) and such that F(x + 4) = F(x), then T= LCM (7, and T,) 
g(x), respectively. will be the fundamental period of F(x). However if 

=> 1,,7,>0 such a A exists, then 7 will not be the fundamental 
Let P=LCM (7, 7) period of F(x). 

REMARKS 


; ace L.C.M. of (a,c,e) 
(i) LCM of two or more fractional numbers = LCM of | —,—,— | = 
6d Ff H.C.F. of (6.d;f) 
3 L.C.Mof7and3 21 
LN Sk 
20 H.C.Fof30and20 10 
(ii) LCM of rational and irrational number does not exist. For example, the function {x} + cos x is non-periodic, because 


the period of {x} is 1 and the period of cosx is 2x and the LCM (1, 2) does not exist. 


7 
For example, The LCM of 6 and 


Also the function sin x + tan mx + sin x/3 is not periodic; because LCM of (21, 1, 61) does not exist. 
(iii) The LCM of two irrational quantities may or may not exist. For example, the LCM of x and = ist . 
The LCM of V2 and V3 does not exist. 
Notes: 1. Thesum/difference of a periodic and a non-periodic function can be periodic. 
it xeR-~ 


For example, consider f(x) = tan x and g(x) = oe. then the function f(x) + g(x) is periodic 


ia x=— 
2 
Clearly f(x) is periodic with period x but g(x) is non-periodic function. 


The domain of f(x) + g(x) is R ~ {(2n + 1) n/2;n € Z} hence, f(x) + g(x) = tan x + 1 which is periodic function in its 
natural domain with fundamental period nx. 
2. The sum/difference of two non-periodic functions can be periodic function 


e.g., consider f(x) = x + cos x and g(x) = -x + sin x, then the function f(x) + g(x) = sin x + cos x which is a periodic 
function with fundamental period of 2n. 


ILLUSTRATION 280: 


SOLUTION: 


ILLUSTRATION 281: 


SOLUTION: 


ILLUSTRATION 282: 


SOLUTION: 


ILLUSTRATION 283: 


SOLUTION: 


ILLUSTRATION 284: 


SOLUTION: 


ILLUSTRATION 285: 


SOLUTION: 
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6 
Find the fundamental period of tan(3%x)+ cot (=) 


6 5 
The fundamental period of tan(31x) 1s 1/3. And the fundamental period of cot (=) 1S eS 


15) 5 
Therefore, the fundamental period of given function is L.C.M =.2) = 3" 


Find period of the following functions: 

a, x - 

@) f()=sin>+cos= (ii) flx) = {x} + sin x 

ee x 2x 

111 x) = sin—— — cos— — tan — 
(ii) f(x) = : : 


(1) Period of sin > is 4n while period of cos is 61. Hence, period of sin + cos; is 121. 
(LCM of 4 and 6 1s 12} 

(it) Period of {x} = 1 and that of sin x 1s 21. 
But LCM of 22 and 1 1s not possible as their ratio 1s irrational number 
It is non-periodic 


3 


2x 2% = =12 


4 
(iii) Period of ffx) is LCM of —-, ——, —-= LCM of —,6z, 
3/2’ 1/3” 2/3 3 


Find period of the function f(x) = x-—[x]+ [sin mx + lsin 2nx| +....+ lsin n7x| 
x — [x] has period 1 and |sin x | has period x 
1 
= |sin 1 x| has period *=1 , [Sin 27 x| has period = ae 
4 2x 2 


Similarly |sin mt x| has period ae 
nx Nn 


11 1 
= period of the function {x)= LCM { Lays] =1 .. f(x) has period 1. 
n 


Find the period of the function f(x) = 4sin{3x} + 3cos2 {4x} 
Let f(x) = 4sin{3x} + 3cos2 {4x} 
Let g(x) = 4sin{3x} and A(x) = 3cos2{4x} 


] ] 
Now period of g(x) 1s 3 and that of A(x) 1s ri 
1 1 
Hence, the fundamental period of f(x) = LCM of 2) =1 


Find the fundamental period of f(x) = |sin x| — |cos x]. 


Given function f(x) = |sin x| — |cos x|. The period of both |sin x| and |cos x| 1s 1. 
So, LCM 1s 2. 


Find the period of sin? [x] + cos-—-+cos- [x] , where [x] denotes the integral part of x. 
_ UX N 
Given sin—|[x]+cos—+cos—[x] 
4 2 3 


Let g(x)= sin 7 [x] 
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However, 7 need not be the fundamental period of 
F(x). To get the fundamental period, we need to check 
whether the fundamental period is 7 or not by applying 


ie PERIODICITY OF PRODUCT/DIVISION 
‘OF FUNCTION 


either, 
I] Ii, ) (a) transformation of F(x) into linear combination of 
Consider the function F(x) = 4=1___. ; where f,(x) and functions, or 
I] &,(x) (b) analyzing through graph of F(x), or 


(c) checking whether 7/n is period of F(x) for natural 


g,.(x) are periodic functions with periods 7, and t_ respec- 
values of n. 


tively Vk,reN and LCM of 7, and ¢ exist and equals to 7. 
Then the function F(x) is periodic with period T. 


NOTE 


1. The product/quotient of a periodic and a non-periodic function can be periodic. 


Oe ee Te eee welll meee = agi) ae, Ree ees Oe an CnC ee enn 
For example, consider f(x) = cot x and g(x) = . ee then the function f(x) . g(x) and ae are periodic 


Clearly f(x) is periodic with period x but g(x) is non-periodic function. 
f(x 
The domain of f(x) . g(x) and — is R ~{n;n € Z}; hence, f(x). g(x) = ~ = cot x which is periodic function in 


its natural domain with fundamental period nt. 


2. The product/quotient of two non-periodic functions can be periodic function 


Seak 1 x<0 =— x20 x) 
For example, consider f(x) . <e and g(x) ne eer , then the function f(x).g(x) and x) 


which being a constant function is a periodic function with no can ental period. 
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iE) CEPTION TO LCM RULE Case I: If fix) be periodic with period 7’, and g(x) with 
= period 7’, such that LCM of 7, and 7, ave and is equal to 
LCM Rule undoubtedly predicts the period of the | 7 and fx) and g(x) can be interchanged by adding a least 
positive constant K (<7). 
That is, {x + K) = g(x) and g(x + K) = f(x), then K is 
period of f(x) + g (x), otherwise period will be 7. 


function but not necessarily the fundamental period. 
It fails to determine the fundamental period 1n atleast 
following two situations: 


Case Il: If f(x) be periodic with period 7, and g(x) with - f(x) 

period 7, such that LCM of 7, and 7, cast and is equal 2(x) 

to T, then the period of F(x) = fix) + g (x) or fx).g(x) given by a positive constant K (< T) if F(x) gets simplified 
to an equivalent function F(x + K) = F(x). 


is necessarily 7 but the fundamental period can be 
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(ii) Given f(x) = cos’ x+sin’ x 
Now, according to the LCM rule, period of f(x) = LCM of (a, 1) = 1. 
But for f(x) =cos’x+sin’x, the function simplifies to f(x)=1 which is a constant 
function with no fundamental period. And for f(x) = cos’ x—sin’?x, the function 
simplifies to f(x) = cos2x, and hence, the fundamental period of f(x) = 1. 
in3 
(iii) Given f(x) =—— — 
sin 2x.cos x 
Now, according to the LCM Rule, period of f(x) = LCM of (21, 1, 21/3) = 2n. 
But f(x)= 


ae sien , hence, the fundamental period of f{x) = 1. 
(iv) Given f(x) =4cos* x—3cosx 

Now, according to the LCM Rule, period of f(x) = LCM of (21, 21) = 2. 

But A(x) = cos 3x, hence, the fundamental period of f(x) = 21/3. 


2 
(v) Given f(x) = cos x .cos 3x = Period of f(x) 1s LCM of (20, =27 


2 
But 21 may or may not be fundamental period, but fundamental period = iid , wheren Ee N. 
n 


Hence, cross-checking for n = 1, 2, 3, ... we find a to be fundamental period 
fix + x) = (cos x) (cos 3x) = f(x). Hence, fundamental period of f(x) 1s 1. 


ILLUSTRATION 290: Find the fundamental period of f(x) defined as follows and explain as to why it does not 


SOLUTION: (a) Let Ax) = {x} + {ees} 3} 


comply with the LCM rule. 
] 1 
= {x} + 4xt+—pt+4x-— 
(a) Aix) = {x} *t *t 
(b) Ax) = altan mx| + ditan m| 
(c) f(x) = 16(sin‘*x + cos*x) — 24(sin*x + cos*x) + 9 


3 3 


1 1 
Let g(x), A(x) and p(x) be {x}, {x4 | and {x = ;| respectively. 
We observe that the fundamental period of each of g(x), 
h(x) and p(x) 1s 1 


Hence, according to the LCM rule; the fundamental 
period of f(x) = g(x) + A(x) + p(x) should be 1, but if we 


replace x by x + 3 in f(x), 


1 1 1 1 1 1 
we get f| x+—| = 4xt+—pt4xt+—t+—pt+4yx+—-=— 
es) tty tata ets al 


FIGURE 2.220 
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] 
Hence, fundamental period of (x) = 3" Same can be concluded from graph. 


Here f(x) = {x} + {x +1/3} + {x - 1/3} Vx € [0, 1/3) =x+x41/3+x+4+ 2/3 =3x+1 
f(x) 1s monotonic in [0,1/3) = f(x) cannot have any period smaller than 1/3. 
The graph of f(x) 1s given by 
(b) Given f(x) = altan mx| + ditan nx| 
Let g(x) = a |tan mx| and h(x) = 5 |cot nx| 
Now period of g(x) 1s = and period of A(x) 1s = 


For (a # b, m = n); (a = b, m # n); (a # b, m # n), the fundamental period of 


‘(a 
fx) = LCM of 4~ and =} = ———~—— 
m n H.C.F (m,n) 


But when a = 5 and m = n, then g(x) and A(x) are inter convertible, and hence, the 


1 
fundamental period of f(x) = 5{ECM of ~ and =| 1. ae 
2 m n 2m 2n 
(c) Given f(x) = 16(sin*x + cos*x) — 24(sin‘*x + cos*x) + 9 


Let g(x) = 16(sin*x + cos*x) = 16{(sin’x + cos?x)? — 3sin’x cos*x (sin*x + cos?x)} 
= 16 { ~2 sin’ @x)| — Fundamental period of g(x) is i 

Let A(x) = —24(sin‘x + cos*x) 

= —24[(sin’x + cos’x)? — 2sin’x cos’x] = —24 ( — sin 2x] 

Again Fundamental period of A(x) = — 


And p(x) = 9, 1s a constant function (1.e., no fundamental period) 


According to the LCM Rule; Fundamental period of f(x) = LCM of (#5 


= 
2 2 


N/A 


But f(x) = 16(sin*x + cos*x) — 24(sin*x + cos*x) + 9(sin*x + cos?x) 
= (16 sin®*x — 24 sin*x + 9 sin*x) + (16 cos®x — 24cos‘x + 9cos*x) 
= (4sin*x — 3sinx)? + (4cos*x — 3cosx)? = (sin3x)* + (cos 3x)? = 1 
Hence, f(x) 1s a constant function with no fundamental period. 
ILLUSTRATION 291: Find the fundamental period of f(x) = sec (sin x). 
SOLUTION: Since sin x 1s a periodic function with fundamental period 21, f(x) has a period 27 . 
For fundamental period f(x + 1) = sec(sin (1 + x)) = sec (—sin x) = sec (sin x ) = f(x) 


f ( +5) # f(x). Hence, fundamental period is x. 


ILLUSTRATION 292: Find the fundamental period of A(x) defined as follows and explain as to why it does not 


comply with the LCM rule. 
| cos x |+| sin x | cos xX — cos 3x 
(a) fix) = WSOS*IISI AT Op) fx) = PSX OOS 
cot x — tan x sin x —sin 3x 


9 tan 9 —84tan*® 6 +126tan’ 6 —36tan’ O+tan’ O 


(c) tan *—x | tanstan{ 7+) (d) ; 5 - - 
3 3 1—36tan’ 0+126tan’ 6—-8tan’0+9tan' @ 
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| cos x |+ |sinx| 
cot x — tan x 


Now let g(x) = |cos x| + |sin x| and A(x) = cot x — tan x 


SOLUTION: (a) Given fx) = 


And the fundamental period of each of g(x) and A(x) 1s 1 
The fundamental period of f(x) should be x 


A 
cos| x+— 
( 3 
cot( +) —tan{ x4 


. Hence, fundamental period of f(x) 1s 7 


. a 1 
But if we replace x by x ars in f(x); we get (+3 = 


_ [cosx|+|sinx | 
cot x — tan x 


(b) Given f(x) = 


Let g(x) = cos x — cos 3x and A(x) = sin x — sin 3x 


cos x —cos3x 
sin x —sin3x 


Fundamental period of each of g(x) and A(x) is 21 


According to the LCM rule, the fundamental period of f(x) should be 21. 


—~) sin 2x sin(— 
But f(x) = ses eee) = —tan 2x; sin x # 0 and the period of tan 2x 1s ul 
—2sin xcos 2x 2 


But as explained earlier, we need to be careful while dealing with domain. 
snx#0 > x#4#nnVneZd 


Thus, the period of discontinuity of function 1s 7. 


The fundamental period of f(x) will be LCM of x and ap 1.€., 7. 
. 1 4 
(c) Given f(x) = tan (= = x tan ntan{ = + | 
V4 U4 
Let g(x) = tan (= | ; h(x) = tan x and p(x) = tan & | , respectively. 


Fundamental period of each of g(x), h(x) and p(x) 1s 1 
According to the LCM rule, the Fundamental period of f(x) should be 1. 


But A(x) = tan (= = «tan stan{ * 5 | = tan3x 
Fundamental period of f(x) = 7 ; 


9 tan 0 — 84 tan’ 6 +126tan’ 6 —36tan’ 0 + tan’ d 
~ 1-36 tan? 6 +126 tan‘ 6 —84tan°6+9tan*@ 
Let g(x) = 9tanO —84 tan’ 6 +126tan’ 6 —-36tan’ 6 + tan’ 0 
and h(x) = 1-36tan’ 6 +126tan* 6 —84tan® 6+ 9tan* 0 


(d) Given f(x) = 


Now Fundamental period of each of g(x) and A(x) = x 
According to LCM rule; Fundamental period of fx) = x 
9 tan 0 —- 84 tan’ 9 +126 tan’ 6 — 36 tan’ 6 + tan’ 6 


Te Cc aa eres ccaec 
ut Je) = 3 tan? +126 tan? —8tan®649tan® 6 = 


Hence, fundamental period of f(x) = ry 


PERIODICITY OF FUNCTIONS EXPRESSED 
BY FUNCTIONAL EQUATIONS 


Many a times we encounter a problem to determine period 
of a function f(x) which is not defined directly but expressed 
in the form of equation/equations called as functional 
equation. In these situations, we often need to manipulate 
the given relation in such a way that leads to generate an 


equation of type fix + T) =+ f(x) or fx + T)=+ : 
f(x) 


Usually it 1s achieved by carrying out some suitable 
substitution in place of independent variable to obtain 
desired objective. 

The process does not involves well defined algorithm 
(skilled based), thus, can be better understood only by 
working out on some examples. 


(i) If a function f(x) is defined such that fx + T) =-—/(x); 
where 7’ 1s a positive constant, then fis periodic with 
period 27. (Converse is not true) 

Proof: Given f(x + 7) =—f(x) 
Replacing x by x + T, we have f(x + 27) =—f(x + T) 
=> f(x +2T)=-—-f(x)) 

— fx + 27) =fx) Vx © D, 

e.g., f(x) = sin x, cos x, sec x, cosec x 


(ii) If a 


(iil) 
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function f(x) 1s defined such _ that 


Le DD OR ed 


positive constant, then fis periodic with period 27. 


—  ; where 7’ is a 


(Converse 1s not true) 


Proof: Given f(x+7)= 


—f£@) 
Replacing x by x + T, we have 
l +1 


(eee *Feat) efor 


e.g., x) = tan x, cot x 


A (x43) tn| Zh) 
S —. | = — =; — 
2 Z tan x 


Period of tan x = 2{ =] =. 
If f(x + A) = g(f(x)) such that ¢(2(g(..-(g(x)))--)) er 


then prove that f(x) is periodic ith period nA (where 
i 1s fixed positive real constant) 

Proof: Given fx + 2A) = g(f(x + A)) = 2e(e((X))) = 
g(Kx)) 

Proceeding similarly f(x + 3A) = g(f(x + 2A)) = 
gfx + d)) = g(g(fx)) = gx) and f(x + nh) 
= gh (Ax + d)) = g(x) = 8"x)) = fx) 

= Period of f(x) is nd 
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ILLUSTRATION 294: 


SOLUTION: 


ILLUSTRATION 295: 


SOLUTION: 


ILLUSTRATION 296: 


SOLUTION: 


ILLUSTRATION 297: 


SOLUTION: 


Find the period of f(x) satisfying the condition: 

GQ) Ax + p)= 1+ {1-3 fx) +3 Pe) —-f &)} 

(i) Ax -1)+fx+3)=fxe+1)+fx+5) 

(i) Given fx + p)=1+ {1-3 fe) +3 P@)—f @}? = 14 (1 - fx) 


=> fx+p)t+fx)=2 ...(1) 

=> fxt2p)t+ fx + p)=2 ...(2) 
From (1) and (2), we get f(x) = f(x + 2p) => Period = 2p 

(ii) Given f{x-—1)+fAx+3)=fxtVt+fet5) (1) 
Replacing x by x + 2, we have fx + 1)+fx+5)=f%4+3)+f%+7) sa... (2) 
(1) + (2) gives, fx — 1) =f(x + 7) => f«+8=fx%) => period =8 


Let fbe a function that satisfies f(x + 6) + f(x — 6) = fx) for all real x. Prove that any such 
function 1s periodic with a common positive period p for all of them. Also, find the value of 
the period p. 


Given f(x + 6) + f(x — 6) = f(x) iL) 
Replacing x by x + 6 1n equation (1), we get f(x + 12) + fx) =f{x + 6) se(2) 
Substituting the value of f(x + 6) from (1) in (2), we get fx + 12) + f(x) =f{x) —f{x - 6) ...3) 


Again replacing x by x + 6 1n equation (3), we get fx + 18) = f(x) 
Now, replacing x by x + 18, we get f(x + 36) = — f(x + 18) 
=> fx+36)=fx) => fx) 1s periodic with period 36. 


Let y = f(x), x € R be a function such that the graph of f(x) is symmetrical about the lines 
x = ao and x = B; where o < B. Prove that f(x) 1s periodic, also find the period of f(x). 


We have f(a — x) = f(a + x) (1) 
and B — x) = f (B +x) a0) 
[Since the function A(x) is symmetrical about lines x = a and x = B] 

Replacing x by o — x 1n equation (1), we have f(x) = f(2a — x) ... 3) 
Replacing x by (B —x) in equation (2), we have f(x) = f(2B — x) (4) 


From equation (3), we have f(x) = f(2 a — x) = f{2B — (2a —x)} = f{x + 2(B — o)} (from (4)) 
Hence, f(x) 1s periodic, having a period 2(B — a) 


Let f be real valued function defined for all real numbers x such that for some positive 


1 
constant a, the equation f a a al J f(x)-f(®)Y holds for all x. Prove that the 


function fis periodic. 

Given f(x+a) =—+VF@)- fey or f(x + a) + ; — fix + a)=f(x) - fF) 

or f(x) +P ebay = fix) + fx + a) i) 
Replacing x by x + a, we have f(x + a) + P(x + 2a) + 7 = fix + a) + fx + 2a) ...(2) 


(1) - (2), gives f(x) — f(x + 2a) = f(x) — fx + 2a) 
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=> {flx) — fix + 2a)} {flx) + flx + 2a)} = 0 
=> fx) =f + 2a) or fx) = —f(x + 2a) (rejected, as by given equation, f(x) 1s positive) 
=> Period of f(x) = 2a 

ILLUSTRATION 298: Find the period of the following functions: 


(1) fix) = sgn (e*) — sin x + |sin x| + min (sin x, |x|) 


1 1 
(11) E a 7 ae E = 7 +2 [-x], where [x] denotes the greatest integer function 


1, x>0 
SOLUTION: (i) Given sgn(x) =< 0, x=0 
—1, x<0 


e*>0 => sgn (e*)=1 

sgn (e*) is constant function which 1s periodic with no fundamental period. 
. ffx) =1-sinx + |sin x|+sinx 

min (sin x, |x|) = sin x (*." sin x < |x|) 
. ff&x)=1- sin x + |sin x|+sinx 


Hence, f(x) = 1 + |sin x| which 1s periodic with period 1. 
] 1 
(ii) Given f(x) = E + : + E — : + 2[-x] 
1 —1 
Casel: Ifx e Z; then f(x) = B15 | +l] + 2 (-[x]) = 0-1 =-1 
Caselli: Ifx¢Z 
Sub-case (i): x =k +35 where £ 1s an integer and A e€ (0,1/2) 


Hence, Geared ecard andk<k+2A+1/2<k+1 => [x+12]=k 


Also [x — 1/2] = [k+A%—1/2] anndk—-1<k+A-1/2<k 
[x — 1/2] = k-1 and [-x] = x] -1 =-k-1 


1 1 
5 +] x-3 + 2[-x] = (4) + (k-1) + 2-4-1) =-3 
Sub-case (ii): Ifx=k-+4; where xk 1s an integer and 


W/2<h< 1 


Hence, x + 1/2=k+2X+ 1/2 andk+1<k+A41/2 
<k+2 


Ixt+ 1/2] =k+1 


Also (x — 1/2)=k+A-l/2andk<k+A-1/2< 
k+1 


[x — 1/2] = kand [-x] =-[x] -l=-k-1 


[x + 1/2] + [x - 1/2] +2 Px] =K+)ND)+k+2 
Gkaly=21 FIGURE 2.221 


The graph of f(x) 1s as shown in Figure. 


Clearly, we can see that the function 1s periodic with a fundamental period 1. 
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TEXTUAL EXERCISE-16: (SUBJECTIVE) 


1. Find the fundamental period of the following functions: 
(1) fix) = 2 + 3cos (x — 2) 
11 x) =cos—x-—sin—x 
Gi) f(x) : 7 


(iii) f(x) = sin + sin 


(Gv) f(x%)= 
— COs x 
(v) fix) = sin (2x + cos x) 
2. Find the fundamental period of the following functions: 


(1) fix) = sin 3x + cos2x + | tan x | 
(11) f(x) = [sin 3x] + |cos 6x| 

sin 12x 

ill x) = ———_ 
Gu) £0) 1+cos* 6x 
(iv) f(x) = sec*x + cosec*x 


3. Find the period of the following functions: 


sin x+sin 3x 
a) f(x) =—— 
cos x + cos 3x ; 
sin” x cos’ x 
il (x)=1- 
Gi) S l+cotx l1l+tanx 


(ii) f (x) = tan [x], where [.] denotes greatest 


integer function 
(iv) fix) = In(2 + cos 3 x) 
(v) fix) = e™™*+ tan*x — cosec (3x —5) 


; 1 ee x 
(v1) TN SNA Sag lege 


os ok xX 
sin ——+ tan 
hae 


2 
4. Find period of the following functions: 
a) f(x)= cos +sin 4 tan 
. _ (1+sinx)(1+sec x) 
aa (1+cos x)(1+ cos ecx) 
Answer Keys 
1. @) 2a (i) 70 % 
(iv) 22 (v) 2x 
2. (1) 2n (1) 2x/3 
3. (i) = (11) 1 
ame OE 
(iv) 3 (v) 2x 
. lSsa . 
4. (i) — (1) 2% 
2 
. 3a - 
5. (i) — (1) 2 


. Prove that the function f(x) -| 


(iii) f(x) =sin (2a + =) +2sin (ae # =) is 
3sin(5z x) 
Find the period of the following functions: 
2 
(i) f(x) = loos" (=) 


(11) f(x) = sin (x x) + [x] +2 -—x 
Gu) fix) =x — [x — 5] 


1 if x is rational 


iS 
Q if x is irrational 
a periodic function with indeterminate period. 


. Find the period of the following functions: 


1||sinx| |cosx| 
() fx) = eilejane yan 
cos x sinx 
(ii) fox) = sin - cos 
11) f(x) = sin — —- 
n!} (n+1)! 


. Find the period of function f(x) if for a fixed positive real 


number A exactly one of the following relations hold. 


(a) fix +d) = fx) 
(b) fx +2) =+ 


1 
f(x) 


. Prove that the function satisfying the following 


I+ 
functional equations f (xt+a)= LW) VxelR and 
I— f(x) 
a fixed a is periodic function, where a is fixed 
positive real number. 


. Let fx)= sin x + cos (V4-a") x, then find the set 


of all integer values of a for which f(x) 1s a periodic 
function. 


(iii) 24 
(iii) 1/6 
(iii) 2 

(v1) 2"7 


(iv) 2x 


(iii) 2 


(iii) 1 
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7. 1) 22 Gi) 2(m + 1)!) 
8. (a) 2A (b) 2A 

9. da 

10. {-2, 0, 2} 


TEXTUAL EXERCISE-16: (OBJECTIVE) 


1. The period of the function f(x) = sin 2nx + 9. Which of the following function(s) is/are periodic? 


_ (ax 5 TR Vrs (a) fix) =x — [x] 
HE age cM zee (b) g(x) = sin (1/x) , x #0 and g(0) = 0 
(a) 2 (b) 6 (c) h(x)=xcosx 
(c) 15 (d) 30 (d) w(x) = sin™ (sin x) 
2. The function fix) = sgnx . sin x is 10. If fix) = es &~ BD os = then fix) is ([x] denotes the 


(a) discontinuous no where greatest integer function) 


(b) an even function (a) non-periodic 


(c) non-periodic (b) periodic with no fundamental period 
(d) differentiable for all x (c) periodic with period 2 
(d) periodic with period x 
3. Which of the following function(s) 1s/are periodic 


with period x? li. If f(x) =2tan3x+5,/l—cos6x ; g(x) is a function 
(a) Ax) = [sin x] (0) Ax) = [x : ] having the same time period as that of f(x), then which 
(c) fix) = cos (sinx) (d) f(x) = cos’x of the following can be g(x)? 
(where [ . ] denotes the greatest integer function) (a) (sec? 3x + cosec? 3x)tan2 3x 
4. Period of f(x) = nx + n— [nx + n]; (n € N; where [ ] (b) 2 sin 3x + 3 cos 3x 
denotes the greatest integer function is) (c) 2 H ac6e 3e Heo 
ay yn (d) 3 cosec 3x + 2 tan 3x 
(c) n (d) None of these 
5. The period of the function f(x) = sin@ + 3 — [x + 3]), | 12. If neN, and the period of Bacsciae Ar, then n is 
where [ | denotes the greatest integer function is sin( =] 
(a) 2x +3 (b) 2x 
(c) l (d) 3 equal to 
oe , | , (a) 4 (b) 3 
6. Minimum period of the function f(x) = | sin’ 2x | + 
) (c) 2 (d) 1 
| cos? 2x | is 
(a) X (b) a 13. Which one of the following statements 1s NOT 
2 CORRECT? 
(c) ihe (d) Eu (a) The derivative of a differentiable periodic function 
4 4 is a periodic function with the same period. 
. . lsinx|+|cosx| . (b) If fx) and g (x) both are defined on the entire 
7. The period of the function f(x) = | sin x —cos x | number line and are non-periodic then the function 
(a) n/2 (b) n/A EG) = Hx) . g (x) can not Be pone | 
d) 2 (c) Derivative of an even differentiable function 
Oe eek is an odd function and derivative of an odd 
8. Which one is not periodic? differentiable function 1s an even function. 
(a) |sin 3x| + sin’x (b) cosN'x +cos’ x (d) Every function f(x) can be represented as the sum 


(c) cos 4x + tan’x (d) cos’*x + sin x of an even and an odd function 


2.246 > Functions 


14. If f(x) is an odd periodic function with period 2, then 


(4) equals 
(a) 0 
(b) 2 
(c) 4 
(d) -4 


15. The period of the 


sin8xcosx—sin6xcos3x . 


IO)= cos 2x cos x —sin3xsin 4x . 
Answer Keys 
1. (d) 2. (a,b,c) 3. (a,c,d) 4. (b) 
11. (a) 12. (c) 13. (b) 14. (a) 


function 


5. (Cc) 
15. (c) 


(a) 7 


chi 
Cae: 


(b) 2n 


(d) None of these 


l 
16. Suppose that fis a periodic function with period o 


and that f(2) = 5 and f| ?) = 2 then f-3) —f (=) has 


the value equal to 


(a) 2 (b) 3 

(c) 5 (d) 7 
6. (c) 7. (c) 8. (b) 
16. (b) 


9, (ad) 10. (c) 
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MULTIPLE-CHOICE QUESTIONS 


SECTION-I 
OBJECTIVE-TYPE SOLVED EXAMPLES Which is not true (3) 
For 4 < x, we have from (1) 2x-—7> 1 
ax+b . => x > 4, which holds in case domain (A) 
ce cxt+d- prenS), peovicen nat From (2) and (4), we have the solution of the 
(a) d=-a (b) d=a inequality asx <3 orx > 4 
Ope be6a9=1-O espa 1e.,x € R—[3, 4]. 
ax +b _ 5x =x). dps, 
Solution: (a) We have f(x) = a . The domain of f(x) =, /log,,, 4 + °C, is 
cx 


Therefore, fof(x)=x © f(x) =x 

& *) 
a b 

(SX) = cx a 
ee cx+d (= *) 
c| ——]| ad 


cx d 


x(a’ +bc)+ab+bd | 


,=xVxeR 
x(ac+cd)+bc+d 
Clearly, d = — a satisfies this relation. 
-l, x<0 
. Let g(x) = 1 +x — [x] and f(x) =4 0, x=0. Then 
1 x>0 


for all x, f(g(x)) 1s equal to; (where [] denotes the 
greatest integer function) 

(a) x (b) 1 

(c) f(x) (d) g(x) 

Solution: (b) g(x) = 1 + x — [x] 1s greater than 1, 
since x — [x] > 0 

J [g(x)] = 1, since f(x) = 1 for all x > 0 


. The set of all values of x for which | f(x) + g(x) | < 
| fix)| + | gGc) | 1s true if fv) = x — 3 and g(x) =4-—x 
is given by 

(a) R (b) R—]3, 4[ or R — (3, 4) 
(c) R—- [3, 4] (d) None of these 


Solution: (c) The given inequality is equivalent to 
1<|x-3/+|4-x| 

Le, 1<|x-3|+|/x-4| vd@h) 
For x <3, we have 3-—x+4-x=7-2x>1.....(2) 
1.e., x < 3, which 1s true in the domain 

For 3<x<4(l), givesx—-3+4-x=1>1, 


(a) (0, 1] U [4, 5) 
(c) {1,45 


(b) (, 5) 
(d) None of these 


1 


| 5x-x° 
Clearly f is defined for log,,, 20 and 


5x-x° 
A 


ee — 
5x-Xx sig; aaah x 


>0 => 0<( 


=> x(x—5)<0Oandx?-5x+420 

=> x e€ (0,5) andx € (-o, 1] u [4, «) 

=> fis defined for x € (0, 1] U [4, 5) = D, (say) 
J,1s defined for x € {0, 1, 2,3, 4,5,6, 7,8, 9, 10} 
= Dy, (say) 
f (x) is defined for x ¢ D, ND, =i1,45 


. The number of one-one functions f : {1l, 2, 3, 


..., LO} > {1, 2, 3, ..., 10} such that fi) # i but 

SU@) = 1 for each i = 1, 2, 3, ..., 10 1s 

(a) 945 (b) 256 

(c) 2560 (d) None of these 

Solution (a) fi) #iandffi)) =i > f'i=f 

= Functions will be self invertible 

= Functions are symmetric, 1.e., (a, B) € f 

> (pRa¢f' => (f,a)e fanda zB 
Which can be formed by selecting five pairs of 10 in 

yi OF al Ore Ga OE at ON cae OF. 
5! 


ways, 1.e., 945 ways. 


6. The number of functions f from {1, 2, 
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io 
onto {1, 2, ..., 25} such that fk) is a multiple of 3 
whenever k is a multiple of 4 is 

(a) (8)°. 19! (b) 6!.19! 


(c) —* 19! (d) None of these 

Solution: (c)A = {1, 2, 3,...,.25} contains 6 multiples 

of 4, 1.e, k = 4, 8, 12, 16, 20, 24 and there are 8 

multiples of 3 

Now out of 8, we can select any 6 in °C, ways and 

can be associated with 6 k's in °C, x 6! ways and the 

remaining 19 elements can associated in 19! ways. 
Total number of required functions 


=C. 619! == x19! 
2! 
. The number of bijective functions f: 4 — A where 


A = {1, 2, 3, 4); such that f(1) # 3, f2) 4 1. 3) #4, 
fA) #2 is 


(a) 11 (b) 23 
(c) 12 (d) 9 
Solution: (d) The number of bijections is equal 


to number of ways of distributing 4 letters into 
envelops so that no letter goes to its correct address 


I! 2! 3! 4! 


. Let fbe a function defined on [-1, 3], then the function 


g(x) = f(2x? -— 1) has domain 

(a) [0, 2] (b) (0, -2] U [2, «) 

(c) [-2, 2] (d) None of these 

Solution: (c) For the validity of given equation 
g(x) = f(2x? - 1); -1 <2x*-1<3 

> 0<2x°<4 =>: ‘Osx 2 

=> xe [-2, 2] 


. The largest interval lying in (-F, 4 for which the 


2 l 
function f(x)=3™~ +cos"' & — 7 +log.cosx is 


defined, is 

(a) [0,2] (b) 4 =| 
Penns a3 

(c) [0, 2 /2) (d) None of these 
Solution: (c) 3°” is defined for allx ¢ R 


re | 
ress (Se) is defined for -1s{¥-1]s l 


10. 


11. 


1.e., O < x < 4 and log cos x is defined (real) for 


CPa) | 
any! AS 
Dace 


1 1 
cosx > 0, 1e., 27 -—<x< 2na7+— 


Hence, the largest interval lying in 


Let f(x) =.j[sin2x|—[cos2x] (where [.] denotes the 
greatest integer function), then range of f(x) will be 
(a) {0} (b) {15 

(c) {0,1} (d) {0, 1, V2} 

Solution: (c) We should have [sin 2x] = [cos 2x] 


we can have [sin 2x] = 1, [cos 2x] = 1, 0, -1 

[sin 2x] = 0, [cos 2x] = 0, -1 

[sin 2x] = —1, [cos 2x] = —1 but [sin 2x] = 1, 

[cos 2x] = 1 and [sin 2x] = 1, [cos 2x] =—1 are impossible 
So, range = {0, 1} 


a l 
Range of the function f(x) =sin {fe -+]-1) + 


: Zz) 3 
cos |e 3 is ([.] denotes the greatest integer 


function) 

32 1 
oes] oF} 
(c) {-%. 0, > I , =| (d) None of these 


Solution: (b) 


joan ([e-Spajoe [eed 


Since cosy is defined for -1 <y< 1 


2 2 
So, Ea 3 =—1,0, 1 but ie +2 ]- —1 is impossible 


=> f(x) =sin'(-1) + cos"(1) 


nee | ee 
2 2 


12. Least 


13. 


14. 


value of the 
l 


2bx —(x* +b* +sin? x)’ 


expression 


x € [-1, 0], b € [2, 3] is 


l l 
@ 7 (b) ri 
(c) a ay (d) None of these 
l 
Solution: (b) Given expression = —F@ ; where 
=f(x 


fix) =x? + b? + sin’x — 2bx = (x — b)? + sin’x 
Now, x € [-1, 0] and 5 € [2, 3] 

=> |x—ble [2,4] > @-—b) e [4, 16] and sin’x € 
[O, sin? 1]. As x increases from —1 to 0; sin?x and 
(x — b) both decreases from sin? 1 to O and (1 + 
b) to b* respectively and b € [2, 3]. 

=> fix) € [4, 16+ sin’ 1] 


| 
f(x) |16+sin?1’4 


oe 
—f (x) 4° 16+sin*1 
So, least value of expression is = 
If f(x) = ke - 1], f: R® > R, g@) =e, g: [- 1,0) 0 R. 
If the function fog (x) 1s defined, then its domain and 
range respectively are: 


(a) (O, co) and [0, 0) 
(b) [-1, 0) and [0, 0) 


(c) [-l,0) and} 1-—, 
e 
(d) [-1, ©) and + | 
e 


Solution: (b) Given function is f(x) = |x — 1]; 
f: R' > R and g(x) =e*, 2g: [-l,0) >R 


Now fog(x) = flg@)] = |e*— 1 
Now x ¢€ [-l1, ©) => g(x) € [e™, 0) 


=> De] 4-1) => |e*— 1] € [0, 0) 
e 


Range of fog(x) is [0, 00) and domain [—1, 0). 


If f(x)=cot'x:R >(0.2 and g(x) = 2x — x’: 


R — R. Then the range of the function /(g(x)) 
wherever defined 1s 


15. 


16. 


Functions < 2.249 


t 
(b) (0, *) 
HX t 
oikas oF 


Solution: (c) Given f(x)=cot'x:R > (0,5) ; 


g(x) =2x—-x*?: R> R= f(e(x)) = cot! (2x — x’) 
Now 2x — x? 1s continuous and has its range (co, 1] 


, a 
and cot"(x) is defined from R > 0 =) and is con- 


tinuous and decreasing function. 
= cot'(2x — x’) has its range 


a Yd a TN 
[cot1, cot-(—cc)] = ae (0,5) = 4.2) 
4 2 4 2 
l 
Let f(x) =1+——= and g(x, y) = log y, then the 
Aly x 


domain of g[5--e(2.709)-1) is 


(a) O<x<1 
(c) x= 1 


(b) O<x<l 
(d) Null set 


Solution: (d) —g(2, f(x)) =—log, C i) 


WX 


=> -2(2,()) 1 =o, (1+ l 


) 
[5-20 f(s))=1| Sei: tos, (1 +a} 


l l = 
— log, [1+ ge] +1<4 =— ried 


dy 


l l 
=> aa) => xe (null set) 


Let f(x) = sin x — cos x and g(x) = log 5 x; then the 
range of g(V2/(x) +3) is 

(a) [0, 1] (b) [0, 2] 

0 [03 
Solution: (b) g(V2 f(x) + 3) 

= log 5 (V2 (sin x-cos.x) +3). 

We know that —V2 < (sin x—cosx)<V2, VxeR 


E ~Ja’? +b? <asinx+bcosx< va’ +B | 


(d) None of these 


2.250 > Functions 


17. 


18. 


19. 


=> 2 < V2(sin x — cos x) <2 
=> 1 <+2(sinx—cosx) +3 <5 


=> O<log- (/2 (sin x—cos x) +3) < 2 


(.” log x 1s increasing function for a > 1) 
Hence, range of g(V2 f(x) + 3) is [0, 2]. 


Let fix) = 16 sin*x + 1 and g(x, y) = log, y, then 
the range of A(x) = g(V2,(2 - g(2, f(x) is 


(a) (-«, 1) (b) (—0, 2) 
(c) (-e, 1] (d) (—0, 2] 


Solution: (d) A(x)= g| V2,(2 = g(2, f(x) | 


=log-[2 g(2,f(x))| = log [2 log f@)| 
0<l6smx+1<4 23 1<16sinx+1<4 


y 


> 1<16sinx+1<4 


y 


O<sin <— 
16 


0 < log, (16 sin’*x + 1) <2 

22 168 (16 sin’*x + 1)>0 

log 522 log ;(2-log (16sin +1) > —00 
h(x) = (so, 2]. 


Domain (D) and Range (R) of f(x) = sin'(cos '[ ]) is 
respectively; where [.] greatest integer function. 

(a) D=x eé [1, 2), R= {0} 

(b) D=x € [0, 1], R = {-1, 0, 1} 


(c) D=xe [-l, 1], =| 0.5m" (— sin" ; 


WY UY dy 


Be eae 
(d) D=xe [-l, 1], r= {205 


Solution: (a) f(x) = sin ‘(cos [x]) 

=> f(x) 1s defined when cos"[x] € [-1, 1]. 
But cos"[x] € [0, x] = cos"[x] e€ [0, 1] 

= |[cos1,1] => [x] =1 

=> f(x)=sin" (cos" 1) or sin!0 = 0 

= Range = {0} and domain {x: [x] = 1} 

=> xe[l,2) .. Domain = [1, 2) and Range = {0} 

i l 
The range of the function /(x)=sin fs + 


+ cos] + , Where [.] is the greatest integer 


[A 
[A 
(d) fo =) 


function is 


a) 
@ 44. 


ae l 
Solution: (c)Givenfunctionis f(x) = sin” Es | 


+ cos | Ea + 
2 


1 1 l 
Since wt525, P4|=0 or l, 


Bie Bi 
sin” ie + | is defined only for these two values. 
3? 2. 
When E + = 0 
2 
=> fx)=sin'0+cos'-l1)=z 
eo 
and when E +5 =1 


=> fx) = sin'l + cos'0O = x. Therefore range of 


Ax) = fT}. 


2 
. The range of §£ f(x)= co sins = =) 
x +1 


2 
+ in{ on n( 5) is 
x +1 


(a) [-V2, V2] 

(b) [-2, 2] 

(c) [cos(sin 1) + sin cos 1, 1 + sin 1] 

(d) [-1, 1] 

Solution: (c) The function g(x)= a ths iS 
x +1 


continuous with range (1, e]. 
Since In x increases for all x > 0. 
So, O < In g(x) < 1; again sin 0 is increasing 


for GE (0,5 
2 


So, sin (In(g(x))) increases for In(g(x)) € (0, 1] 
Thus, cos (sin 1) < cos (sin In g(x)) < 1 (cos x decreases 
on [0, 1]. 


2 
Thus, sn a 
2 ls | 


with domain R. 
Similarly, 0 < In(g(x)) < 1 


}) is a decreasing function 


21. 


22. 


23. 


cos | < cos(In(g(x)) < 1 
sin(cos 1) < sin (cos(In(g(x))) < sin 1. 


Now as x increases, In x increases 


YU 


cos (In x) decreases 


YU 


sin (cos (In x)) also decreases 


x*+e)\). 
Thus, nxn 2 -<)) is also a decreasing 
x 


function on R. 

Thus, both constituent functions of f(x) are 
decreasing. 

range of f(x) 

[cos (sin 1) + sin (cos 1), 1 + sin 1] 


— 
=> 


If p(redx-2| = xy, then f(m, n) + f(n, m) = 0 
(a) only whenm=n_ (b) only when m#n 
(c) only when m = -n (d) for all m and n 

. — y 5 a es 
Solution: (d)Givenfunctionis f c toot - 2 = xy, 
Putting =7 k , we have fix + k,x—k)=8xk ... (1) 
Puttngx +k=Aandx—-k=B 


A+B A-B 
or nay and k= 


in (1), we have 
(4B) =8{ 424 4?) = 2(A? — B’) 

2 2 
=> fim, n) + f(n, m) = 2(m* — rn’) + 2(r" - mm’) =0V 


m,n 


If fix + 1) + fx — 1) = 2f(x) and f(0) = 0, therefore, 
neéN, fn) equals 


(a) nf(1) (b) (f1))” 
(c) O (d) None of these 
Solution: (a) Putting x = 1, f(2) + f(O) = 2/1) 


=> f(2)=2f (1) and f3) = 31) 
Let us assume f(m) = nf(1); for n = 1, 2, ....., n. 
Now, f(m + 1)+f(@— 1) =2 f(n) 

= f(n+1)+(n-If()=2nf() 

=> fintl=(nt+ DFM 
By principle of mathematical induction, f(n)=nf(1) 
forallne N. 


Let f(1) = 1 and fin) = 2. > f(r). Then y f(n) is 


equal to 
(a) 3”-1 
(c) 3" + 1 


(b) Quel 
(d) None of these 


24. 


23: 
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Solution: (b) Given f(1) = 1 and fin) = 2. 3 f(r) 


Now f (n) = 2 {f(1) + f(2) + .....+f(n- I} 
and f(n + 1)=2 {f(1) + f(2)+...+f(@} 
=> f(n+1)=3f@) forn=2 
=> fin tl)-f(n) =2f() 

Also f (2) = 2 f(1) = 2 
 £B)=3 f(2) = GB.2) and 

K4) = 3B) = 3.(3.2) = 2.(3)7 and so on. 


= P22 S423 tes 
= bs 2S FS ee 8 = or 
If fix) = 9.4° —24.2* and g(x) = cos 2x — 4 sin? x — 5 


cos’x, then the value of x and y for which 


fix) + 12 = g(y) are 
(a) x=3,y=2nt,n EZ 


4 

(b) += log, 73 = Mn, n eZ 
4 2 

(c) x= log, 33y=— "sn eZ 


(d) x =2-log,9,y=nn,n EZ 


Solution: (b) 9.4* — 24.2* + 12 = cos2y — 4sin’y — 

Scos’y. Putting 2* = t we have 

=> 9f —24t + 12 =1 —- 2sin’y — 4sin’y — 5 cos’y 
Now 9f — 24¢ + 12 


2 2 
= 9 GA Bea: =9(+-4| —-4>-4 and 
3 9 3 


1 — 6sin’y — 5cos’y = — 4 — sin’y < -4. 
Equality holds, 1.e., both LHS and RHS are —4 and 


4 
for this ann =0 and sin’y = 0 


4 4 
ara = OR ee aa => NNO a 


Let f(x) = a*(a > 0) be written as f(x) = g(x) + A(x), 
where g(x) 1s an even function and A(x) is an odd func- 
tion. Then the value of g(x + y) + g(x —y) is 


(a) 2g(x) gy) (b) 2g + y) g(x —y) 
(c) 2g(x) (d) None of these 


1 
Solution: (a) Clearly, AO a a ae and 


h(x) = s(a' —-q* 
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26. 


l l 
Now BOE OS a a + are e 
( av + a*'Y) 


(a a+ aa’+a*ad+a~*a”’) 


5 (a* (a + a”) + a* (a + @”)) 
= 2{ Se ra) |[5(@ +a”)) = 29(x) g(y) 


Let f(x) = (LaF —S[a]+4)x° — {a} —5{a} +1)x 


— (tan x) sgn x, be an even function for all 


xeER -{(2n + oan E z| , then sum of all possible 


values of a is (where [] and { } denotes greatest integer 
function and fractional part functions, respectively) 


17 53 
@) = (iar 

35 
(c) cn (d) None of these 
Solution: (c) °.” f(x) 1s an even function 


=> f(x) =fx) VxeE R-](ans in <2 


=> ([a]? —5[a] + 4)x? — (6£a}? — 5{a} + 1)x — (tan x) 
sgn(x) 
=~ ([a}’— 5[a] + 4)x° + (6 {a}? - 5{a} + Ix + tan 
x sgn(—x) 

=> 2([a]? - S5[a] + 4)x* — 2(6{a}* — 5{a} + 1x —-tan x 


(sen(x)t+sen(-x))=0V x €R- {(2n Sg D> ne z 


But senx + sgen(-x)=OVxeER 
=> (la? — S[a] + 4)x? — (6{a}? — S{a} + Ix = 0 


v reR-|Qn+)=inez 


[a]? — 5[a] + 4 = 0 and 6fa}2 —5fa} +1 =0 
({a] — 1) ((a] — 4) = 0 and (3{a} — 1) 2a} —-1)=0 


YU 


=> [a] =1 or [a] =4 and (a}=- or ees 


2 
[a] =1,{a} == > a=— 
[a] =1, {a} == > a=> 
[a] =4, {a} == = a=— 


l 
Ce aes = aS 


Sum of all possible values of 
4 3 13 9 849426427 35 
a=—+—+—4+-= = 
3° 2. Bo 2 6 3 


27. If f(x) and g(x) be periodic and non-periodic 


28. 


29. 


functions respectively, then f (g(x)) is 

(a) always periodic 

(b) never periodic 

(c) periodic, when g (x) is a linear function of x 
(d) can’t say 


Solution: (c) Since we know if f(x) 1s periodic, then 


T 
fax + b) 1s also periodic function with period lal 
a 


Hence, g (x) should be a linear function of x. 


Consider the following statements: 

S: A function can never be odd and even 
simultaneously 

S,: Domain of the function f(x) = log x” is R 

S,: Period of sin x is 27 

S,: sin (e*) is a periodic function. 

Which of the following sequences of answers is 

correct about the above given statements? 

(T = true, F = false). 


(a) FFIF (b) TFTTT 
(c) FTTF (d) TFTF 
Solution: (a) S, is incorrect as zero function, Le., 


ix) = 0; IRR > R is both odd and even simultaneously. 
S, 1s incorrect as domain of f(x) is R ~ {0}; x = 01s 
not in domain. S, is correct as f(x) = sin”*x 
=> f(x + 2n) = sin”(x + 2x) = sin”x = f(x) 
. Period of sin’’x is 27. 
S, 18 false. 
Composition of a periodic function, over a non- 
periodic and non-linear function is non-periodic. 


Let f be a real valued function such that for any 
real x, f(A + x) = f(A — x) and f2A + x) =— f(2A — x) 
for some A > 0. Then 

(a) fis even and non-periodic 

(b) fis odd and periodic 

(c) fis odd and non-periodic 

(d) fis even and periodic 


(b) Given fX¥ +x)=f¥-x)  ... (I) 
f2d. +x) =—f(20—x) ... (2) 


Solution: 


forA > 0 


30. 


Replacing x by 4 —x in A — x in (1), we get 
A240 — x) = fix) 
From (2) and (3), fac) =—f(2A + x) 
=> fix) =-[/QA + 22 + x)] 
=> fix)=fx + 4A) 
=> f(x) 1s periodic with period 4A. 
Further from (3), replacing x by —x, we get 
f(2h + x) = fr) 
From (2), (3) and (5), we have 
fix) = f(2h + x) = (21 — x) = f(x) 
1.e., f(x) = f(x) 
=> f(x) 1s odd function 
Thus, f1s odd and periodic function. 


ee 


.. (4) 


... (65) 


Consider the following statements: 

S_: If fic) 1s an even function and g(x) 1s an odd func- 
tion, then fog and gof are even functions 

S,: (odd function) x (even function) = odd function 

S.: Any function can be expressed as a sum of an 
even function and an odd function 

S,: If fis decreasing odd function, then f" is also odd 
and decreasing 

Which of the following sequences of answers is 

correct? (7 = true, F = False) 


(a) TIFT (b) TTTT 
(c) FTTF (d) TTFF 
Solution: (a) *. fig — x) =fC 2()) = fg(x)) and 


gif x)) = g fix)) 
=> fog and gof both are even functions 
. oS, 1s true. 
S, 18 obviously true since (fg) (x) = fi-x) g(-x) 
= — fix) g(x) = (g(x) 
S, holds if domain is symmetric about origin, then 
we can express 


2 
= h(x) + g(x) 


Let f be an odd and decreasing function with its 
domain D..symmetric about origin, 1.e., x, -x € D 


and f(-x)=-fx) => fx), ~x)eER - 1.e., range 
is also symmetric about origin. 
Now f'(/(x)) = x for x € principal domain of f(x) 
=> f'G->)) =-* € Principal domain of f(x) 
=> f'G~e)) =-S' (0d), but fis odd 
=> fix) =f) 2 ff) = Ff) 
=> f'y) = S$"); where y = fix), —y = fx) € R, 


= f' is an odd function. Also f" is decreasing. 


31. 


JZ: 
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Solution set of f'(x) =x is a proper subset of the solu- 

tion set of f(x) = f"(x); then 

(a) Solution set of f(x) = x, 1s identical to solution set 
of fix) =x 

(b) f(x) = f'(x) is identical to solution set of f(x) = x 

(c) fix) and f'(x) would intersect at a point 
perpendicular to y = x, but not lying on y = x. 

(d) all of the above 


Solution: (c) Curves of y = f(x) and y = f(x) 
either intersect on y = x line or intersect on a line 
perpendicular to y = x. 

Since solution set of f'(x) = x is a proper subset of 
solution set of f(x) = f(x), thus, fx) and f'(x) must 
intersect at a line perpendicular to line y = x and point 
of intersection not lying on line y = x. 


Consider the following statements: 

S_: If f(x) is increasing, then f'(x) 1s also increasing. 

S_: If fic) is a constant function, then f' (x) is also a 
constant function. 

S.: If graph of fx) and f'(x) are intersecting, then 
they always intersect on y = x line. 


S.: The inverse of f(x) = 


4 


x 
is 
L+|x| 1-|x| 


Which of the following sequences of answers is 
correct about the statements? (7 = true, F = false). 


(a) TTTF (b) TFFT 

(c) FFFT (d) TFTT 

Solution: (b) SS): Obviously true as 
(MO=Aay > 0 asfe)> OW xe D, 


S,: Since constant function is non-invertible, hence, 
its inverse does not exist. 
Statement S, 1s invalid, and hence, stands false. 
S,: fix) and f* (x) can intersect not only on y = x but 
also they can intersect on a line perpendicular to 
y =x and not lying on y = x. 
Hence, the given statement is false. 
x 


ae x>0 
+ 
S: f(x)= ‘i 
—: x<Q 
l-x 
= x>0 . 
S f'ws.* = 
x 1-|x| 
—: x<Q 
1l+x 


Hence, 8, is true. 
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33. Let ff 


34. 


a 
Z 
then f'(x) 1s given by 


(a) cos{ +605" *| (b) 3cos(sin™! x) 


|> [-1,1] is given by f(x) = 4x? — 3x, 


(c) 3sin'(cos x) (d) None of these 


Solution: (a) f(x) = 12x” — 3 = 3(4x?- 1) 
= 3(2x + 1) (2k— 1) 20, 


for x €] —oo,— |U| —,o 
2 2 
=> f(x) 1s strictly increasing on Fa , 1.€., injective 


l 
Also range of function on Fa is [-l, 1] 


= co-domain. 
Thus, f(x) is invertible 
Let g(x) be the inverse of f, so f(g (x)) =x V 
x € [-1, 1] 
=> A(g(x)) — 3g(x) = x 


Let g(x) = cos 8 and g(x)eE S| >0e 0,5 | 


= cos30 =x and 30 [0,2] = cos '(cos30) = 30 


=> @= = 008" Xx,s0 2(x)=cos cos" 7 


l 

If f [1, 0) > [2, 0) is given by, f(x) =x+-—, then 
x 

F'(x) equals 


xtVx°-4 x 


” 2 ©) 1+ x? 
2 
= 4 
() = : (d) 1-Vx’°-4 
l 2 
Solution: (a)Let y=x+—- > y= a 
* x 


>xyH="4+1 > xv-xy+1=0 


_ pty’ -4 4. xtNX?-4 
= Oe 


Since, the range of the inverse function is [1, «), 


xtyx°-4 
2 

—Vx°-4 
2 


> x 


then we take f(x) = 


If we consider f' (x) = . Then f'(x)> 1 


35. 


36. 


37. 


x-vx°-4 


=> ———rl D> 


; x-2>~+x’-4 which is 


possible only if (x — 2)? > x? - 4. 
1e.,x%7+4-4y > x’ -4. 
1e., if 8 > 4x or x < 2, whereas in domain of 
f(x); x © [2, «). 

2 
Suppose f(x) = (x + 2) for x => -2. If h(x) 1s the 
function whose graph is the reflection of the graph 
of f(x) with respect to the line y = x and g(x) 1s the 
function whose graph is obtained by shifting 4 units 
to the left the graph of h(x), then g(x) equals. 


l 
(a) Vx-4-2,x24 (b) (x44)? 
(c) Vx-4,x>4 (d) V¥x+4-2,x2-4 


Solution: (d) Given h(x) = f'(x) 

But y = fx#y=(e+2YP => x+2=4+Vy;x+2>0 
=> x= Wy-2 => f(x) = h(x) = Vx -2 
Now g(x) = h(x + 4) (given) 


= Vx+4-2;x>-4. 


Thus, f ‘(x)= 


x#-4 


If fix) is defined on ([0, 1] by 
x; if x is rational 

f{(xXy= Son a , then for all 
l—x; if x is irrational 

x € [0, 1], ff(x)) 1s 

(a) real (b) 1-x 

(c) x (d) None of these 

Solution: (a, c) If x 1s rational, then f(x) = x 


=> NKx)) = fx) =x 

If x 1s irrational, then f(x) = 1 — x = 1rrational 

(’.” rational-irrational = irrational) 

=> ff) =f -x)=1-Cd-x)=x 

Thus, f(f(x)) = x for all x in [0, 1] 
=> ffx)) =x (real) 
The number of functions f from the set 
A = {2, 3, 5} into the set B = {1, 3, 5, 7, 9, 11, 13} 
such that fZ) < fY) for i<j and i, 7 € A. 
(a) °C, (b) °C, + 2°C,) 
(6) °C. (d) None of these 
Solution: (a,c) A function f : A — B such that 
f(2) < f3) < fS) can be generated in the following 
four cases. 
Casei: f(2)<f(3) <fS5) 


There are ’C ‘ functions in this case. 


38. 


39. 
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Case tt: f(2) =f3)<fS5) Further range of f(x) = [2, o) 
There are ’C’, functions in this case. l 

Case iii: fQ) <3) = 5) as f (x)= We > OVx € (0, 20). 

There are 'C’, functions in this case. = f(x) is an increasing and continuous function 
Case iv: fi2) =f(3) =f5) on [0, 0). 

There are ’C, functions in this case. . fix) has its minimum value f(0) = 2 + VO = 2 and 
Thus, the number of desired functions is ’C, + ’C, maximum tending to infinite. 

PC he = C=C ox 

Thus, (a) and (c) will be the correct options. Now f/f (x)= ee Graph of g(x) is as shown 
Let f(x) = cos (t/x) and D* = {x : f(x) > 0}. Then below 


D* contains 


Solution: (a, b, c, d) 


Given D* = {x : fix) > 0} = f cos{ =) >of 


= 1: Zezl(2na 5, 2n7n +4) 
x 2 2 


neZ 


= f “xe U (.) U (—0, —2) U (2, 00) Clearly g(x) has its range [-1, 1] 
a => (g + 2) (x) can be obtained by shifting the graph 


2 2 . _ . 
5 canis as (2.5) ee of g(x) by 2 units above x-axis as shown below 


7 22 
D* contains | —,— | forn = 2 
9 7 
7 2: 2 
D* contains | -—,-— | forn =—- 
3 5 


22 1 2 
Also D* contains | —,— | >| —,— 
5 3 2 3 


; i) 22 
D* also contains | —,— 
23 


Let f(x)= 2+<x and g(x)= wee . then .. Range of (g + 2) (x) is [1, 3] 

x +1 .. Range of fic) ~ Range of (g + 2) &) = [1, 3] a 
(a) Domain (f+ g + 2) = 1, &) [2, 0) = [2, 3] 
(b) Domain (f+ g + 2) = [0, «) and range of f(x) U range of (g + 2) (x) =[1, 3] U 
(c) Range fo range (g + 2) = [2, 3] [2, 0) = [1, 0) 


(d) Range fv range (g +2) = [1, 0) 40. Which of the following functions have range which is 


Solution: (b,c, d) Domain of f(x) = [0, 0) a proper subset of (—0o, 00)? 
Domain of g(x) = (xo, 00) (a) tan x (b) cot x 
= Domain of (g + 2)(x) = (—, 0) (c) log sin x (d) tan x + cot x 
Domain of (f + g + 2)(x) = [0, ©) M (0,00) = Solution: (c,d) (a), (b) are false since cot x, tan x 


[O, 00) have range as (—00, 00) 
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(c) 1s true since, sin x € (0, 1] 
=> log sin x € (-c, 0] which is a proper subset of 


(—00, 00). 
; sinx cosx 
(d) is true since tanx+cotx = i 
1 cosx sinx 
= — =2 cosec 2x; sin x, cosx #0 
sin Xx COS X 


= Range of function is (—oo, —2] U [2, 0) which 1s a 
proper subset of (—00, 00) 

Let fx) = sin x + sin(xV3). Then, which of the 

following are false? 

(a) Maximum value of f(x) cannot be 2 

(b) Minimum value of f(x) cannot be —2 

(c) f(x) is periodic function with period 2V3 x 

(d) fx) >OVxeR. 


(c,d) If f(x) = 2 
=> sinx = l, sin xV¥3 = 1 


= x= (4n41)> and x3 = (4m +1)— 


Solution: 


4m+1 
=> V3 = aa which is a contradiction as LHS is 
n 


irrational whereas RHS is rational. 
*. f(x) cannot attain value 2. 
2 cannot be the maximum value of f(x). 
Similarly f(x) = —2. 
=> sinx = sin xV3 =- 1. 
Which is again impossible by same reason. 
So, (b) 1s true. 
2 
Now period of f(x) = LCM (2, B 


not exist as multiplies of 2x are +27, +47, ... 


h Itiol; f 20 2m 4a s 
whereas Multiples OF — are = ,+—- ,+ 
perrien giag Prat gay 


which does 


Therefore, (c) 1s false. 
Now f(0) = 0 
. fix) >0 Vx € Ris false, 1.e., (d) is false. 


If fx) = sin x + tan x + sgn (x? — 6x + 10), then it is 
(a) periodic with period 2x 
(b) periodic with period x 
(c) non-periodic 
(d) periodic with period 4x 
Solution: (a, d) Given f(x) = sin x + tan x + sgn 
(x? — 6x + 10) 
=sinx + tanx + sgn ((x —3)* +1) 
=sinx + tanx+ 1 
Co @w-37+121> sgn [xe-3) + 1] =1) 
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=> Period of fix) = LCM (22, x) = 22, as period of 
sinx 1s 2x and period of tan x is 7, and the period 
of function is also 4x 


Let f(x) and g(x) be two real valued functions given by 
fix) =—In x and g(x) = e*. Let h(x) = f(x) — x and m(x) 
= g(x) — x. Further let the number of solutions of h(x) 
= 0 and m(x) = 0 be a and 5, then 


(a) fix) and g(x) intersect at y = x 


(b) a=b 
(c) a=landb=1 
(d) a#b 


Solution: (a, b, c) First we can see _ that 
h(x) = f(x) —x = 0. 


=> f(x) =x equation will have only one root 


We have only one intersection point, and hence, 
only one solution is possible as is clear from the 
figure given below. 


¥ 


Similarly for m(x) = 0 
=> g(x) = x, we have only one solution as shown in 
the figure that follows 


y 
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a = 1 and b = 1. Moreover one can see that 
fix) and g(x) are inverse of each other and are 
continuous and cross the line y = x 

Thus, y = f(x) and y = g(x) = f'(x) will intersect 
on line y = x. 

x°+axtb | 


The function 5 1S 
x +cex+d 


(a) defined for all x if c? < 4d 

(b) not invertible for any values of a, b, c, d 
(c) invertible if b= 0,d=O0,a#ec 

(d) invertible if a = 0,c =0, bd#c 


Solution: (a,c) (a) 1s true since if c? < 4d, then 
x? + cx + d> 0 for all x and the function is defined. 
(b) is not true since b = 0,d =O, a#c 


x°+ax xta 
=> {>= = 
x“+cx xt+e 
which is invertible if defined from R — £0, —c} 


to R — {1} 
(c) is true (sec (b)) 


; KD ; 
(d) is not true since — 1s not one-one. 
i 


Let f: 2 = — [0, 4], be a function defined as 


fx) = V3sin x — cos x + 2. Then f(x) is given by 
(a) sin (==*)-2 (b) sin" 5) +2 


6 
20 | Xx zZ 
(c) a (=?) (d) None of these 


Solution: (b, c) Given fx) = V3sin x — cos x + 


2 = 2sin{ x-2] 42 eae) 


of f(x) = [0, 4] = co-domain. 
= f(x) in one-one and onto, fis invertible 
y= 2sin{ x—2 42 = 


=> f' exists 
ee. sin( x2 
2 6 
=> x= +4sin" (25?) 
6 2 


Now from (1) 
= ff (x)=sin" Gore 


46. 
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“(3 ) 
— cos 
Z 
Let fx) = e 3 R* > R and gi = sin' x; 
qn 
[-1, 1] -> 2.4), then 
2 
(a) Domain of fog(x) is [-1, 1] 
(b) Range of fog(x) 1s c ‘| 


(c) Domain of fog(x) is (0, 1] 
(d) Range of fog(x) iS ce 
(b,c) fog(x) = e* 


Now domain of fog(x) would contain those elements 
of domain of sin"! x, 1.e., [-1, 1] 


Solution: 


for which sin“! x belongs to domain of f(x), 1.e., R* 
=> Domain of fog(x) = (0, 1] and Range of 


fog(x) = (e"" Vom '] = ue 


sin z[x] 


, where {x} denotes fractional part 


If = 
F(x) x) 


function and [.] denotes greatest integer function, then 
fix) 1s: 

(a) periodic with fundamental period 1 

(b) even 

(c) range of f(x) is a singleton set 


(d) fx) is identical to g(x) = [se 4 —1. 


Solution: (a, b, c, d) Given function is 
F(x) — , x € ZL; as otherwise denominator 
x 
becomes, zero, 1.¢., f(x) is not defined for x € Z; 
But aastidb =O Vxe¢eZ,; 
{x} 
fe) 0; x¢éZ 
X)= 
not defined; xeEZ 


The graph of f(x) is as shown below 
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(a) It 1s clear from the above graph that the funda- 
mental period of given function is one 

(b) Also f(-x) =O0=fx) Vx ¢Z 

=> f(x) 1s an even function 

(c) Range of f(x) = {0}, which 1s a singleton set 


(d) Now g(x) = sense an .xe€_Z 


ce A 
=,/ 0 
Ton {x} >0 forx ¢ Z; 


txF 

=> | sgn =] 

| a 
=> g(x) =sgn(1)-1 
=> gx)=0,x¢Z 
=> f(x) and g(x) have same domain x ¢ Z and 

fx) = g(x) = 0 forx ¢ Z; 
=> f(x) and g(x) are identical. 


Let g(x) = fix —- 1) + fx + 2D); 


I-|x|; |x|s1 : 
Iwe= .The number of points of 


=> g(x)=1-1=0 


where 


0; |x|>1 

intersections with y = sin a; where « is constant 
(a) 0; (<a < 2m) 

(b) 4,0 <a<t) 

(c) infinitely many; (a = 27) 

(d) None of these 


Soluti alboyfG) I-|x|; |x|s1 
: ? ? x = 
olution: (a,b,c 0: Meisd 
1+x; -l<x<0 
1 |e |: -l<x<l 
= = <1- x; O<x<l 
0; x<-lorx>l 
0; x<-lorx>l 
1+(x-1); —-l<x-1<0 
f(x-) =41-(x-)D; O<x-lI<l 
0; x-1l<-lorx-I>1 


x; O<x<l 
=> f(x-)=42-%; I<x<2 ... C1) 
0; x<QOorx>2 
1+(x+l]); —-l<x+1<0 
=> f(xtl=51l-(64+); O<x+1<1 
0; x+l<-lorx+I1>1 
2+; —2<x<-l 
=> f(xtl=s —x; -l<x<0 el) 


0; x<—2 or x>0 
0; forx<—2o0rx>2 
2+x; for-—2<x<-l 
f(x-l)+ f(x+)D=45 -x; for -l<x<0 


x; for 0<x<l 
2-—X; forl<x<2 
The graph of g(x) = f(x — 1) + f(x + 1) is as shown 


below 


y=h(x—1)+h(x+1) 


y = sina;0<a<n 


Clearly g(x) and sina do not intersect for x < a < 
2m as sin a <0 form <a < 27, 1.e., y = sina lies 
below x-axis. So, (a) 1s correct Also g(x) and sin 
x intersect at four points for 0 <a <7, as sina € 
(O, 1), and hence, y = sin @ is a horizontal line 
between, y = O and y = 1, so (b) 1s also correct. 
Clearly g(x) and sin x intersect at infinitely many 
points for « = 2x as for a = 27, sina = 0 

‘. y =sina is equivalent to x-axis which intersect the 
function g(x) at infinitely many points. 


SECTION-II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 
Determine the exactly two distinct linear functions 
which map [-1, 1] onto [0, 2]. 


Solution: Let the required function be f(x) = ax + 5b. 
If a > 0, then f'(x) =a > 0 


=> f(x) 1s monotonically increasing in [-1, 1] 

=> f(-1)=0 and f(1) =2 
That is—a + b =O anda+b=2s0 that b = 1 and 
a=, 

=> fx)=xt+1 
If a <0, then f'(x) =a <0 


=> f(x) 1s monotonically decreasing on [-1, 1] 

=> f(-l) =2 andf(1)=0 
That is -a + 6b =2 anda + b=(0>so0 that b = | and 
a=-l. 

=> fix)=-x+ 1 
Hence, f(x) =x +1 or f(x) =-x +1. 


. Let fi {x, vy, z} — {a, b, c} be a one—one function. It is 
known that only one of the following statements is true, 
(a) flx) # b (b) fy) =b 

(c) fiz) #a 

Determine f'(8). 


Solution: As only one of the given statements is true 
we have the following possibilities: 


feeb fW)=b f@#a 
Case i: T F F 
Case ii: F T F 
Case iii: F F T 


(where 7, F stand for True, False respectively) 

Case i: In this case we would have f (x) = a (or c); 
f(y) =e (or a); f(z) =a 

This possibility is clearly ruled out as fis one-one. 
Case ii: In this case we would have f(x) = 5b; 
fi) =), f(@) =a 

Once again this possibility is ruled out as image 
of x and y are identical. 

Case ui: In this case we would have f(x) = Bb; 
f(y) =aore;, f(z) =c or b 

Thus, f(x) = 6; f(v) =a, f(@) =e 

Hence, f'(b) =x 


. Solve (x)= [x]? + 2x; where [x] represents greatest 
integer less than or equal to x and (x) represents 
integer just greater than or equal to x. 


Solution: Method 1: 

Casei: Letx=neZ 

Given equation becomes: n?=n?+2n > n=0 
Caseti: Letx ¢ Zj1e,n<x<nt+1 

Given equation becomes: (n + 1)? = n? + 2x 


l 
> x=nt+—,neZ 
2 
l 
x =Oor AEE US L 
Method 2: Case i: For x =n ¢ Z, the equation 
l 
holds for n ee ; x = 0 as proved in case (I) 


So, letx ¢ Z 
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Let x = [x] + {x}; where {x} represents fractional part 
of x. 
But (x) = [x] + 1 => [x]=(@)-1 
> x=(x~)-Ilt+ixss} D3 W=xt 1- {x} 
Using it in given equation we have, ((x + 1) - 
{x})* = (x — {x})? + 2x (using the given equation) 
=> (x- {x$)? + 1 + 2@ — {x}) = (& — {x})° + 2x 


= ees 


=> 1-2{x}=0 
ix$ 5 


l 
> LESS L 


l 
Thus, x = 0, eee n € Z are required 
solutions. 


. Let f: R~ {2}— R be a function satisfying the fol- 


lowing functional equation: 
2x +29 
If aftny+3s (22 | =100x +80; Vx e R ~ £2}, 
X — 


Determine f(x). 


Solution: Here, f(x) = 5 4{ 2} + 5054-40 (1) 


: 2H+29' 
Replacing x by * in the given equation (1), 


X—- 
we get (=) 
x-2 
3 2( 222? 2s 2x+29 
Se | Pe en a Wop ete 1) 
2 (22+ | 2 a 
x-2 
3 2x+29 
=—— f(x)+50 +40 raged 
5 f(x) ( = (2) 


2x+29 
Substituting the values of f (2%) from (2) 
a 


1980 
in (1), we get f(x) = es ae 
KS 


. Let [x] denotes greatest integer less than or equal to x. 


If all the values of x such that the product 
l l 
s-3 | Ee is prime, belongs to the set [a, B) U 
[y. 6); (where a, B, y, 6 being in lowest form), find the 
value of G4) a+ Bt+y7+6 (i) 9(a?+ B?+7 +87) 
Solution: ©" a x 6 = a prime number 
a =1,b = prime number 
_.. |b=1,a=prime number 
implies 
a =-—1,b =-(prime number) 


b =-—1,a =—(prime number) 


2.260 > Functions 


l l 
Given x3] | aa] is prime, thus, there arise 


following four cases. 


l l 
Case i: E | = E + = prime number 
= ED): re[3.2); rete| 35) 
3 33 cies ae 
l 
Here Ee must be a prime number, but only 


5 8 
prime number in B :] is 2 


ge ee eee 
=> |x+—|/=2 => |x4+-Je/2,-| > xel|-,— 
3 3 3 3 3 
ss I l 
Case i: Ea = prime number and eet] 
= r+>e (1,2) = re| 23) = i= 


l 
> E -;| = 0, 1 which are not a prime number. 


So, in this case we have no solution. 


l l 
Case iii E _ | = —prime number and E + | =—|] 


=> ee) > re|-3,-3| 
3 as 3 
l 

=> s-te|-3,-5] => fs-3]=-2, which 1s 
3 3 3 3 


l 
possilefor| x) -3.-1], le, xE -+-3| 
3 3 3° 3 


l l 
Case iv: E = ;| =-—l and E + ;| = —prime number 


=> x-~e[-1,0) = re|-2.5| 
3 3 
1 2 

> rte[-2.4| => pet fan or 0. Le., 
3 3 3 


we get no —ve prime number. 
So, in this case we get no solution. 
Thus, from above case analysis we see that the 


l l 
product Ble is prime number for 


. Determine all values of c so that f(x)= 


Without loss of generality, we can take 
4 2 5 7 
Aa=-—, =-—, = ddéo=- 
ge area ee 
> Orpryrd=-244-2 
16+44+25+49 94 
and a? + B?+y+6?= ge 


=> 907+ B+? + 8?) = 94 


. Show that there exists no polynomial f(x) with integral 


coefficients which satisfy f(a) = b, fib) = c, fic) = a, 
where a, b, c are distinct integers. 


Solution: Let f(x) =a, + ax + ax’ +... + ax’, 
where a, € integer (i = 0, 1, 2, ...., n) 


Now fa)=a,+taat+aat+...+aa"=b (1) 
Kb)=a,tabt+ab+...+ab"=c sé) 
JOFHG CET Oe tn Hae =a p343) 


=> fla), Kb), fc) are integers 


. fla) — fib) = (a — b).[a, function in terms of 
a and 5] 
= (a — b). f(a, 6) = b — c, where f, (a, 5) is 
an integer .... (4) 
Similarly (6 — c)fi(6, c) =c-—a ... (3) 
and (c —a).f(c,a)=a—b ... (6) 


Multiplying (4), (5) and (6), we get 

f(a, 6). f,(6, ¢) . fie, a) = 1 
=> fila, 6) = 1, f,. ¢) = 1, fe, a); [as product of 
integers 1s 1, if each is one] 
a-b=b-c=c-a 


YU 


a = b =c which 1s not possible [as a, b, c are 
distinct] 
Hence, there exists no polynomial of such type. 


x-1 
c-x? +1 
l 
does not take any value in the interval 1-5 


: x-l x-1 
Solution: Given f(x) =——.— ie, y=——— 
c-x' +1 c-x' +1 


l 
Take y = -t, where te | and given function 
assume the values (-?) at some x = x,, then f(x,) = -t 


= x, —1 
Xo l = xy -¢e-l=—— 


SS ap 
c—x, +1 t 


Now, we have to just make sure that this quadratic in 


l 
x does not give any real value of x for t€ | 


= Discriminant of the quadratic must be negative. 


Now te[ lg |i-1s 2-251 
3 t 


2 2 
= osi(2-2] ae -ts-4{2-2] <0 
4\t 4 4° Alt 


l 
Hence, cé€ (2,1) 
A 


8. Find the domain of the following functions and sketch 


their corresponding graphs, and hence, find their range 


(@) fo)= x28 +3) fe)=— 
(c) f(x) = sin’x — 2sin x 
Solution: (a) Given f(x) = x‘ — 2x? + 3 
(i) Domain of f(x) is R 
(11) f(x) 1s even so graph will be symmetrical about 
y-axIs. 
Gil) y=x*-2x°+3=(-1)+2 
So, minimum value of y is 2 at x? = 1, Further 
f'(x) = 20 - 1) 2x) > 0 for x € [-1, 0] U [1, «) 
Thus, f(x) is increasing V x € [-1, 0] U [1, «) 
(iv) Further f'(x) = 0 at x = 0, +1 
(v) When x = 0 the value of y = 3 and at x = +1, 
fix) =2 
Graph of f(x) would be as shown below 


Clearly the range of function is [2, 00) 


ZY 
tO) Vin aa 
(i) Domain = R 
(11) f(x) =—f{x), so function 1s odd the graph is not sym- 
metric about any axis but symmetric about origin. 
So, it is sufficient to consider only, x > 0. 
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(1) y = 0 when x = O there is no other point of 
intersection with coordinate axes 


se I coal Pa 
2X 
So, >=—~ <1 and equality holds at x = 1. 
x +1 


Also from 0 to | the function increases and from 
1 to oo it decreases. 
So, graph is as shown in Figure below. 


Clearly the range of function is [—1, 1] 

(c) y = f(x) = sin’x — 2 sinx 

(i) Domain of y is R 

ai) O< (snx-1)<4 

> O<sin?x-—2sinx+1<4 

=> -l<sin’?x-2sinx <3 

(111) f(x) has period 27, so it is sufficient to draw the 
graph for domain [0, 27] 

(iv) y =O for all x € nx 
Graph is shown 1n the figure 


Clearly the range of function is [—1, 3] 


. Find the domain of definition of the function, 


x7 4+2x-3 


f(x) =[2 tan ax] remiss where [.] denotes 


the greatest integer function. 


Solution: a’ =5 
2 
x° +2x-3 
=> f(x)=|——— | and pat >0,#1 
f(x) (| and [2tan rx| 
*+2x-3 
and oe) => [2tan xx] >2 
4x° —4x—3 


(x+3)(x-1) 
(2x -—3)(2x +1) 
> xe (-o,-3) VU Cl1/2, 1)U B/2, «) ...(1) 
Also tan mx > 1 


=> tanmx>I|ie., 
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1 1 
=> Ee eZ 


iO) 


=> ee 
4 2 
From (1) and (2), we get 
re| nti nts)ineZ—(-3,2-h) 
4 2 
Thus, common solutions to (1) and (2) is 


l l 
[n+ Zsn4+s), where n 22 orm s—4 orn =0. 


Let f(x) =x? - 1 and 


PAPA) nee 
g(x) = ! 
1; 
Then find the range of In([|g(x)|]); where [.] denotes 
the greatest integer function. 


Solution:  [f(|x|)| = 1 — x7; x e (-1, 0) UC, 1) 
=> [xD] = 0; x € Cl, 0) U ©, 1) and g(x) = 1; 
otherwise 
Hence, g(x) = 1,x € C1, 0) U 0, 1) and 1, otherwise 
> g@x)=1VxeER = [lem |]=1 
=> In{lg@o|]=OVxeR => Range of In [|g(x)|] 1s £0}. 


xe (-1,0)U(0,)) 
otherwise 


Find the domain and range of f(x) = log 


l 
cos | x | +5 where [] denotes the greatest integer 


function. 


; l 
Solution: We must have 0 | x | + >0; {aslogx 
is defined for x > 0} 


l 
=> OSes (1) 
But we know; —1 <cos 0 < 1; (for 9 € R} 
—1 <cos |x| < 1 
l l l 
or —1+—<cos|x|+— <l+— 
2 2 2 
l 1 3 
or —-—<cos|x|+— <= ...(2) 
2 2. 2 


From (1) and (2), we require those values of 


; . I 33 
x which satisfy, |< cos |x ir < es 


l l 
> lel =1 and i ea 


l 
Thus, f(x) is defined for 5 <cosx<l 


(.. cos |x| = cos x V x € R) 


12. 


Domain isx€ U| (20 ~2) (ann +4) and 


range for f(x) is f(x) = log(1) 
1e., fix) = 0 Range of f(x) is {0} 


Find the range of the following functions: 
(i) Kx) = In(sin x™* + 1); where 0 <x < 2/2 


ai) f(x) = In@ sin x + tan x — 3x + 1); 
1 1 
where —< x<— 
6 3 
Solution: (G) 0<x<7x/2 


> 0<sinx<1l 
Range of In (sin x™* + 1) forO0 <x <x/2 
= Range of In (’ + 1) forO <t< 1 
Let A(t) =¢'+ 1 =e + 1 

. Ad=e™ 1 4+Ilnd 

=> h'(t)>Ofort> I/e and h'() <0 fort < l/e 


l 

2 l 1 \e 
h(t) has a minima at t=— and A (*) = (+) +1 
e e 


In¢ 


. . 1/t 
Also lim A(t) =1+ ais) oes] ae Be Gr 


=1+e°=2 and lim h(t) = 2 
1 


1 \e 
(+) +1 and 
e 


h(t) has its minimum value = 


maximum value less than 2 
forO0<t< 1 


Range of f(x) = Et +e" | 


(1) Let A(x) = (2 sinx + tanx — 3x + 1) 
=> h(x) =(2cosx + sec? x — 3) 
_ 2cos* x-3cos* x+1 
7 cos’ x 
h'(x) => 0 
=> 2cos’ x — 3cos? x + 1 > 0 and cos’x # 0 


13. 


14. 


fix) 1s [a, 5] 


= (cosx-1) (2cosx+1)> 0 


=> 2cosx+1>0;cos’ x # 0, which holds V x € =e 


= h(x) 1s an increasing function of x 


=> HZ) sms a(2) 
=> inal =] <imicx) stna{ =) 
6 3 


= inf +S] < f(a) sin(VS+V5-a 41) 


=> Range of f(x) 1s nl 2 + 7 =| ,in(i+ 2135 | 


Functions f(x) and g(x) are defined in [a, b]| such that 


f(x) is continuous and monotonically increasing while 


g(x) 18 continuous and monotonically decreasing. It 
is given that the range of f(x) as well as that of g(x) 
is a subset of [a, b]. Find the range and domain of 


h(x) = fog(x) + gof{x). 


Solution: Domain of the increasing function 
=> f'(x)>0in [a, D] 
Domain of the decreasing function g(x) is [a, 5] 
=> g(x) <0 in [a, dD 
Now h(x) = fig (x) + gf @)) 
=> AX)= B(X)F'(g(X))+ I @a'(F()) < 0 
SO 
C.” g(x) € [a, b] > f'(g(x)) > O and g'(x) < 0 in 
[a, b]. Similarly f'(x) > 0; g'G(x)) < 0) 
Hence, A(x) 1s decreasing function. 
Also range of g(x) 1s subset of [a, 5] 
= Domain of fog (x) 1s [a, b| 
Similarly, domain of gof (x) 1s [a, 5]. Hence, the 
domain of h(x) 1s [a, B]. 
Since f(x) is bijective and sum of two continuous 
functions (composition of continuous functions) 
is also continuous and monotonically decreasing 
on domain [a, b]. 
Therefore, range of h(x) = [h(6), h(a)]. 


Xx 


‘= 
Let f: [0, 1] > [0, 1] defined by pO) ee 
X 


O <x <1 and let g: [0, 1] — [0, 1] defined by 


g(x) = 4x (1 — x) < 1; O < x < 1. Determine the 


composition fog and gof. 


Solution: (fog) (x) = fig(x)) = fl4xC1 — x)]; 0 < 4x 
(-x)<slO0<x<l 


15. 
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1—4x(1-x) 
= ——;0<x<land0<4x-4x’ <1 
1+4x(1—x) ° 
1+4x* -4x ; 
= —,\—;0<x<land0< (4x-4x’)< 1 
1-—4x° +4x 
when 0 < 4x — 4x? 
=> 4x(1—x)2>0 => O<x<land4x-4x’<1 
= 4° — dx +120 
=> (2x— 1)? =0; which is true for all x 
1+4x* -4 
Hence, ( fog\x)=—— 50S x81 


(gof (x) = g(f(x)) = ‘(= *)osxs1 


= (=A) osx and mae 
l+x l+x I+x 
8x(1— x) 
(+x) ° 
8x(1— x) 


= ——;0s x<l andO<x<1 
(1+x) 


Hence, (gof )(x) = 


-O<x<l andO<1-x<1+x 


8x(1— x) 
(1+x)? 
Find the domain and range of h(x) = g(f(x)), 


a -2<x<-l 
where f(x)= 


Ix|+1, 
ies fe ‘] 


—m#<x<0 
sin x 


0<x<l 


and 
a ee ee 


; and [.] denotes the 
O<x<zZz 


greatest integer function. 


Solution: 
moy= aon) =| <a 
sin(f(x)); 0< f(x)< 
[x]; -m<[x]<0; -2<x<-l 
[|x|+1];  -ws|x|+1<0; -l<x<2 
7 ree O<[x]<7;  -2<x<-l 
sin _ O<|x|+l<z; -l<x<2 


xe[-3,)n[-2,-1] 


_ ie Hx] 41h no value of x 
| sinfx]; xe [1,4)n[-2,-]] 
sin(|x|+l1); xe[-7+4+l1a-1]n(-1,2] 
_ : x €[-2,-1] 
- +. xe (-1,2] 
= = eee 
ne 1]; ma 1,2] 
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= Domain of h(x) 1s [— 2, 2] and range of h(x) is . f2t+x)=f2)=14+2=3 
{— 2, — 1} v [sin 3, 1] For0<x<1,x+2€ (2, 3] 

16. If f(x) = 1 +x, when 0 <x <2 and f(x) = 3 — x, when > fx + 2)=3-@ + 2)=1-x 

2<x < 3, then determine the following (where [] rep- Next let 1<x<2 

resents the greatest integer function): => FUG) =7/2-x), 062=-x<1 

(a) fix) = f(Kx)) (b) SU) =1L+2—-x=3-x 

(c) f({x]) (d) [fx] Now, let2<x<3=f(¢(())) =f(4-x); 1<4-x<2 

I+ f(s 0s fxs? ae 
ion: = a. 7 3; = 0 
Solution: (a) f(f(x)) ? ee oe | o 


l-x; 
First consider the case f(x) = 1+x,0<x <2. SSF) = 3 


x JbexeZ 
-O< < 

rf) = Il+l+x; O<1l4+x<2 scar Dees 
3-l-x; 2<1l+x<3 


Graph of ff(/(x))) 1s as shown below 
7 2+x; -l<x<l 
7 2-x; Il<x<2 


Since our considered domain is 0 < x < 2, 


2+x; O<x<l 
so, f(f(x)) -| 


2-x; l<x<2 


Next let us consider the case when f(x) = 3 —- x, 


25x53 
I+3—%; 053=x5.2 
ee =e ere : ooal 
7 (c) f (Ix) 
4-—x; -3<-x<-l 4-x; 1<x<3 Now for0 <x <1 
-{ = <=7 5.0 }-{* O<x<l | =P so Lae CU 
forl<x<2 
Since our considered domain is 2 < x < 3, therefore => [x]=1 => f[x]=f(1) =2: 
Kf(x)) = 4-—x for2<x<3 
2+x; O<x<l => [x] =2 => f(x) =f) =3; 
FEO) =42-x,5 1<xs2 for x = 3 
4-x, 2<x<3 = [x] =3 = f(x) =fG)=9 
lL O<x<l 
Graph of f(/(x)) 1s as shown below 2 1<xe<2 
ION) 3 aexe3 
0, x=3 


Graph of /[x] is as follows 


y 


(b) LetO<x< 1 

=> ff @))) =f2 +x) where2<2+x<3 
But we observe that there 1s no single definition of 
Sf (&)) for this interval. 
Therefore, we reduce the interval 0 < x < 1 to 
x=OandO0<x<latx=0,2+x=2 


ly. 


18. 


(d) y = [f(x)], we have forO<x<1;fx)=x+1 


=> 1<f@)<2 => [f@]=1: 
forl <x <2; f{x)=x+1 
= 2<f@)<3 => [f(x] =2: 
forx =2 
=> f(x) =3 => [f@] =3: 
For 2<x <3; fx) =3-x 
=> 0<f(x)<l => [f@)] =0 
l O<x<l 
(ey LEM 2 
Olay, 
0, 2<x<3 


Graph of [/(x)] 1s as shown below 


Consider f(x) = (1 — x”)’" and g(x) = x? + px + q; 
(p,q € R). Let g(x) = kx; (k > 0) has imaginary roots, 
then show that g(g(g(x))) = R/f~YU%)))) has no real 


solution. 

Given fic) = (1 —x")!" 

= srp=[i-fa-xyy" | =x 
=> RANK) = Af) = x 


Now as, g(x) = kx has no real roots 
It means, x? + px + g—kx > 01.¢., g(x) > k(x) 
So g(g(x)) > ke(x) > Kx 
=> 2(9(g9(x))) > kg (g(x)) > kx 
=> g9(g9(g(x))) > h(x) 
Hence, g(g(g(x))) = k*? ff~YU)))) has no real 


solution. 


Solution: 


Describe fog and gof wherever is possible for the fol- 
lowing functions: 


Gi) f(x) =Vx+3,9(x) =142x° 

(i) fO)=Vx,gQ)=2x°-1 

Solution: (1) Domain of f is [-3, ©), range 
of fis [0, 0). 

Domain of g is R, range of g is [1, ©) for gof(x) 


19. Let f(x) = x* + 3x — 3; If n points x,, x,, x 
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Since range of fis a subset of domain of g, 

‘. Domain of gof is [—3, 00) {equal to the domain of /} 
gof (x) = gfx} = gWVxt+3)= 1+ @ +3) = 
x + 4. Range of gofis [1, 0) 
For fog(x) 
Since range of g is a subset of domain of f 
Domain of fog is R {equal to the domain of g} 


. fog (©) = fig@}= ft 2°) = Vx? +4; Range of 
fog 1s [2, 0). 

i) f@)=Vx, g@)=2-1 
Domain of fis [0, 0), range of fis [0, 00). 
Domain of g is R, range of gis [—1, 0). 
For gof(x) 
Since range of fis a subset of the domain of g. 
domain of gofis [0, 0) and g{f(x)}= g(Vx) =x-1. 
Range of gofis [—1, 0). 
For fog(x) 
Since range of g is not a subset of the domain of f 
1.e., [—1, 0) ¢ [0, 0). 

‘. fog is not defined on whole of the domain of g. 
Domain of fog is {x € R, the domain of g: g(x) € 
[O, 00), the range of f}. 

Thus, the domain of fog is D = {x € R: 
0 < g(x) < 0} 

1e., D= {x Ee R05 xX-1l} ={x eR x<-l 
orx>1 }=(-o, -1] U [1, «) 

fog (x) = figte)} = fe? - 1)=Vx? = 1, 


Its range 1s [0, 00). 


.,X, are 


| ena: K cauiials cael 


chosen on positive x-axis such that 
lo 1X 
(a) aa (4) = (2500 
i=l i=l 


(b) » ao (x,) = >, (x,); where f! denotes the inverse 
i=l i=l 


of f- Find the A.M. of x, s 


fa) t+ fy) +. + FG) 


Solution: Given 
n 
Pa a OU ein ot 
= p(s = 7 meatal) 
n 


and £7) Ff Oe) tee Pf OO PX, aaa 0) 
i) 

Using (2) in (1), we get 

X, +X, $44 +..44%, - (| 


n n 
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5 ey ee ee oh 


=> f(x)=X, where =x 


n 
= x°4+2x-3=0 
=> x=las x>0(.x>0) 


= x°4+3x-3=x 
=> xX =-3;1 


20. Let f be a real valued function satisfying f(x) + 


21. 


Kix + 4) =fle + 2) + ffx + 6). Prove that [£0 dt 


is a constant function. 


Solution: Given that f(x) + f(« + 4) =f(@ + 2) + 
f(x + 6) (1) 
Replacing x by x + 2, we get 
fat+2t+fart+o=fx+4t+fo + 8) ..(2) 
From (1) and (2), we have f(x) =f(x +8) __...... (3) 
Now let g(x)= [f(a 

=> g(x) =f(« + 8)- f(x) = 0 (from (3)) 


=> gis aconstant function 
If PQ) alt Stott and (0) = O, then find 
Sart f(r) 
Solution: Since Sart) f(r) 
= Si? +2r41-r%) f(r) 
= DOH? FO — C+D? fr+ D+ 
(rt+ly f(r+)-r? f(r)} 
= Wr +D LPO) -Fr+D} + 
Yirth? s+) -P-f} 


5 py ae 
= (Uti 


r 


+Sr+y? f(rt+l+(n4ly f(nt)) 
- YP sfo) 


= Sr +14 (2? £(2) +3? £3) +..0 f(a} + (n+ 1? 
fin + 1)— {17 fl) + 272) +... + r’fin)} 
= -'7r-Y 1+ ft)-P SO 


r=l r=l 


l 2 
= nt (nt fth)-fM CofA=) 
= (n+l) soy 


22. 


23. 


24. 


Suppose that function f: R — R satisfies the inequal- 
ity | U3 (s(at+b)- f(x-by} 
k=1 


tive integer m and k, V x, y € R. Prove that fis a 
constant function. 


<1; for every posi- 


Solution: Given 

V3 {f+ by) -fx-iy)}] <1 my 
eens n by (n— 1), we get 

Yi (fly) Fem) <1 Q 


Solving inequations (1) and (2), we get 
3"{f(x+ny)- f(x—ny)}] <2 


=» (fxn) f(e—my)}] 


We choose x and y such that x + my = u and 
2 
x—ny =v, where u,v € R and l{f(u)- f(v)}| < 3F 
for arbitrary n e N 
ice 
(F)- f)}|$ lim 
=> lu)-fAy)s0 = flu)=fy) 


= fis aconstant function. 


1.€.,as No, 


Show that the inverse of a linear fraction function is 
always a linear fraction function (except where it is 
not defined). 


at+bx Bass co) 
Solution: Let, /(x)= be the said linear 
ct+dx 
fraction function. 
at+bx 
Let at some x it attains value y, so = 
c+dx 


=> a+ bx—cy-—dxry =0 
=> a-cy+x(b-dy)=0 
_cy-a 
- b-dy 


; which is again a linear fraction 


b 
function defined in R except at y= a and inverse 
cCx-a 
b-dx 


of the given function is, y= 


+2 
Find the value of a so that f(x) = = 
x+4 
to f'(x). 


Solution: 


is identical 


If f(x) = f' (x), then fof'(x) =x 


_ af (x) +2 _ 
=> fof(x) =x f(xy+4 ei x 


25. 


26. 


y 
| 
Se 


x+4 
ax + 2a + 2x +8 =x(axv +2 +4¢ + 16) 
(a7 + 2)x + 2a + 8 =(a + 4)x? + 18x 
a+4=0 and a’?+2= 18 and 2a + 8=0 
a=-4Aanda=1+4,a=-4 => a=-4 


YUQY 


If the function fx) = ax + b1s self invertible, then find 
the all possible ordered pairs (a, 5). 


Solution: Let y = fx) 
=> x=f'(vy) andy =ax + b 
b : b 
= fears = f')=--- 
aa a a 


: b 
=> f\(x)=—-= and ffx) =ax + b 
a a 


l 
Now in order that (1) and (2), coincide a =— and 
a 


ple 
a 
=S.g = 1 => a=lor-l 
ifa=-l,thenbeR 
ifa=1,then2;=0 > 5b=0 


Hence, the ordered pairs (a, 5) are (-1, 5), (1, 0); 
where b € R. 


Check the invertibility of the function f(x) = (e* — e~) 
and then find its inverse. 


We have f(x) = (e*— e*);x € R 


lim f(x) =°00 and lim f(X) = 00 


Solution: 


fm=ete*>0;VxeER 
.. f(x) 1s invertible when defined from R to R. 


l 
Now, ae cae [where t = e* > 0] 


> P-l=y => P-t-1=0 
+aly? +4 
=> j= NS [-. ¢ can’t be negative] 
Now, t = e* 
~ ytay? +4 of ee) 
=> @ =—_— — = a Se, 
2 2 


Interchanging x and y, we get, 


aunt 


Inverse of f(x) is f(x) = of ; 
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27. Find the set_X if the function f [2, 0) + X; where f(x) 


28. 


= 5-4x + x’ 1s biyective, and hence, find its inverse. 
Solution: y = x? — 4x + 5 = (« — 2)? + 1; when 


cy = 1 


1 
0 2 


Asx € [2, 0), then y € [1, «). 
1.e., range of function 1s [1, 0). 
(It is clear from the figure) 
.. For f(x) to be invertible, range = co-domain 
=> Set X =[1, 0) 
To find the inverse: (using the given rule of 
function) 
y=5-4x +x 
=> x-4r+5-y=0 
po SEE AEND) W8 
x > 2. So, ignoring positive sign, we have 


x=2+Jy-1 


Interchanging x and y, we get y=2+Vx-1 
=> f'(x)=24+Vx-1 


l 3 
Let | 5.0) +|3.0}; where f(x) = x? —x + 1. 


Find the inverse of f(x). Hence, or otherwise solve the 


1 | 3 
equation x* —x+1=—+ : ine 
2 4 


Solution: f(x) =x°-x+1=(@-1/27+3/4 
Sts . l 
= Principal domain of f(x) = =] 


3 
and range = 3.0] 


Thus, it 1s clear that the given function 1s one—one 
and onto in the given domain and co-domain. 
Thus, its inverse can be obtained. 
Clearly ff") = (F1@))? —f1@) +1 

=> x= (f@y-(¢-@) 41 

=> (fe) fe) + (1 — x) = 0 
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29. 


1+,/1-4(1 fe. 
=> f(y.) a =o 


= P'ayas+fx-5 


[As range of f~'(x) is [1/2, 00), we have to consider 
only the positive sign] 


; l | 
=> fo as r-3 


Now the given equation is basically fx) = f(x) 


and f(x) is increasing on ri 


We know that increasing function f(x) and f(x) 
meet on the line y = x. 
Hence, solution of the given equation will also be 
solution of f(x) = x. 
=> x-x+1l=x 
=> («-1)=0 


=> x*?-2x+1=0 
>= x=1 


+ 
Consider a function /(x)= . x eR — {1}; 
x 


= 
where A is a real constant. If f is not a constant 
function, then find the following. 

(i) f', 1f it exists (ii) the range of f 


votes aay A) 


Solution: (1) Given function 1s 
xt+A 
y= f(X)= : 
X — 
vn — ATDA- +4) _ -A +) 


Since fis not constant here } # —1 for A < -l, 
AV+1<0 
=> f'x~)>O0Vxe R~ £1} andforA > -1,4 +1>0 
=> f(x) <0VxeER~ {1} 
‘. f(x) strictly increasing for A < -1 and strictly 
decreasing for A > —1 
Hence, f'(x) is either always increasing or decreas- 
ing functions. 
Therefore f' is defined V 1 4-1 


+A 

oD ene 
> yxr-y=x+i > xy-l=yta 
" + x+A 
= re f= f'@=—— 


=> fx) 1s self invertible function for A 4-1 
(11) The graph of f (for A 4-1) is as shown 


(a) —aD 


(b) —< 


Hence, the range of function is R — {1} 


(iii) Again f(x) = Aa 
Since f'(x) = f(x) and f(f'\(x)) = x 


1 1 
a (fofx) x 


acd sam)" Z Z a 
: 


Similarly f ( f ( 


s{o(4(2 me Q 


Hence, from (1) and (2), 


AAD) -° 


l 
Ge 


1] 
30. If a function f(x) satisfies the equation 2 f(x)+xf +) 


: 24{ eos +(x+2)] 


then show that 
(i) far+s(5| =1 (ii) f1)+f2)=0 


aX Wi 

2 

= 4cos° —+xcos—, 
2 x 


l 
Solution: Given 2 f(x)+xf|—| - 
x 


as Weal (+4) |] soos 7* +xcos— (1) 
4 2 x 


Putting x = 1 in (1), we have 3f(1)— 21) =- 1 
=> fi)=-l 


Putting x = 2 in (1), we have 
2 f(2)+ 2(5| -2f()=4 
> fa+s(5) st CH=) 


.. (2) 
ae I. 
Now substituting x = > in (1) we get 


l l l 
245} +5 102)-2700 ear 


1) 1 l l 
> 2f(5) +512 =a =41(5}+1@ =1 ...(3) 
Solving (2) and (3), we get 


iG = 0: f(2)=1.then f(2)+ (3) ere 


proves part (1) and f(1) + f(2) = 0, which proves 
part (11). 
Solved Assertion and Reason 


31. A: Let f: R— {1, 2,3} > R be a function defined by 
l 2 
f(x) = 


——+ 

A=: SZ 
function. 

R: If either f'(x~)>OVxe D,or f'(x) <0,VxeE D, 
then y = f(x) 1s one-one function. 


3 
aE Then f is many—one 
X—- 


Solution: (c) The graph of given function f(x) 1s as 
shown below 


32. 


33. 
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From the graph it is clear that f(x) is not one-one. 
That is, many—one. Therefore, assertion 1s true. 

Also f'(x) < 0, Vx eé D, but the function is not 
one—one, so the reason 1s false. 

Infact the reason is true if the function f(x) 1s 
continuous. 


function 


f (x) =e" +cos"! ($1) + log./x—[x] is (0, 4) 
= {1,2 3%. 


A: Domain of definition of 


R: Domain of cos” (3-1) is (0, 4). 


Solution: (c) Given function is 


f(x) =e" +eos'(2-1] + log./x—[x] 


Now e’* is defined Vx € R . (1) 
cos | (= -1] is defined for —I< Sone 
2 2 
i, 0<> <2 > xe [0,4] 2) 
Also log ./x—[x] =log./{x} is defined for x ¢ Z 
as otherwise {x} = 0 ... 3) 


From (1), (2) and (3) domain must be (0, 4) — 
e125 3 

Assertion is true, but reason 1s false. 

Thus, (c) must be the correct option. 


A: The range of the function f(x) = sin’x + p sin x + 
q, where |p| > 2, will be the set of real numbers 


between q-*D andg+ptl. 


R: The function g(f) =? + pt + 1, where t € [-1, 1] 
and |p| > 2, will attain minimum and maximum 
value at —1 and 1. 


2 2 
Solution: (d) Given f(x) = sin x+ 4 +q- a 
If |p| > 2, the perfect square term can’t vanish, therefore 
(x) will be minimum or maximum when sin x = 1 or —1, 
1.e., f(x) lies between (p + g + 1) and (1 —p + q). 
= Assertion (A) 1s false (Assertion (A) will be true if 
p| < 2) 


2 2 2 2 

D D D D 

Ne pla eS = | ae 
g(t) Dp ji ( 4 ji 


for |p| > 2, ¢ € [-1, 1] 


=> 4B E 


2 
=> (1+2 can’t vanish 


NO 
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35. 


36. 


37. 


=> mimnimum/maximum value of g(f) occurs at—1 and 1 
Reason is true. 


A: Let A and B be two sets each with a finite number 
of elements. Assume that there is an injective 
mapping from A to B and that there is an injective 
mapping from B to A. Then there is a byective 
mapping A to B. 

R: An onto function is not necessarily one-one. 


Solution: (b) °.. Three is an injective map from A to B 


= Number of elements of A < Number of elements 
of B ceeth) 
Similarly, there is an injective map from B to A 
= Number of elements of B < Number of elements 
of A .. (2) 
.. From (1) and (2), we have n(A) = n(B) 
=> f:A>Bandg:B-A are bijective. 
Clearly reason 1s correct but does not support the 
assertion. 


A: The function defined by f(x) =x? + ax? + bx + c 1s 
invertible if and only if a? < 3b. 

R: A function is invertible if and only if it 1s bijective 

Solution: (a) fx) will be invertible if f'(x) > O for 

all x as f(—0o0) = -co and (oo) = 

or 3x? + 2ax + b> 0; which is true, if 4a? — 126 <0 or 


a <3b => (a) is true. 
2x + 
A: The function /(x)= = coincides with its 
IX ps 
inverse if ab = —4. 
+b 
= reduces to a constant if ad — bc # 0. 
cx+d 
2x+ 
Solution: (b) Given y= —_ 
bx -—2 
=> bxy—2y=2x +a > x(by-—2)=2yt+a 
2y+ 2x + 
4 goa" Ss e's 
by-2 bx -2 
; | —4-ab 
=> f(x) is self invertible and f(x) =———_, > 0 
(bx — 2) 


or < 0 for ab # —4. For ab = -4, f(x) is constant 
Thus, f(x) is self invertible for ab 4 -4. 

= Assertion is true and reason 1s also true, but does 
not explain assertion completely. 


A function y = f(x) 1s represented by equation 
y —2 + log,(x— 1) =0; where fx) >O0Vxe D, 

A: The domain of f(x) 1s (1, 10] 

R: The domain of inverse of f(x) is R 


38. 


Solution: (c) The given equation is valid if x > 1. 
Now y=./2-log,(x-1) is defined if 2 = log, (x — 1) 
O9>x- 1 & x<10 


Hence, the domain of f(x) 1s (1, 10]. 
Also2-y?=log(x-1) => x=14+3?”;y>0 
Hence, the inverse of the function is defined by 


f'(x) =1+3? whose domain is [0, 00). 


A: There are exactly two values of n for which the 
function f(x) = x” coincides with its inverse. 

R: Both the functions x and l1/x are inverse of 
themselves. 


(a)y = x",x=y" 
= Inverse is y = x!” 


Solution: 


At the point of intersection x” = x!” 


>x"=l > w-1=0 > n=4l 
Reason is clearly true and explains the 
assertion. 


Solved Comprehension Passage 


A: 


39. 


40. 


41. 


x >-l 


2x+a; 
Consider the functions /(x)= eee 


bx* +3; 
0<x<8 


d a b > 0. Based h 
= : > 
and 2(x) ee . Based on the 


given functions answer the following questions: 


2g(f(x)) is not defined if 

(a) a € (10, «); b € (5, &) 
(b) a € (4, 10); b € (5, «&) 
(c) a(e€ 10, 0); b € (1, 5) 
(d) ae (4, 10); b € C1, 5) 


If the natural domain of g(/(x)) 1s [-1, 4], then 
(a) a=2;b>7 (b) a=0,;b5>5 
(c) a=2;b> 10 (d) a=0;beER 


If a = 2 and 5 = 3, then range of g(f(x)) is 


(a) (-2, 8] (b) (, 8] 
(c) [4, 12] (d) None of these 
2NEQ> 2S 1 
Solution: Given f(x)=4_ , >b>O0O 
bx’ +3; x <-l 
£0) 2; x >-l 
X)= 
=e 2bx; x <—-1l 


=> fx) 1s decreasing for x <—1 and increasing for x > —1 


=> fx) has its minimum value —2 + a for x > —1 and 
has g.l.b. (6 + 3) for x <-1 


Graph of f(x) would be as shown below 


Or 


39. (a) For g({(x)) to be undefined range of f(x) should be 


40. 


disjoint from the domain of g(x) which is (—2, 8] 
= The graph of f(x) must be above the line y = 8 
=> a-2>8andb+3>8 

> a>l10andb>5 => ae (l0,), be (5, 0) 


(b) Given natural domain of g(f(x)) 1s [-1, 4], 1e., 
g(f(x)) 1s defined only for x € [-1, 4] and for x € 
[-1, 4]; range of f(x) must be entirely contained in 
the domain of g(x) 1.e., situation graphically shown 
below 


=> 2<a-—2<8and2<at+8<8,5b+3>8 
=> 0<a<10and-10<a<0;b>5 
> a=0,b>5 


41. 


42. 


43. 


44. 
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2x+2; x2 -1 
(c) If a = 2, b = 3, then f= [sos Ska and 
1, eae, O<x<8 
e={ oe, —2<x<0 
f(x) +4; O< f(x) <8 
> 8 an={ os 2< f(x) <0 
2x +6; O0<2x4+2<8 x2>-1 
7 3x7 +7; 0<3x74+3<8 x<-l 
| -3(2x+2)-2=-6x-8; -2<2x4+2<0; x>-1 
—3(3x? +3)-2=-9x°-11, -2<3x7°+3<0; x<-l 


2x +6; —-l<x<3 


 |3x? +7: ~fisx<t 


=> Range of g(f(x)) = [4, 12] 

Alternatively: Range of f(x) is [0, 0) which 
when fed to function g(x), then range of resulting 
composition function gof(x) would be [4, 12]. 


: If fx) = Mid{g(x), h(x), p(x)} means the function 


which will be second in order when values of the three 
functions at a particular x are arranged in ascending or 
descending order. 

Consider the function: 


_ 2/2 
f(x) = Mid Jx-bee-37) 3-25) ,x € [1, 4]. 
Now answer the following questions based on above 
defined function f(x). 


The value of fof(2.5)) is 
(a) 2.25 
(c) 1.875 


(b) 1.50 
(d) None of these 


The greatest value of f(x) in [1, 4] will be 
(a) 1+ 73 (b) 2+ V3 
(c) 3+ V3 (d) None of these 


Range of f(x) for x € [1, 4] 1s 
(a) [V3 -1, 1] (b) [1 + V2, 1 + V3] 
(c) [1,1 + V3] (d) None of these 


Solution: 


The graphs of functions y = x — l, y = (& —- 3), 


= 2° 
y=3 a for x € [1, 4] represented w.r.t. same 


coordinate axes are shown below. 
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tan?~ 
C: Given a function /f(x)=e i + cos 
1+2[x]) . ( a[x] — 
ar + sin ss whose fundamental period is 


p (where {.} and [.] represent fractional part and 
greatest integral part functions, respectively) and 


(x)=, I2 p +F 1] -[xP the domain of y is [9, n) 


2+x,x20 


One another function (x)= 
2-x,x<90 


Then on the basis of above information answer the 
following questions: 


45. The period p of f(x) 1s 
can be represented as shown below. (a) an irrational number 


Now f(x) = Mid {s-bea-3. 3-2} xe[l, 4] 


(b) rational number 
(c) a composite number 


(d) 4 
46. Value of r— gq -— 1 is equal to 
(a) 6 (b) 7 
(c) 8 (d) 9 
47. Range of hoh(x) in terms of p, q, ris: 
3-V2 2+vV3 3+V2 (a) [p, ©) (b) [9, ©) 
y (c) [r, 0) (d) (0, -r) U (@, ©) 
2 tan} ~ 
4). (c) Atx=2.5 (x _ 3) <xy—-1]1<3- (w= 3y" Solution: Period of e tl is 4 
| 5 (1+ 2[x]) 
=> f2.5)=2.5-1=1.5 cosa{ OED) _ovxeR 
“ fof2.5) = ff(2.5)) = f1.5); a(x] 
2,2 ; : 
Further atx = 1.5,x-1<3- Cael = <(x- 3) Porous Oe vn( *E) a 
2 
= Ft ee = 32:25 3-1 _ 1 995 45. (c) .. Period of f(x) is 4 which is composite and 
2 2 2 rational. 
43. (a) Clearly from graph of f(x); f(x) is maximum when “. (b), (c), (d) are correct options. 
~3)° —3) 46. (a 
Pe Coa 273) Ly (a) ; 
2 2 . p=4 > y= /8+2[x]-[x] 
yo ttvie-4 6-4 _442V3 _ 4g => -[x]? +2 [x] +820 
2 2 => [xP -2[x]-8 <0 
= Clearly f(x) has greatest value at x > 3. 1.€., ([x] — 4) ([x] +2) < 0 
“. fix) has at value \) x = 2 + V3 and is . 2<[x]p<4 a, Ses 
ae ee ae > Domain of g(x) = [-2, 5) = [9,7 
44, (c) Maximum of fx) = 1 + V3 and minimum of = eS 


fix) = 1 for x € [1, 4] 6 ro-gq—-1=5+2-1=6 
Range of f(x) is [1, 1 + V3] => (a) 1s the correct option 


47. (a) no | 


48. 


49. 


30. 


x20 

x<0 

2+h(x); h(x)=0 
2-—h(x); h(x) <0 
2+x+2; x+220 and x20 
2-(x+2);x+2<0 and x20 


x+2; 
2—-X; 


= hoh(x))= | 


2+2-x; 2-x2=0 and x<0 
2—(2-x); 2-—x<0 and x<0 
4+x; x20 

“3 x <0 


Range of hoh(x) is [4, 0) U (4 , 0) = [4 , «) 
= [p , ©) 


= (a) is the correct option 


: Let y = f(x): A > B 1s one-one and onto, then 


y = f(x) is invertible and its inverse y = f' (x): BO A 
exists. If point (a, B) lies on y = f(x), then the point (f, 
a) lies on y = f! (x). Let m be the minimum number of 
points of intersection of y = fix) and y = f" (x). 

Now answer the following questions: 

If (2, 3), (3, 2) lie on y = f(x) and y = f(x) 1s continu- 
ous, then 

(a) m=3 (b) m=4 

(Cc) m=6 (dd) fo=f'@~VxeEAd 


If (a, B) V a € A lies on y = f(x) but not on y = f! (x) 

(where a # §), then 

(a) y = f(x) and y = f' (x) do not intersect 

(b) either y = f(x) and y = f'(x) do not intersect or 
y = f(x) and y = f'(x) intersect on y = x. 

(c) y = f(x) and y = f"' (x) intersect on y = x 

(d) y = f(x) and y = f'(x) can not intersect on y = x 


If f(x) =— x + sin x, then 

(a) All point of intersection of y = f(x) and y = f(x) 
lies on y =x 

(b) All point of intersection of y = f(x) and y = f(x) 
lies on y = —x 

(c) y = f(x) and y = f'(x) never intersect except at 
origin 


(d) fxy=fi@VxeR 


Solutions: 


48. 


(a) If (2, 3), (3, 2) lie on y = Ff’ (x), then both lie on 
y = f(x) also. 
Further since y = f(x) is continuous 
Therefore, the graph must cross the line y = x 
there are at least 3 points of intersection. 


49. 


30. 
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(b) Suppose y = f(x) and y = f'(x) intersect each other 
at some point (a, 8) not lying on y = x, then a # B 
*. (a, B) lies on both y = f(x) and y = f'(x) 
which is contrary to the given hypothesis 
the curves either do not intersect or they intersect 
ony =x 


(b) To solve the equation f(x) = f(x), we first draw the 
graphs of both the functions to observe their points of 
intersection. 


From, the graph, we realize that only the point (0, 0) 
lies on the line y = x. There are other points of inter- 
section (nz, nt), n € Z which lies on the line y = —x. 
Hence, the solution set is {nm, n € Z}. 

Thus, all the points of intersection lie on y = — x. 


Solved Column Matching 
Sl. 


Match the following columns. 
Column I 
(i) Range of sgn {x} is (where {.} represents frac- 
tional part function) 
(i) Domain of sin x + sin!(1 — x) is 


2tan'x . 
is 


(11) Range of 


es ee . 
(iv) Range of — sin~*[x* + x + 1] 1s (where [.] rep- 
1 


resent greatest integer function) 
Column IT 
(a) {1} 
(b) [0, 1) 
(c) (0, 1} 
(d) [0, 1] 
Ans. (1) > (c), 
(111) + (b), (iv) > (c) 
Solution: (1) When {x} = 0, then sgn{x} =0 
and when 0 < {x} <1, then sgn {x} = 1 
= Range of sgn{x} = {0, 1} 
Gi) For domain -1 <x <1 and-1<1-x<1l 


(11) > (d), 
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=> -l<x<landO<x<2 > O0<x<l 
=> Domain of function = [0, 1] 


ah 6 7 1 
(1) -—<tan x<— VxeER 
2 2 
2 
= -l<—tan x<l,; 
1 


2 me Z a 
ae f (x)= tan xXx tan xX >0 
if a 


Si 
=> 9 < 2tan a4 => 0< car ee 
1 Vz 


= Range of f(x) = [0, 1) 


3 
iw) >= x°+x+1<0, but for sin! [x2 + x + 1); 
D2, 29 
-l<[>e?+x+1]<1 3 Fats +x+1<2 


Case I: When —<x°+x+4+1<1 


2 
4 
> [ePtxt+1]=0 2B sin’ [’?+x4+1]=0 
2 
=> f(x)=—sin'[x* +x+1]=0 
1 


Case II: When 1 <x?+x+1 <2, 
=> [xet+x+]1]=1 


eet ee Wh 2a 
= sin |x°+x+l]/=— a> x)=—.—=1 
| | : f@=—7 


Range of given function is {0, 1}. 


52. Let fx) = In x and g(x) = x? — 1. Column-I contains 


composite functions and column-II contains their 
domain. Match the entries of column-I with their 
corresponding answer is column-II. 


Column-I 
(1) fog 

(1) gof 

(1) fof 

(iv) gog 
Column-IlI 

(a) (1, &) 

(b) (<0, o) 

(c) (-00, -1) U (1, ») 

(d) (0, «) 

Ans. (i) > (c) (11) — (d) 

(111) > (a) (iv) — (b) 

Solution: Given f(x) = In x and g(x) =x’- 1 

(i) fog(x) = fig(x)) = In@’ — 1) which 1s defined for 
x7>-1>0 


> «-l«+1)>0 > xe(¢~,-l)U(,) 

> ()> ©) 

(11) gof(x) = g[f(x)] = Un x)? — 1 which is defined for 
x > 0 

= domain of gof(x) 1s (0, 0) 

=> (1) > (d) 


(1) fof (x) = f [fx)] = In Un x) which 1s defined for 


Inx > Oandx > 0 
=> xl 

Domain of fof(x) 1s (1, ©) 
=> (il) > (a) 


(iv) gog(x) = glg(x)] = (g@))’ - 1 = @’- 1)’- 1, which 


is defined for allx <¢ R 
=> Domain of gog(x)is R => (iv) > (b) 


53. If [.] and {.} represent the greatest integer and 


fractional part functions respectively, then match the 
columns given below. 
Column I 
(i) Number of solutions of [x] = cos"! x 
(41) Number of solution of sin“'x = sgn(x) 


(111) Number of solutions of {x} = e 


sin"! x+cos' x _ 


(iv) Number of solutions of = 5 {x} 
Column II 

(a) 3 

(b) 2 

(c) | 

(d) 0 

Ans. (i) > (d) (11) > (a) 

(111) > (d) (iv) — (b) 


Solution: (4) The graph of cos (x) and [x] repre- 
sented with respect to the same coordinate axes as 
shown in the graph below. 


Clearly [x] = cos” x, has no solution as f(x) = [x] 
and g(x) = cos’ x never intersects. 


(11) The graph of sgn(x) and sin'(x) represented with 
respect to the same coordinate axes as shown 
below. 


Clearly sgn(x) = sin x has 3 solutions, as sgn(x) and 
sin x intersect at three points once in x € (-1, 0). 
Secondly at x = 0 and finally in x € (0, 1). 


(ii) {x} = e* has no solution. 
0 <{x}<land e* >1 forallxe R 


2 . 
=> {x} and e* never intersect. 


sin'x+cos'x 7 


(iv) The graph of ee = and {x} repre- 
sented with respect to the same coordinate as shown 
below 


| -1 
sin x+cos x 7 
Clearly ——_ > = q and {x} intersect at 


two points, and hence, the equation 
sin''x+cos ' x 

ps 
sin x+Cos x _ 
5 = 


= {x} has exactly two solutions. 


Also {x} 


=> (x}=7; where-1<x<1 


Sa “i 1 
(. sin. x+cos 1-3) 


a a a-4 7 
=> x=-l+—,—, 1e, x=——,—are only two 
4°4 4 4 


solutions. 
34. Match the following columns 
Column I 
(1) Let X = {a,, a,, ..., a,} and Y = {6,, b,, b,}. The 
number of functions f from X to Y such that it 1s 
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onto and there are exactly three elements x in _XY 
such that f(x) = 5, is 
(ai) The number of real solutions for x, y if 


y = |sin x| and y = sin'‘(sin x); where x &€ 
[—2x, 27] is 

(1) If a, b and c are distinct positive real numbers 

(1+a)(1+5)(1+c) 


such thata +b+c=1, then (1-a)(1-6)(1—e) 
is greater than 


(iv) Period of the function [8x + 7] + cos mx — 8x, 
where [.] denotes the greatest integer function is 
Column II 

(a) 2 

(b) 5 

(c) 490 

(d) 8 


Ans. (i) > (c); 
(111) —> (d) 
Solution: (i) Since any 3 elements out of 7 can be 
chosen in ’C, ways which are two be associated with 
b, and each of remaining 4 elements has two choices 
that is, b, and 6,, but there are two functions in which 
all the four elements will be associated to b, or b, and 
other remains unassociated. 
So, required number of functions = ’C, (2*— 2) = 490. 


(11) > (b); 
(iv) — (a) 


(i) The graph of |sin x| and sin‘(sin x) in x &€ 
[—2x, 27] is as that follows: 


From figure it is clear that the two graphs would 
intersect at five points 
x = —2nx, -m, 0, nm, 2x, and hence, number of 
solutions 1s 5. 
Gu) a=1—b-ec 
> lt+a=(1-b)+(1-c)> 2y(1-b)(l-c) ..(1) 


C. d-b=at+e>0>1-56>0.) 
Similarly, 1 — a, 1 — c > 0 and AM > GM for 


positive real numbers) 1+5 >2,/(1—c)(1-a) (2) 


and 1+c>2,/(1-a)(1—b) ... B) 
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From (1), (2) and (3), we have (11) Graph of sin zx is as shown below 
(1+a)(1 +56) (1+ce)>8(1—a) (1-5) (1-c) y 
(l+a)1+5)(14+c) 
(l—a)(1—b)(1-c) | , 

Required expression > 8. 0} 1/2 ZA 9 

(iv) [8x] +7 + cos mx — 8x = —{8x} + cos mv +7 ss, 
Now fundamental period of {8x} is F and that of y 
COS Tx 1S 2. 


Hence, fundamental period of given function 
] 
= LCM 2.2] = 2. 
8 
35. Column-I 
(1) The period of the function y = sin (2nt + 1/3) + 2 
sin (32t + 2/4) +3 sin 5rt is 


(11) y = {sin (mx)} 1s a many—one function for x € 
(0, a); where a may be 


(1) The fundamental period of the function whee, {sin mx} 1s periodic with period 2 and 8. 
1 (|sin(w/4)x| | _sin@r/4)x_) “. (al) > ©, ¢) 
=—| —EEE———EE SS 1 
2\ cos(z/4)x | cos(z/4)x| aK a x) sin 1 . 
(iv) If f: [0, 2] — [0, 2] 1s bijective function defined (iii) f(x) = 1 ie 4 
by f(x) = ax’?+ bx + c, where a, b, c are non-zero Z S6g oe Nees ex 
real numbers, then f(2) is equal to 4 4 
es 5 {tan x-+tan >) sin x,cos—x >0 
(a) - uae | ay rae 
©) l 1 1 _ 2 1 
(c) 2 —| —tan—x-tan—x]; sin—x,cos—x <0 
(d) 0 2 4 4 4 4 
= _ 0 1 
Ans. (1) > (b,c) (11) —> (b, c) ] ris ri < 0, 
(111) —> (b) (iv) > (d) 0; - 
Solution: (1) and rs #0 
y= sin( 2a 4) + 2sin (sar 4) +3sin(57t) not defined; ae =0 
; <2 . 1 
Period of sin| 27f+— | is —-=1,; Let us consider —x €[0,277]. 
3 2a 4 
Ie): , 2 IE. 22 1 1 We 
Period of sin} 3zt a 1S = =— and period of tan — x; (22 7S 
x 3 4 40 2 
2 2 
sin(S7f) 1s a=4 tan x; Gee 
5a 5 4 4 2 
, ; ; 22 a a 
Period of given function = LCM ar => f(x)= > < a S70 
_ L.C.M,2,2) _ 2 0; a 
H.C.F.(1,3,5) 1 and oF <—x<27 


= 818 also period of given function 


(1) > (b, c) 


not defined; *x wee 
4 2 


tan— x: O0<x<2 
4 
1 
= J(y)= an 4<x<6 
0; 2<x<4and6<x<8 
not defined if x = 2,6 
and so on. 


Graph of f(x) would be as shown below 


Clearly, the function is periodic with period 8. 
(111) — (b) 

(iv) Since f(x) 1s bijective, 

“. f(O) =0 or 2 but f(0) = 0 

=> c= 0 (which 1s not true) 

“. f(O) = 2. 
We know that a quadratic function 1s of opposite 


24 . —b =D 
monotonicity on intervals | —00,— | and | —-,© 
2a 2a 


“. f(O) = 2 if f(x) 1s increasing on [0, 2], then fx) > 2 
for x > 0. 
But range of f(x) = [0, 2] 

= f(x) must be decreasing on [0, 2] 

=> f2)=0 
(iv) > (d) 


Solved Integer-type Questions 


x 


56. Let f (x) Z 
e e xX = 
9* +3 


l 2 3 2005 \__ 
: (spas)! a ve (soos ttf Eh 


S, then find 2S: 


, then if the value of the sum 


Solution: Observe the argument of 1* and last term. 
If argument of 1* term is x, then the argument of the 
last is 1 — x and similar relation exists for each pair of 
terms that are equidistant from the both ends. 
9* or 
Sapa ane 
2 +S, 9 #3 


Consider, f(x) + fU1 — x), 1.€. 
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9* 9 9* 3 
9° +3 94+3:9° 9°43 3+9° 
Now since f(x) + fl — x) = 1 


l 2 
Sum S becomes | f (| Vi (a 
2006 2006 


2 2004 1003 
E (soos) */ Pe) ttf Ea 


Clearly it contains 2005 terms 


=] 


1002 pairs (each summed up as 1) and an isolated 
1003 

term f aoe | 
2006 


= § = 1002 (ee) = 1002 mG 
2006 2 


] 
=> §=1002 ir = 1002 + 0.5 = 1002.5. 


= 25 = 2x = 2005 


57. The set of real values of x satisfying the equality 


3 4 
= +5] = 5; (where [] denotes the greatest integer 
x x 


a, 
d ; where a,, 


function) belongs to the interval G 
3 


a... 
a,,a, € N and — is in its lowest form. Find the value 
2 a, 


of 4,+) aa,+ > aaa, . 


iz j it jtk 


3 4 
Solution: Casei: If x <0, then 3 and 4) 1S 
x x 


3 4 
negative; hence, | + 4) can never be equal to 5 
x x 


3 4 
Case ti: Ifx > 0; we have —<-— 
x. x 


3 4 
Since each of B and 4) iS a non-negative 
x x 


integer 
3 possibilities are there (sub-cases) 


Sub-case ti: A =(0 and A =5 
x x 


Sub-case ii: A =1 and A —4 
x xX 
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4 
Sub-case tll: 3 =2 and = = 3 
x 


x 
3 4 3 
As 3 |4)2)=5. now. If 3 |< 
x x x 
3 
=> 0<-<l > 0<3 <x ...(1) 
x 


> —<-<s- => 


i) 


These two inequations (1) and (11) are impossible 
simultaneously. Hence, no solutions in sub-case (1) 


2 4 
—<x<- 
3 5 


3 
Sub case (11): Now, | =1 
x 


=> i<2 <2 = =<asl 


3 a 
=> —<xS3..(ii1) 
x 2 2 


Further A )-4 => fetes => bates 
x x 5 4 4 


4 , 
> -<x<l ..(1V) 
5 
(111) and (iv) are impossible, hence, no solution in 
sub-case (11) 


3 3 
Sub case (iii): Again if = =2 => 2<-<3 
x 


x 
| ees ee | 3 
=> -<-<-—- a> 1K<x<- .(V) 
3 3° 2 2 
4 4 
Further 4 )-3 = 3<-<4 
x x 
1 x ol 4 
> —<-<s—- a> l1<x<s- ...(V1) 
4 4 3 3 


4 
Common solution |< x < a 


4 
Hence x € i, =| 


a,=1,4,=4, a, = 3; 
> 4, +) 4,4, + By a; A, 
izj it jtk 
=a, a a, + a, of aa,t a,a, 7 a,a,t aaa, 
=14+44+34+44+124+34+12=39 


38. If a, b, are positive real numbers such that a — b = 4, 


then find the smallest value of the constant A for 


which Vx* +ax —Vx? +bx <A for all x > 0. 
Solution: Given f(x) =x? +ax —Vx° +bx 


39. 


60. 


61. 


x? +ax—x? —bx 


2 eee ae 


_ (a—b)x _ a—b 
l 
x > 0, as x increases — decreases, and 
x 


denominator of above fraction decreases, and 
hence, f(x) goes on increasing. 
It implies f(x) cannot exceed the value obtained by 


| ph 
taking the lim f(x) = — 


Zi = con b = fd = 2, 
2 2 
+ 
The range of the function f(x) = aa = ,(m € R) 
x 


3 
contains the interval [0, 1]. If m= ke’ then find k 


es x+m 
Given function is Y= 
x +] 


Solution: 


=> yx? x + (y—m)=0 

we must have D = 0 fory ¢€ [0, 1] 

=> 1-4y(Q-m) 20 forye [0, 1] 

=> gv) =4y -4my —-1 <0 fory € [0, 1] 

= gv) <0, fory € [0,1] => g(0)<0, gl) <0 


3 
=> -]1<Oand3-4m<0 => a — k=4 


Let fix) = & + I) + 2) + 3) + 4) + 5; where 
x € [-6, 6]. If the range of the function 1s [a, b]; where 
a,b € N, then find the value of (a + b). 


Solution: Given f(x) = (x? + 5x + 4)(x? + 5x +6) +5 
= [(? + 5x + 5)- 1] [@? + 5x + 5) +1] +5 
= (x? + 5x + 5)*-14+5 
=> fix) =? + 5x 4+5)7+4 
Hence, fix) has a minimum value 4 when 


-5+4/5 


5 
€[-6,6 
[—6, 6] 


Also maximum occurs at x = 6. 

= f Oi — BOF3I0 FS) 74 = G1)? 44 = 5041+ 
4 = 5045 
Range is [4, 5045] = [a, 5] (given) 

> a=4,5=5045 > at+b=5049 


x7+5x+5=0,1e, x= 


Suppose p(x) 1s a polynomial with integer coefficients. 
The remainder when p(x) 1s divided by x — 1 is 2 


62. 


63. 


64. 


and remainder when p(x) is divided by x — 4 1s 11. If 
r(x) 1s the remainder when p(x) 1s divided by (x —1) 
(x — 4), find the value of r (2013). 


Solution: Given p(x) = («— 1) g(x) +2 

=> p(1)=2 and p(x) = «— 4) h(x) + 11 

=> p(4)=11 
Further let s(x) and r(x) be the quotient and 
remainder when p(x) 1s divided by (x — 1) « — 4) 
and let r(x) = ax + b 

=> p(x) =(@-— 1) &—-4) s(x) +r &) 

=> p(l)=a+b=2 
and p(4) = 4a + b= 11 
Using (1) and (2), we get a = 3, b =- 1 
r(x) =ax + b 

> r(x) =3x-1 
r(2013) = 3(2013) — 1 = 6039 — 1 = 6038. 


Find the minimum 


fey= 428), 
x-2 


(0) 
«Q) 


number of roots of 


+4 
Solution: Given f(x)=/f (<8) 
xX — 


x+4 
x-2 
=> x*°-2x-x-4=0 > xr-3x4=0 
Disc. = 9 + 16=25>0 
Minimum number of roots = 2. 


One of the possibilities is x = 


If f(2x + 1) = 4x? + 14x, then find the sum of the 
squares of roots of the equation fix) = 0 


Solution: Given f(2x + 1) =4x* + 14x (1) 


we are to find the sum of squares of roots of 
equation f(x) = 0. Putting 2x + l=y 


=> r= in(1),wehave foy=4{ | 142) 


=> fyy=yv+1-2y+ 7y-7 
=> fy) =y' + 5y—6 
fix) =0 

=> x°+5x-6=0 
> x=-Oorx= 1 


=> (x +6)(x—1)=0 
o2 + B? = 36 +1 =37 


27i 50 


If a=e" and f(xy= 7+ > Ax" , then find the 


k=l 
1 12 : 
value of taps f (a x). 


65. 
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Solution: Clearly o is a non-real complex root of 
{[3-= 


equation x 
But & is non-real complex, is a root of 1 +x +x? + 
wi bOG 0 


Now S f(a"x) = fix) + flax) + f(a?x)+... + f(a? x) 


50 50 
= (743 A Ja (743 att + .. + 
k=1 


k=] 
50 
(743) 4a" 
k=1 
50 
= 91+) Ax‘[lta‘+..4a*] 


50 k= k\13 50 
=914+ 3 4x6 2) L914 A,x" 
k=l l-a 1 


= ke 


(l—a'**) 
(1—a") 
=91+0(. aisaroot of x®=1>a%=1 

= gh) =0) 


l 12 . 7 
2 TAG x)=7 
f(x-)D+f(xt) 
2 f (x) 
= sin 60° and f(5) = 100, find 5 f(5+12r) 


If f(x) 1s a function such that 


Solution: Given f(x — 1) + fx + 1) = 2f(x) sin 60° 
=> f(x-l)t f(t) =Vv3 f(x) 
From equation (1) 
fe + 3) + foe + 1) = V3 f& + 2) (replacing x 
by x + 2) i) 
Adding equations (1) and (2), we get 
fe — 1) + fe + 3) + fe + 12 = V3 ff) + 
fox + 2)} 
= V3 x V3 f(x + 1); (from (1) putting (x + 1) in 
place of x) 
= 3 fx + 1) 
. Kx-1) + f(x + 3) =fx + 1) 
and f(x + 1) + fix + 5) =f + 3) 
Adding (3) and (4), we get 
fx -1) + fe + 1) + fe +3) + fe + 5) = 
fix + 1) + fx + 3) 
fe-l+fe+5)=0 > fxe-1)=-f(« +5) 
fix) = Sfx + 6) Salo) 
From equation (5) fix) = -[—f(« + 12)] 
=> f(x + 12)=f&x) 


Hence, f(x) is a periodic function with period 12 


..B) 
(A) 


Y J 
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66. 


67. 


68. 


Now, S f(5+12r) = f(5) + fS5 + 12) + 


POP 2A) ae OF OO 12) 
= f(5) Fb) FS) + os: to 100 terms 
= 100f(5) = 100 x 100 = 10000. 


Find the natural number a for’ which 


SY f(a+k)=2n(33+n); where the function f 
k=] 


satisfies the relation fix + y) = f(x) + fy) for all 
natural numbers x, y and further f(1) = 4. 


Solution: Since given f(x + y) = fx) + fy) for all 
natural numbers x, y and f(1) = 4, 
Therefore f(n)= f(i+...+]) 

——«x~“wr 


n times 


= f(l)+f()+...+ fC) =4n ,for every natural num- 
—_ —e ee” 


n times 


ber n. 
=> fin) =4nforne N 
The given relation can be written as 


S4(a +k) =2n(33 +n) 
k=l 


=> 4an+ 2n(n + 1) = 2n(33 +n) 

=> 4dan + 2n?+2n = 66n+2n? => 4an= 64n 

> a=16 

Find the number a_ for’ which 
> f(a+k)=16(2"-1); where the function / 
k=1 


natural 


satisfies the relation fix + y) = f(x).fy) for all natural 
numbers x, y and further f(1) = 2 


Solution: >) f(a+k) =16(2” -1) 
k=] 


=> fae lyaflat 2) tsk + fia + n) = 16 (2”— 1). 
Now fix + y) = f(x).fly) and f(1) = 2 (given) 
2 IZ =f Dae) = Gy = 2) I3) = 
K2 + 1) = f2) JO) = 2) = 2). 
=> fn =2° Vn EN. 
Now, fia + 1)+ fla + 2) +........ + fia + n) 
| Pte ee + 2”] = 27.2(2"— 1) = 162”"- 1) 
=> 16=27 > a=3 


fix) and g(x) are linear functions such that for all x, 
fig(x)) and g(f(x)) are identity functions. If (0) = 9 and 
g(5) = 8, then compute f(-2012). 


Solution: Given f(g(x)) and g(f(x)) are identity func- 
tions. Therefore, f(x) and g(x) are inverse to each other. 
Let y = f(x) = ax + b be the linear function. 


x-b 
a 


—b _ 
> y=axtb => gee == => f '(x)= 
a 


x—b 
= Oa a. 


—] 
Now f(0)=9 > 6=9and g(5)=8 => Jas 


1 
f@)=-Zx+9 => f-2012)= 606 +9 =615. 


69. Let f(x, y) be a periodic function satisfying 


fix, y) = fx + 2y, 2y — 2x) for all x, y. Define 
g(x) = f(2*, 0), then find the period of function g. 


Solution: Given g(x) = f(2*, 0) = 2.2" + 2.0, 
20:20") 
= f(2"! ~2**1) 


=f22" + 262"), 202") = 2.2) 

= f0, -2°3) = f(-24, -2"4) = f(-2"6 0) 
_ fi-2*"", ay — KO, Qe) — beau Dr) 
= f2"",0)=g(e +12) => Period of gis 12. 


70. Let g(x)= ae and g(f(x)) = x, then evaluate 
e” —] 
f Qe" } 
Solution: Let y= g(x)= = 


=> e*—] = 2ye* 
Substituting e* = ¢, we have #7 — 2yt— 1 =0 


2a 4 a 


2 
=> ev =yt Jy 41 
=> x=In(y+yy?+1) 
=> g'(y)=In(y+yy? +1 
g(x) =f{(x) = In(x-+Vx7 +1) 


C. g(flx)) = x => g(x) = fx) 


(ee > 0) 


22 22 é 
See. (Ss) =In fe"] =11 


71. All the values of m for which the function 


ix) = (m + 2)x° — 3mx* + 9mx — 1 is invertible lies in 


72. 


the interval (-oo, -(A + 1)] U [-A + 2, 0), then find 
the value of i. 


Solution: 


—> 
=> 


Or 
> 
> 


— 
— 


Given f(x) = (m + 2)x*? — 3mx? + 9mx — | 
f(x) = 3(m + 2)x? — 6mx + 9m 

fix) will be monotonically increasing for all x if 
m + 2>0, 36m? — 108m (m + 2) <0 
m+2>0,m(m + 3)>0 

m &€ (-2, 0) and m € (-, —3] U [0, «) 

m &€ [0, 0) 

Again f(x) will be monotonically decreasing for 
all x if m + 2 <0 and 36m? — 108m (m + 2) <0 
m & (-0o, —2) and m € (-«, —3] U [0, «) 

m € (-0, —3] 


‘. f(x) 1s monotonically increasing for all x or mono- 


> 


tonically decreasing for all x (1.e., invertible) 
if m € (-<o, —3] U [0, 0). 
K=2 


Let A = £1, 2, 3, 4, 5,...,10} and B= {1, 2, 3, 4,...., 10}, 
then find the number of functions ffrom A to B such 
S(D) =iVieA 

Solution: ff))=iVieA 

Let Gj)ef 


—> 
— 
=> 
=> 


fi) =] 

Ri) = fG) but ffi) = i (given) 

Si) =i => Gpef 

fis a self invertible function. 

Let us deal with two cases as given below. 

Case i: When (i,j) € fSQ, i) € fand i #/ for 

every pair (i, 7) € f 

Case fi: When (i, j) € f@ Gg, i) € f and f 

contains pairs of the form (i, i). 

Casei: When (i,j) € fQ, i) € fand i 4; for 

every pair (i,j) € f 

We can generate such functions by making five 

ordered pairs (i, /) having elements from set A 

such that i 4 / and if (i, /), (k, J) are any two of 

the five ordered pairs then i 4 k and i # 7, which 

is equivalent to distribution of 10 different objects 

into 5 unnamed groups each group containing 2 

objects 

("GREK OC XK EC) 5) 

_ 10x9x8x7x6x5x4x3x2x!1 - 945 
2x2xX2%2%2x5! 

Now each of the above 945 ways of forming five 

ordered pairs when taken with the same five pair 

with their elements interchanged would represent 

a symmetric function. 
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A self invertible function not intersecting 
the line y = x. We get 945 functions one of 
which 1s {(2, 3), (4, 5), (7, 8), (6, 9), (1, 10), (3, 2), 
(5, 4), (8, 7), 9; 6), 19, 1} 

Caseii: When (i,/) e fi) € fand fcontains 
pairs of the form (i, i). 

If the collection contains only one pair (i, 7) and 
rest of the type (i, /), (, 1); i#/, then we can’t have 
such function, as leaving 1 element i, we are left 
with 9 elements (odd) and it 1s impossible to dis- 
tribute all of then into graphs each containing two 
elements similarly we can’t have functions having 
3 pairs of the form (i, 2). 

Thus, we can form functions having exactly 2 or 4 
or 6 or 8 or 10 pairs of the form (i, i). 

Sub-case (a) When functions have exactly two 
pairs of the form (i, 1). Two such pairs can 
be selected in ‘°C, ways and the remaining 8 
elements can be distributed among 4 pairs in 


l 
{q('c ae Oe x és x 5 en ) ways, so total 


4! 
number of functions in this case would be 
. Week Cex Cee, so, 
7 4! 
l 
= 0x9x8x7x6x5x4x3x 2x1 4795 
2x2x2x2x2x4! 


Sub-case (6) When functions contains 4 pairs of 
the form (i, 7). The number of function in this case 


°C, °C 5e-€. 
would be LY gy ie ee 


3! 
10x9x8x7 6x5x4x3x2x1l 
SX ————_ = 3150 
4! 2x2x2x3! 


Sub-case (c) When functions contain 6 pairs of 
the form (i, 7). The number of function in this case 
would be 


4 2 
= GC x 2X be © = "C3 
2! : 
10x9x8x7 
4x3x2xl 


Sub-case (d) When functions contain 8 pairs of 
the form (i, 7). The number of function in this case 
would be "C, x °C, = °C, = 45 

Sub-case (e) When functions contains 10 pairs 
of the form (i, 7). There will be only one function, 
1.e., identity function. 

Thus, total number of possible self invertible 
functions from A to B 

= 945 + 4725 + 3150 + 630 + 45 + 1 = 9496 
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l 
(c) Domain 1s Ga (d) None of these 


l 


. The domain of the function ((x) =————————— 
I-VI-VI-x* 

is 

(a) {x-x< ]} 

(c) [-1, 1] 


0) CLD) 
(d) None of these 


TUTORIAL EXERCISE 
SECTION-III 
(ONY ONE CORRECT ANSWER) 7. The domain of the function f(x) =V¥3-2*-2'* + 
2 l Vsin™' x is given by. 
. If 2f(x°)+3f| = | =x?-1 for all x e R ~ {0}. Then 1 1 
. (a) 0, > (b) G L 
fix’) is equal to. 2 : 
(a) 1=x' o) (l—x?)(3+ 2x7) (c) [0, 1] (d) None of these 
\ Ee cc Ao ge 
5x° 5x° 8. The domain of definition of f(x) = cos!x + 
1—x*)(3+2x? a 2 Sy. 3 
©) (l-x : x") Nene ones Vl-log,(2x? +6x-5) is equal to 
x 
l 
, eee (a) ©, 1] (b) . L 
. The domain of definition of the function 2 
2-[x] . 19-3 
f(x)= is equal to (c) vi9 as | (d) None of these 
[x]-3 2 
(a) [2, 3) b) (2,3) , 
(c) (2, «) (d) None of these 9, The domain of the function f(x) = cos’ (5) 
4+ 2sin x 
. The domain of definition of the function f(x) = sin"! is equal to. 
Ce @) U (On +1)r+=,(Qn+2)x- =) 
(a) [-1, 1] (b) [0, 1] ned 6 6 
(c) [-1,0)U 0,1]  (d) None of these (b) (2.4 ann, = dn 
. The real function S(x) = cos! 6 6 
1 1 
Vx? +3x+1+cos! Vx? +3x 1s defined on the set. (c) (Zane, +20 | 
(a) {0, 3} (b) interval (0, 3) (d) None of these 
(c) {0, -3§ (d) interval [-3, 0] 10. The domain of definition of function 
. Find which of the following statements is/are true S084 x? 
sin | log, > 
f(x) =sin' x+V2x-x*? —-—————__.. ——————— + —___———" jg 
V8x—4x? —3 Vx°-x-2 J5|x|-x°-6 
= _ I (a) [-2, -1) (b) [-2, 1) U [1, 2] 
Saas, ee Ls (c) (d) None of these 
11. The domain of definition of the function 


f(x) =e +sin” (3) — ] +log./x-[x] is equal to; 


[] 1s gint function in 2nd and 3rd term. 
(a) (0, 6) ~ {1, 2, 3, 4, 5} 

(b) (, 5) 

(c) (O, 6) 

(d) None of these 


12. 


13. 


14. 


15. 


16. 


17. 


The domain of definition of the function 


f= os| 


aaah is equal to 
([cos x]—[sin x]) 


aa) U ponnant 1k] 


(b) U] 2n+)z +Z,Qn42)4| 


neZ 


c) U [ant 1)e, Qn +2)r] 
(d) None of these 


The set of all real numbers x for which log,,,, 
(log (log... (08,9, ¥))) 18 defined as {x|x > c}. The 
value of c 1s 
(a) 0 

(c) (2003)? 


(b) (2001)?°” 
(d) None of these 


The domain of the function f(x) =./sin™' (log, x) + 
2 
,{cos(sin x) + sin” (H=) 
2x 


(a) fe: 1<x<2} 
(b) {1} 


(c) not defined for any value of x 


(d) {-l, 13 


sci a= 
The domain of the function f(x) = sin (=) + 


“(= “(= EN) 
cos — |+ tan —— | 1S 
4 4 


(a) [9, 3] (b) [-6, 6] 
(c) [-I, 1] (d) [-3, 3] 
x°-4 


The least value of x for which f(x) = =~ 1s 
sin (2-—x) 


defined 1s 
(a) x=1 (b) x=2 
(c) x=3 (d) Does not exist 


If P is a point on a circle of radius a and centre O 
(origin) the distance of chord AB from P lying along 
OP is x, then ZAOB < x written as a function of x has 
which of the following property? 


1 

(a) 2e05"[*|x/]:0< 12a 
a 

(b) 2sin"'[2|x-a)]:0< «2a 
a 
1 

(c) de05"[ = |x-a)),0<x< 2a 
a 


(d) None of these 


18. 


19. 


20. 


21. 


22 


23. 


24. 


25. 


26. 
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Let S be the set of all triangles and R* be the set of 
positive real numbers. Then the function f S > RY‘, 
(A) = area of the A, where A € Sis 

(a) Injective but not surjective 

(b) Surjective but not injective 

(c) Injective as well as surjective 

(d) Neither injective nor surjective 


The domain of the real valued function f(x) for which 
4) + 4) JO = 4* is 

(a) (-l, 1] (b) [1, &) 

(c) (, 1] (d) (0, - 1] 


Let f(x) = (x? — x? + x4-x+1)!”. The domain of the 

function is 

(a) (co, —1) (b) Cl, 1) 

(c) (1, #) (d) (—2, 0) 

Domain of sin" [sec x] ([.] 1s greatest integer less than 

or equal to x) 1s 

(a) {Qn + 1) nm, Qn + 9) et} U {[Qm —- 1) Zz, 
2mn + 2/3), m € LZ} 

(b) (Qnn,n € Z}U {[2mn, (2m +1)2x,me Z} 

(c) {2Qn+1]1) at,ne ZU {Qmn —- 2/3, 2mn + 1/3], 
me LZ} 


(d) none of these 


The range of function f: R — R defined by 
Ff (x) = 2x° — 50000 x” + 0.1x + sinx is 

(a) R (b) [-1, 1] 

(c) [0, 0) (d) None of these 


The range of the function f(x) = log), (2 — log, 
(16sin’x + 1)) is 


(a) (-~, 1) (b) (—~, 2) 
(c) (-~, 1] (d) (—<, 2] 
l 
Range of f(x) = Gay is 
(a) [1, Vsecl] (b) | cos, ./sec! | 
(c) R—- {0} (d) None of these 


Let fx) = [9 - 3* + 1] V x € (-«, 1), then 
range of f(x) is ([.] denotes the greatest integer 
function.) 

(a) {0, 1, 2, 3, 4,5, 6} (b) £0, 1, 2, 3, 4, 5, 6, 7} 

(c) {1,2,3,4,5,6} (d) {1, 2,3, 4,5, 6, 7} 

The range of the function f(x) = 6* +3* + 6* + 
3) 1s 
(a) [-2, «) 
(c) (6, «) 


(b) (-2, &) 
(d) [6, 20) 
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Zils 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


The image of interval [-1, 2] under the mapping 
ff: R > R defined by f(x) = 2x? — 6x is 


(a) [-4, 4) (b) (-4, 4) 
(c) [-4, 4] (d) (-4, 4] 


If 2 < x? < 3, then the number of positive roots of 


i 
{x*\= ‘| , (where {x} denotes the fractional part 


of x) 1s 

(a) 0 (b) 1 

(c) 2 (d) 3 

_ sin x 

The minimum value of the function f(x) = —————— 

V1—cos’ x 
cos x tan x cot x . 
LJ ail asl a_i, > 
Vl-sin?x Vsec’x-1  \cosec* x-1 
(a) 4 (b) -2 
(c) 0 (d) 2 


Solution of the equation x* — [x] = 3 is (where [x], is 
the greatest integer < x) 
(a) x = (3) 

(c) x= V2 


(b) x= (4)"° 
(d) None of these 


Solution set of the equation (x)? + (« + 1)? = 25 is 
(where (x) represent least integer > x) 

(a) (-5, 2) (b) @, 3) 

(c) (-5, 4] U (2, 3] (dd) None of these 


Solution set of the imequation [x]? + (x) > 25 is 
(where [x], (x),} is the greatest integer < x, least 
integer > x, respectively) 

(a) (—o, -4] U [4, 0) (b) (-o, -4] 

(c) [4, 0) (d) None of these 


If the function f(x) = [3.5 + 5 sin x] (where [.] denotes 
the greatest integer function) is an even function, then 
complete set of values of 6 1s: 


(a) (—0.5, 0.5) (b) [-0.5, 0.5] 
The domain of definition of the function 


f(x) = log ,/(10.3"? -9°"' -1) + sfcos!(2-x) is 


(a) [1, 2] (b) [1, 2) 

(c) (O, 2) (d) None of these 

Let 

f(x) = 4f/./cot(5 + 3x)(cot(5) + cot(3x)) —vVcot3x+1 , 


then the domain of function f(x) is 


36. 


37. 


38. 


39. 


40. 


nxt 1, 2 l 3 
R—-| J}| —+-—=cot s—| n+—|a 
(a) U) 3 3 (—-—) Al 4 | 
(b) J 7 4 Scot é ja(e+3}- 
rey. cot5-1/ 3 4 


(c) Rt nel 


(b) None of these 


at +2 
ate TU ea ) g(x) = {x}; where 
—x 


If f(x)= o8,0.( 
{x} denotes the fractional part of x. If the function 
(fog)(x) exists, then the maximum possible range of 
2(x) 1S 

(a) (0, 10°) 

(b) (0, 10) 

(c) (0, 10°) U (107, 10°) 

(d) None of these 


If fix) . fv) = fix) + fo”) + focry) - 2 V x,y © R and if 


jx) 1s not a constant function, then the value of f(1) is 


(a) | (b) 2 

(c) 0 (d) -1 
2t 

If a function f(x) is such that f (Sun | = 
1+tan* x 


2x +1)(sec* x+2t l 

(cos2x+IMsec'x+2tanx) 4 ine value of (5) 
2 3 

equals 

l 4 

= by 
(a) 3 (b) 3 

4 
(c) 9 (d) None of these 


Let f and g be two functions defined from R — R 
as follows: 
f(x) = 


0 if x is rational 


7 oar ; an 
x if x is irrational 


0 if x is irrational 
2(x)= , then the function f- g 


x if x is rational 


(a) one-one but not onto 

(b) onto—but not one-one 
(c) both one-one and onto 
(d) neither one—one nor onto 


Let 7 be the set of all 2 x 2 matrices with entries from 
the set of real numbers R. Then the function 

f: T > R defined fA) = |A|, 1.e., (det. A) for every 
AeéT,is 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


(a) one-one and onto 

(b) neither one-one nor onto 
(c) one-one but not onto 

(d) onto but not one-one 


Let n(A) = 4 and n(B) = 6. Then the number of 
one-one functions from A — B, and number of 
onto functions from B > A can be given as 

(a) 120, 1020 (b) 360, 1560 

(c) 24, 120 (d) None of these 


Let A = {1, 2, 3, 4, 5, 6}. If fbe a byective function 
from A to A, then the number of such functions for 
which f(A) #A, VA € Ais 

(a) 44 (b) 265 

(c) 325 (d) 4585 

Let f: R — R be given by f(x) = («+ 1)?- 1,x >-1. 
The set S = {x : f(x) = f'(x)} 1s given by 

(a) {0, 1} (b) {0, -1} 

(c) {-1, 1} (d) None of these 

Let h(x) = |kx + 5| and domain of f(x) and fh(x)) are 
[-5, 7] and [-6, 1] respectively, then value of k 1s 

(a) 1/3 (b) 4/5 

(c) 1 (d) None of these 


If f(x) =sin’ x+sin’ (x+%) + cosx. cos( + 


5 
and e() = 1298 , then 4 gof{x) is equal to 


(a) 1298 
(c) 5192 


(b) 2596 
(d) Not defined 


Let fx) = 1 + x and g be a function such that 
Kig(x)) = 1 +x? — 2x? + x*. The value of g(18) is 

(a) +306 (b) 304 

(c) —304 (d) None of these 


The functions f(x) =cos'V1—x’* and g(x) = -sin’ x 
are identical for x belonging to 


(a) [-1, 1] (b) [0, 1] 
(c) [-1, O] (d) None of these 


Let the function f(x) = x7 + x + sin x — cos x + log 
(1 + |x|) be defined on the interval [0, 1]. The function 
g(x) on [-1, 1] satisfying g(—x) = — f(x) is 

(a) x°+x+sinx+cosx—log (1 +|x ]) 

(b) -x? +x +sinx + cos x —log (1 +| x ]) 

(c) -x’?+x+sinx+cosx+tlog (1 +| x |) 

(d) None of these 


49. 


30. 


Sl. 


2. 


53. 


34. 


Sd: 


36. 
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If f(x] and {x} represent integral and fractional part of 


x, then the function defined by f(x) =[x]+ " — j 
equal to. se 

(a) 2[x] + {x} (b) 4x 

(yx (d) 4[x] + 100 {x} 


Let X and Y be two non-empty sets. Let ff X > Y be a 
function. For A c X and B c Y, define fA) = {f(x) : x 
€ A}; f! (B) = {x € X: fix) € B}, then 

(a) ff"(B)) = B (b) Af'(B)) cB 

(c) f'{A)) =A (d) fi (A)) CA 

If f R — R is defined by fix) = x? + 1, then the 
number of elements in {f'(17)} U {f'(3)} 1s 

(a) 2 (b) 4 

(c) 6 (d) None of these 


The set of all integer values of n for which the 


Oe. 4 a te , 
function /(x)=cosnx.sin— is periodic with 
n 


period 27 is 
(a) {1,5, 10} 
(c) (41, +5} 


(b) {1, 5} 
(d) None of these 


If f(x) = 1 —x°- x* -— 2x° = g(x) + h(x), where g is an 
even function and / is an odd function. Then h(5) is 
equal to 
(a) 6375 
(c) 6125 


(b) 3250 
(d) None of these 


ax+5 
Let f: R R; wh =| —— 
et f — IR; where f(x) (S5 


values of a for which the function is invertible 1s. 


(a) (0, ©) (b) (1, «) 
(c) (0, 1) (d) None of these 


, then the 


l 
The period of the function f(x) a5 [cos(sin 4x) + 
cos(cos 4x)] 1s 


(a) ™ (b) 


(d) 


o/AY NIA 


a 
) 5 


Let f(x) = cosVk x; where k = [m] = the greatest 
integer < m, if the period of f(x) 1s x, then 

(a) me [4, 5) 

(b) m=4,5 

(c) m= [4, 5] 

(d) None of these 
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57. If f(x) and g(x) are periodic functions with periods 7 


38. 


59. 


60. 


61. 


62. 


63. 


and 11 respectively, then the period of 
F(x) fea(- - eoos( 2) i 

(a) 177 (b) 222 

(c) 433 (d) 1155 


The period of sin(x + 4x + 9x + ... + (n + 1)’x) Is 


a then n € N is equal to 


(b) 3 
(d) None of these 


(a) 2 
(c) 4 


The function f (x) = 2 — [x]) + sin2x (& — [x]) is 
(where [| denotes greatest integer function) 

(a) non-periodic 

(b) periodic with period 1 

(c) periodic with period 2 

(d) None of these 


If f(x) =2cot3x+5Vl—cos6x and g(x) is a function 
having the same period as that of f(x), then which of 
the following can be g(x)? 

(a) (sec?3x + cosec?3x) 

(b) 2 sin3x + 3 cos3x 


(c) 2V1-cos* 3x + cosec6x 


(d) None of these 


Let f(x) = x11 — x), O< x < 1, and f(x) 1s extended 
for x € R by fx + 1) = f (x), then fis periodic with 
period 
(a) 1/2 
(c) % 


(b) 1 
(d) None of these 


Dis 2s UX 
x sin( 2) when | x |< 1 . 
If f(x) = 2 , then f(x) is 


x |x|; when |x| 21 
(a) an even function 

(b) an odd function 

(c) a periodic function 


(d) None of these 


Let the function f (x) = x? -— 1 and g(x) = x° -— 7x? + 
5x + 6 be two curves, then number of pairs of points 
(P, Q) where P lies on f (x) and Q on g(x), such 
that tangent at P and Q are parallel to each other is 
equal to 
(a) one (b) two 


(c) zero (d) infinite 


64 


65. 


66. 


67. 


68. 


69. 


70. 


Let fx) > 0 V x € R and g(x) = f(x?) —f@ + 3), 
then g (x) is 

(a) increasing in (0, 00) 

(b) decreasing in (0, 0) 

(c) increasing in R 

(d) decreasing [—1, 2] 


The domain of the function 


r= 3x7 43x =7 


LQ) = SS 
(a) x € (©, 0) 

(b) x € (-, 0] U [1, ~) 

(c) (0, 0) 

(d) None of these 


The domain of 
f(x)= log 24 r41) (3x? —4x+5) is 


the function 


(a) R 

(b) R—- {0, -1} 

(c) [0, 1] 

(d) None of these 

The domain of the 


f(x) = V8-3*7 -3'* +,/sin (2x41) is 


(a) [0, 1] 

(b) (-1/2, 1) 
(c) [-1/2, 0] 
(d) None of these 
If the 


3cos? x+3cosx+4 


function: 


range of the function 


IG) = cos’ x+cosx+] a le Se 
value of 6A + 9+ 2 1s 

(a) 23 (b) 20 

(c) 61 (d) None of these 


The quadratic polynomial f(x) = x? -— px + q has 
prime zeroes (roots). If p + g = 11 and a= gq — p, then 
fia) equals 
(a) 3 

(c) 7 

The maximum vertical distance d between the 
parabola y = —x? + 5x + 7 and line y = 2x + 3 through- 
out the region bounded between two curves is 


@ 2 


(b) 2 
(d) None of these 


25 
(b) os 


25 
(c) re (d) None of these 
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SECTION-IV 


(MORE THAN ONE CORRECT ANSWER) 


~ Which of the following functions are periodic? 
(a) sgn(e~) 


fo) lif x is a rational number 

xX = 

(b) 0 if x is an irrational number 
8 

Cc x)= 

ke) £0) l+cosx l—cosx 


l l 
(d) E + | + E — | +2[-x]; (where [] denotes 
greatest integer function) 


~ Let fx) = [x]? + [x + 1] —3, (where [x] = greatest inte- 
ger < x), then 

(a) f(x) 1s a many—one and into function 

(b) f(x) = 0 for infinite number of values of x 

(c) f(x) = 0 for only two real values of x 

(d) None of these 


. Which of the following is true about the function 
x° —3x+2 
x) = ———_ ? 
fe) x +x-6 
(a) Domain is R — {2, -3} 
(b) Domain is R — {-3} 
(c) Range is R — {1} 


| 
(d) Range is R-|. } 


. Which of the statements given below 1s/are true about 
f(x) =V2-x4+Vl4+x2 

(a) Domain is (-1, 2) 

(b) Range is [V3, V6) 

(c) Domain is [-1, 2] 

(d) Range is (v3, V6] 


. Which of the following is true regarding the relation 


1 I 1 ue, 
08, y-log,, Y-log., Y=— 


(a) It can be written in explicit form as (x* — y’) 
(x? + y* + xy) = 0 

(b) It can be written explicitly as y =x 

(c) Its domain is (0, 1) U (1, «) 

(d) Its domain is (1, ©) 


6. 


10. 


11. 


If f(x) =(+tan x) f + tan (= — sh and let g(x) be 


defined for all real x, then which of the following 
statements is/are true for gof(x)? 

(a) domain of gof(x) is R 

(b) gof(x) is constant V x € D y 

(c) gof(x) is monotonically increasing function 

(d) gof(x) is non-surjective function 


. The function f(x) = VxVx-1 and 2(x) =./x(x-1) 


are 
(a) equal function Vx e R 

(b) identical function in their common domain 
(c) identical functions for x € [1, «) 

(d) None of these 


. Let g(x) be a function defined on [-1, 1]. If the area of 


the equilateral triangle with two of its vertices at 
_N3 | | 
(0, 0) and {x, g(x)} sv , then the function g(x) is 


(a) tV1+2x? (b) V1-x° 
(c) —v1l-x’ (d) vl+x° 


. Let f(x) = sec"[1 + cos? x], where [.] denotes the 


greatest integer function, then 
(a) the domain of fis R 

(b) the domain of fis [1, 2] 
(c) the range of fis [1, 2] 

(d) the range of fis {0, 2/3}. 


ae ae 
If the function (/(x)=sin"' a 5 and 
x 


Z 


x . . : 
> are identical functions, then 
+X 


2(x)=cos | 
domain D p and range R pare given by 


i 
w 2-02] 


TU 
7,02] 


Let X, be the set of values of x satisfying the 


(a) D,= (0, 1] 


l 
(c) Dy = 0.5 


-1 


_ {cos x 
equation in =1;fory € Y, c Z- {0}, then 


4 
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12. 


13. 


14. 


15. 


16. 


1. 


(a) 4, = {-l, |5 
(c) Y= (2, 15 


(b) X, = {-l, 0} 
(yt = t-b. 


Let X, be the set of values of x satisfying the equation 


| 
cos SH “\-0. fory € Y,c Z— {0}, then 


y 
(a) X,=t-L 13 
(b) X, = {-1, 0, 1} 
(c) ¥,= tl, I 


(d) Y,= {-l, 1, 0} 


Number of functions from set {1, 2, 3,...,2} to set 
{-], 1} that are one-to-one 1s 

(a) 2forn=1 

(b) 2 forn=2 

(c) *P, for n = 3 

(d) 0 for n> 3 


Number of functions from set {1, 2, 3,...,n} to set 
{—], 1} that assign —1 to both 1 and n is 

(a) 1 forn=1 

(b) (2)"* for n> 2 

(c) |forn>2 

(d) None of these 


Number of functions from set {1, 2, 3,...,n} to set 
{-1, 1} that assign 1 to exactly one of the positive 
integer less than n, 1s 


(a) Oforn=1 
(b) 2(n- 1) forn>2 
(c) 2forn=2 


(d) (n—1) forn>1 


For the function f (x) = \/log,,. (log, ([x* ]-3)) ; 


({.] denotes greatest integer function) 


17. 


18. 


19. 


20. 


(a) [x2] © {5,6, 7, 8} 
(b) x € (-3, -V5] U [N5, 3) 
(c): [x] 4-352} 


(d) Range of f(x) =  {ylog,,(log; 2), 
vlog). (log; 3), log, (log, 4),0 } 


If f (x) and g(x) are two functions of x such 
that f (x~) + g(x) = e* and f(x) - g(x) = e", 
then 

(a) f(x) 1s an odd function 

(b) g (x) is an odd function 

(c) f(x) 1s an even function 

(d) g (x) is an even function 


Let f(x) = 2x + cosx and g(x) = yx , then 
(a) range of gofis R 

(b) gof is one-one 

(c) both fand g are one-one 

(d) both fand g are onto 


Which of the following functions (is) are/are injective 
map (s)? 
(a) f@&) = |x + 1], x € [-l, 0) 


(b) g(x) = x41 € (0,20) 


(c) h(x) =x? + 4x—5, x € (0, &) 
(d) k (x) = e*, x € [0,00) 


If f (x) = cos [x7] x + cos [-27] x; where [x] stands 
for the greatest integer function, then 

(a) f (m2) =-1 

(b) f(x) =1 

(c) f(-n) =0 

(d) None of these 


SECTION-V 


ASSERTION AND REASON-TYPE QUESTIONS 


A: Exponential functions are defined as y = k’; 
where k € R* andk# 1 
R: The restriction that the base & for exponential 


functions be greater than zero 1s a matter of 


convention; we could have allowed k < 0O 


without affecting the domain or range of the 
function. 


. A: The inverse of a strictly increasing exponential 


function is a logarithmic function that 1s strictly 
decreasing 
R: 4 nx is inverse of e* 


10. 


11. 


: Fundamental 


: Range of f(x) = 


period of sin x + tan x 


is 2% 


: If the period of f(x) is 7, and the period of g(x) is 


Y,, then the fundamental period of fix) + g(x) is 
the LCM of 7, and 7, 


: y=-x + sin x and its inverse intersect on the line 


yr. 


: Let f(x) be an invertible function and f'(x) be 


the inverse of f(x). Then y = f(x) and y = f'(x) 
intersect either on y = x or on y = -—x + c; where 


ceR 


: f(x) = sin x 1s periodic and g(x) = cos x 1s also 


periodic. 


: If the derivative of a function is periodic, then the 


function will also be periodic. 


: function f(x) = sin (x + 3 sin x) 1s periodic. 
: f(g(x)) 1s periodic if g(x) 1s periodic. 


: There is no continuous onto function f(x) defined 


on [0, 2] and whose co-domain is (1, 3). 


: A function defined on a closed interval attains its 


greatest and least values. 


: If y = f(x) is increasing in [o, B], then its range 1s 


Ko), AB). 


: Every increasing function need not to be 


continuous. 


: The greatest value of function f(x) = cos(x e! + 


2x” —x); x € (-1, 0) 1s 1. 


: cos0 has its maximum value 1 if 0 € (k, «) 


for some finite real number k. 


ae f(x)= x# ee eZ - 
2. otherwise 
x°+1; x#0,2 
2e(x)=44; x=0  , then lim gof (x) is 1. 
53 x=2 
1 forx#nz;neEeZ 
+ BU{@)= {s for x=na;neZ 
>If y + cosx = sinx has aé-=eé real 


solution for given value of y, then range of y is 
[-V2, V2] 


a cos x + b sinx is 


[at +8? la +B | 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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3 
A: Range of 4* + 2*+ 4*+2*+3 is 3] . 


R: The given equation reduces to fz) = 27+ 2+ 1, 


A: 


R: 


>If f, g and h are even, 


pe. 
9 hs 


: The function fx) = x° + 4x‘ + 3x + 7 defined from 


R — R is non-injective. 


: Every polynomial of even degree is an even 


function, and hence, 1s non-injective. 


: The function fx) = x* + 5x? + 3x + 1 defined 


from R > R is non-invertible. 


: Every polynomial of even degree is many-one, 


that is, non-injective, and hence, non-invertible. 


: If f: R — R is a function such that fx) = x + 


2f'(1) +xf"(2) +f") V x € R, then 2) —f\l)=-6 


: KO) =- 6 and f(2) — f(1) = (0). 
> If A = §{1, 2, 3, ..., 2n}, then the number of 


self invertible functions f from A—A such that 
Ki) # i is equal to ("C, x "PC, x MC, x... x 
*C, x *C,)in! . 


: Number of ways of distributing (2n) different 


objects into m unnamed groups each having 2 
(2n)! 


(2)".n! 


elements = 


odd and odd 
functions, respectively and each one is a 
polynomial such that 

K-7T) = 9, f3) = 0,7 g(4) = 7, g(-12) = 9, 2(2) = 3, 
h(—2) = —4, h(9) = 12, then 

Kg h(2))) + ghKD)) + AKg(2))) = 9. 


: For every even continuous function p(x) on R, 


p(O) # 0, 1.e., there exist even continuous func- 
tions p(x) on R for which p(0) # 0. 


: There are exactly 3 integers in the range of the 


function f(x)= -a>OFl. 


=— 
2+9a* 


: If the range of a function is (a, B), then the 


number of integers in the range is [B — a]; 
where [.] 1s the greatest integer function. 


If a function f satisfies fix) + f(5x + y) + Oxy = 
f(6x —y) + 2x°+1V x,y € R, then f(5) = —24. 


ee ae 
By substituting y = 5 , In the given equation, we 


can get analytical formula for fx) which gives us 
the value of f(5). 
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SECTION-VI 


LINKED COMPREHENSION-TYPE QUESTIONS 


A: In the given figure, triangle ABC with base BC = b and 


altitude AH = h(AH 1 BC). If EF =x, where EF 1 BC, 
then the area and perimeter of the rectangle DEFG can 
be expressed as function of x. H is mid point of BC. 


A 


B Ss HH F C 


. The perimeter of rectangle DEFG as function of x 1s 


given as 

(a) x(h—b)+bh ) 2414209 
x h 

(c) ae (d) None of these 


. Area of rectangle DEFG as function of x 1s given are 


bx(h+x) bx* 
(a) — (b) ah 
(c) ae (d) None of these 


. Values of x for which perimeter and area are 
numerically equal given that b= 2,h=4 

(a) x=4 (b) x= 1,3 

(c) no real value of x (d) None of these 


: If f: [0, 2] — [0, 2] 1s a byective function defined by 
fix) = ax’? + bx + c; where a, b, c are non-zero real 
numbers, then 


. f(2) is equal to 


(a) 2 (b) a where a € (0, 2) 
(c) 0 (d) cannot be determined 
. Which of the following 1s one of the roots of f(x) = 0? 
(a) (b) 
oe est a 
a b 
l 1 1 1 
(©) - Ole 
C abe 


10. 


11. 


12. 


. Which of the following 1s not a value of a? 


(@) =-- () a=5 
(c) a=-— (d) a=1 


: Let f: R — R is a function satisfying f2 -— x) = 


f2 + x) and f(20 - x) = fx), V x € R. For this 
function f answer the following questions. 


. If fO) = 5, then minimum possible number of 
values of x satisfying f(x) = 5, for x € [0, 170], is 
(a) 21 (b) 12 
(c) 11 (d) 22 


. Graph of y = f(x) is 


(a) symmetrical about x = 18 
(b) symmetrical about x = 5 
(c) symmetrical about x = 8 
(d) symmetrical about x = 20 


. If (2) + f(6), then 


(a) fundamental period of f(x) is 4 
(b) fundamental period cannot be 16 
(c) period of f(x) cannot be 8 

(d) fundamental period of f(x) is 8 


: A tower has the following shape: a truncated right 


circular cone (one with radii 2R(the lower base) and 
R(the upper base), and the height R, bears a right 
circular cylinder whose radius is R, the height being 
2R. Finally, a hemisphere of radius R is mounted 
on the cylinder. Suppose that the cross-sectional 
area S of the tower is given by f(x), where x is the 
distance of the cross section from the lower base 
of cone. 


The domain of the function f(x) is 

(a) (0,00) (b) [0, 4R] 

(c) [0, &] (d) [R, 4R] 

For 0 <x <R, the function f(x) is given by 
(a) m(2R-xy (b) m(R-xy 

(c) mR? (d) 4n x 

The range of f(x) 1s 


(a) [0, 42R?] 
(c) [0, mR°] 


(b) [xR2, 42R?] 
(d) R20, 3nR? 


13. 


14. 


15. 


16. 


17. 


The function f(x) is 

(a) one-one on [R, 2R] 

(b) one-one on [R, 3R] 

(c) one-one on [0, 4A] 

(d) one-one on [0, R] u [3R, 4R] 


: The accompanying figure shows the graph of a 


function f(x) with domain [0, 2] and range [0, 1]. 
Now answer the following questions: 


y 


(iii) 


Figure-(11) represents the graph of the function 
(a) —f) (b) fe-D +1 
(c) (x + 1)-l (d) (x+1)+1 


[1, 3] and [0,1] are the domain and range 
(respectively) of the function in (figure-1) 

(a) —f(x) (b) fx -]) 

(c) f(x+1)+1 (d) f(x + 1) 


Figure-(1i1) represents the graph of function 
(a) 2fx) (b) f@-2) 
(c) f(x + 2) (d) fix-—2)+1 


The domain and range (respectively) of 
(a) f(—x) are [-2, 0] and [-1, 0] 

(b) fix) — 1 are [0,2] and [0, 1] 

(c) fix) + 2 are [0, 2] and [1, 2] 

(d) — f(x + 1) + 1 are [—1,1] and [0, 1] 


18. 


19. 


20. 


21. 


22. 
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If C, is a set of sets and * is an operator which can 
be operated on each pair of elements of C,, then we 
say that. 

(i) C, is closed wrt. ()ifA*BeC,VA,BeEC, 

(11) (*) is associative in C, if (4 *B)*C=A*(B* 
Cy Aub, C GNC 

(111) (*) 1s commutative in C, if (4 * B)=(B* A)V 
A,B EC, 

(iv) C, has an identity element, if there exists J € C, 
such thatA *J=A=I* AVAEC, 

(v) *1s said to be invertible in C,, if for each A € C,, 
there exists B € C, such that d * B=J=B* A. 
Then, choose the most appropriate alternative in 
the following 

If C = {(a, b, c): a, b, c are three consecutive even 
whole number} 

Consider the operation * on C defined by (a, b, c) * 
(d,e, f)=(at+d,b+e-2,c+f-4), then answer the 
following questions: 


Which of the following statement is correct? 

(a) Cis closed w.rt * 

(b) C is not closed w.r.t. * 

(c) Cis closed w.r.t. * but * is not commutative in C 

(d) C is closed w.r.t. * as well as * is commutative 
inC 

Which of the following statement is correct? 

(a) * 1s associative in C 

(b) * 1s invertible in C 

(c) C does not have an identity element 

(d) None of these 


Which of the following statement is correct 
(a) C does not have an identity element 
(b) C has an identity element 

(c) * 1s not associative in C 

(d) All of these 


Which of the following statement is correct 
(a) * 1s not commutative in C 

(b) * 1s not associative in C 

(c) * 1s not invertible in C 

(d) * is not closed in C 


: Let A = {2, 4,6, 8 10, 12} and B = {3, 7, 11} be two 


sets. Then answer the following questions 


Number of functions defined from set A to B is 
(a) (6) (b) (3)° 
(c) °C, (d) °P, 
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23. 


24. 


2. 


Number of functions defined from A to B, such that 
element 3 in B has exactly 2 pre-images in A 1s 

(a) 80 (b) 160 

(c) 240 (d) None of these 


Number of functions from A to B, such that range 
does not contain the element 7 is 

(a) (2)° (b) (6) 

(c) °C, (d) “*P, 


25. Number of functions such that element 3 of B has two, 


7 of B has three and 11 of B has one pre-image in B is 


(a) 90 (b) 60 

(c) 120 (d) None of these 
26. Number of functions such that f(2) = 7 is 

(a) (2) (b) °C, 

(c) (3) (d) None of these 


SECTION-VII 


COLUMN MATCHING-TYPE QUESTIONS 


Match the column 
Column I 
(i) The number of possible values of k if 


fundamental period of sin! (sin kx) is 


(11) Number of points in the domain of f(x) = tan"! x 
+ sin-'x + sec! x 


(ii) f (x) =sin{ =), cosee{ 4 is periodic with 
period 

(iv) If range of the function fx) = cos"[5x], where 
[.]| denotes greatest integer, 1s {a, b, c}, then 
a+b+c=kn/2, then kis 
Column II 

(a) 1 

(b) 2 

(c) 3 

(d) 4 


Match the column 
Column I 
(i) Smallest positive integral value of x for 

which x?— 3x + sin (sin 2) > 0 1s 

(11) Number of solution of 2[x] = x + 2{x} 1s {where 
[x], {x} are greatest integer and fractional part 
functions respectively } 

Gi) If x? + y* = 1, then maximum value of (x + y) 1s 


(iv) (x45 )es(2-Z]= 209 for all x € R, then 


period of f(x) 1s 


Column II 
(a) 32/2 
(b) 3 
(c) 1 
(d) 2 


Column I 
(i) If function f(x) is defined in [—2, 2], then domain 
of f(\x| + 1) is 
(ii) Range of the 
sin’ x+cos’ x+tan' x 


ee 


1 


function 


(111) Range of the function f(x) = 3|sin x| —4 | cos x| 1s 
(iv) Range of f(x) = (sin! x) sin x is 
Column II 


(b) [-l, 1] 
(c) [+4, 3] 


(d) 0,Ssint| 


. Let f(x) = sin’ x, g (x) = cos" x and A(x) = tan” x. For 


what interval of variation of x the following are true? 
Column I 


(i) fivx) + g(x) = 2/2 
Gi) f)t+e (vi! = 0 


2 


- Fee an Bo 
(111) e[ 5] -2h00 


(iv) A(x) +A(l) =h (==) 
l-x 


Column II 
(a) [0, 0) 
(b) [0, 1] 
(c) (2, 1) 
(d) [-1, 0] 


Column I 
a) Number of solutions of 
sgn({x}) = [1 — x] is 


(11) Number of elements in the domain of the func- 
_4({ x°-2 
tion is f(x) =sin (==?) +.4/[x]+[-x] is 


(111) Let f(x) be a function defined on R such that 
fix +2) =f(x-2) Vx © R. If fx) =0 has exactly 
three roots in the interval [4, 8] and 8 is one 
of the three roots, then the number of roots of 
fix) = 0 in the interval [-8, 12] will be (k + 7), 
then k equals. 


the equation 


l l 
(iv) If f(x)=——,, then f (—) is not defined at 
x-l x-1 


x equal to; {where [.] and{.} represents greatest 
integer and fractional part functions respectively }. 
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Column II 
(a) 2 
(b) 4 
(c) 5 
(d) 1 


Column I 


(i) f(x) =J-2V2(costx)-V3-1is defined if 


x lies in 
ge. tes tO 7 ny 
(11) lim Go a a lies in; {where [.] and {.} 
represent greatest integer and fractional part 
function respectively } 
(iii) If ,/log, (0.75) <1, then x lies in 


x1 
iv) If 
a) x+2 


>1, then x lies in 


Column II 


(a) ©, 1) 
(b) (0, 3/4) 


SECTION-VIII 


INTEGER TYPE QUESTIONS 


. If q is the absolute difference of Vx° +x+3 (=y say) 


and x, for which both x and Vx* +x+3 are rationals, 
2 a 

ia ang 18 |g +). 

1—bq |1—bq | 

then find the number of positive integer divisors 

of (a.b.c). 


then x and y are given by 


. Find the maximum numerical value of f(x); 
Kx) — ae oy + ae re 


. Let fix) = x +x — x + x9 + 1. If f(x) is divided by 


x* — x, then the remainder is some function of x say 
g(x). Find the value of g(20). 


l 
. if s(x +4] =x° +x, then find f(7). 
x 


10. 


. The 


. If fx) is an even function, then find the number of 


+1 
distinct real numbers x such that f(x) = f ( a *] 
x 


. If fix + y) = fx). fv) V x, vy € N and f(1) = 2, then 


find > f(n). 


If g(x)= tos’ x~2oos2x-eosdx-2 J then 


find the value of g(g(2016)). 


fundamental period of the function 


sinx+sin3x+sin5x+sin7x . Zz 
———————_— — 1s —,, then find k. 
cos x+cos3x+cos5x+cos7x k 


. If the function sin“'(sin 42x) is periodic with period k, 


then evaluate 4k. 


If the period of f(x) satisfying the condition: f(x + p) = 1 
+ {1-3 fx) +3 ff) —f (x~)} 7 is Ap, then evaluate 2. 


. Find the period of f(x) satisfying the condition 


fix - 1) + foe + 3) = fle + 1) + fle + 5). 
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12. The function f(x) = ae (m—1)x?+(m+5)x + 11 is 
invertible only for k integer values of m. Then find k. 

13. Let f(x, y) be a function satisfying the functional 
equation: f(x, y) = f2Qx + 2y, 2y -— 2x) for all 
real numbers x, y. Define g(x) by g(x) = f(2*, 0). 
Also given that g(x) 1s a periodic function with 
period k, then find value of k. 

*+6x-8 

14. Ifthe function f R > R defined by f(x) = meee 

at+6x-8x 
is onto for a € [m, n], then evaluate Vmn—3 . 
. x4 — 

15. Given the function y= ice and the initial value 
of the independent variable x, = 4 — A. At what 
terminal value x, of the independent variable x, the 

l 
increment Ay equal to ri 
Answer Keys 
SECTION-III 
1. (b) 2. (a) 3. (Cc) 4. (c) 5. (c) 
11. (a) 12. (b) 13. (b) 14. (b) 15. (b) 
21. (c) 22. (d) 23. (d) 24. (a) 25. (a) 
31. (c) 32. (a) 33. (a) 34. (b) 35. (b) 
41. (b) 42. (b) 43. (b) 44. (d) 45. (c) 
S1. (b) 52. (Cc) 53. (a) 54. (d) 55. (d) 
61. (b) 62. (b) 63. (d) 64. (b) 65. (a) 
SECTION-IV 
1. (a,b,c,d) 2. (a,b) 3. (a,d) 4. (c,d) 
9. (a,d) 10. (ad) 11. (b,c) ~— 12. (a,c) 
17. (b,c) 18. (a,b,c,d) 19. (a,c,d) 
SECTION-V 
1. (c) 2. (d) 3. (c) 4. (a) 5. (c) 
11. (a) 12. (d) 13. (c) 14. (a) 15. (c) 
SECTION-VI 
1. (b) 2. (c) 3. (c) 4. (c) 5. (a) 
11. (a) 12. (a) 13. (b) 14. (d) 15. (b) 
21. (c) 22. (b) 23. (c) 24. (a) 25. (b) 
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16. 


17. 


18. 


19. 


20. 


26. 


If f(x)=cos’ x+cos (| —Cos x cos Fs] 


and 9(3/4) = 2, then find the value of (gof)(1). 


Find the number of maps f from the set {1, 2, 3, 4} 
into the set £1, 2, 3, 4, 5} such that f@ <Q), when 
ever i<j andi,j € {1, 2, 3}. 

The quadratic polynomial p(x) is such that p(x) > 0 
Vx € R and p(1) = 0, p(2) = 2. Find the value of 
pO) + p(s). 

Let p be the product of non-real roots of the equation 


x4 — 4x? + 6x? — 4x = 2008, where [.] denotes the great- 
est integer function, then find [p]. 


Find the maximum number of points of intersection of 
the function f(x) = ax? + bx + c, a > O and 


g(x) = 


x7 40 

~ (b) Te) 8. (c) 9. (a) 10. (c) 
. (d) 17. (c) 18. (b) 19. (b) 20. (d) 
. (d) 215-60) 28. (a) 29. (b) 30. (b) 
. (c) 37. (b) 38. (b) 39. (c) 40. (d) 
. (a) 47. (c) 48. (b) 49. (c) 50. (b) 
. (a) 57. (d) 58. (a) 59. (b) 60. (c) 
~ (b) 67. (c) 68. (c) 69. (b) 70. (c) 
. (b,c) 6. (b,d) 7. (b,c) 8. (b),(c) 
. (a,b,d) 14. (a,b) 15. (a,b,c) 16. (a,b,c,d) 
» (a,c) 
~ (b) 7. (c) 8. (d) 9. (b) 10. (c) 
» (a) 17. (b) 18. (c) 19. (a) 
5 (C) 7. (b) 8. (a) 9. (c) 10. (b) 
3. (C) 17. (d) 18. (a,d) 19. (a) 20. (b) 

(Cc) 
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SECTION-VII 
1. Gd) > (b), (11) > (b), (111) — (b), (iv) > (c) 
2. (1) > (b), (11) > (b), (111) — (d), (iv) > (b) 
3. (1) > (b), (11) — (a), (111) > (Cc), (iv) > (d) 
4. G@) > (&b) (11) > (d) (111) —> (a) (iv) > (c), (d) 
5S. @) > (d) (11) + (Cc) (111) —> (b) (1v) — (a), (d) 
6. @) > (c) (11) + (a) (111) — (a), (b) (iv) > (d) 


SECTION—VIII 
1. 6 2. 1507 3. 41 4. 322 5. 4 6. 2046 7. 2016 8 4 9.2 10. 2 
11. 8 12. 6 13. 12 14. 5 18. 8 16. 2 17. 175 18. 10 19. 45 20. 4 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE—1: (SUBJECTIVE) 


f(x)= ee ; 1) doesn’t exist 
f{Q2)=¥2-4=J4—4=0 
f(-3)= (37 - 4 = V9=4 = V5 
reas 
And when x — 5 side f(x) — +00 

Therefore, f(x) is not defined at x = 4 and x = 5. 


$j 4 


x-l 


, when x > 4, fx) ~ to 


1 1. 
=> f(l= oa = - 1.e., not defined, therefore, f(x) is not 


defined at x = 1. 
As the numerator is never zero, therefore, f(x) cannot 
attain the value 0. 


F(x) = YQe-Y(x- 4) 
(i) For f(x) to be undefined, the quantity inside the square 
root should be negative, therefore, (x — 1) (x — 4) <0. 
=> xe (1,4) 
1 1 


- fe) Je-D@—4) 


to be undefined, the quantity inside the 
f(x) 


square root should be negative or 0, therefore, (x — 1) 
(x — 4) <0. 
=> xe[1, 4] 


(iii) f(x) = J (x- D(x- 4) = Vx" - Sixt = [+-5) os 


For 


5) 9_ 9 ; 
= (+-5] yee but for f(x) to be defined 


=> fix)>0 => f(x) € [0, ~) 


(3) 
pee) ae 
a) A 


] 


ro. 
oY Gy I@=nGs® 


=> (x-1]l)(#-4) =x -5x+4= 


to be defined 


1 
For —————__— 
2 afl (x—- 1)(x - 4) 


6. 


= —— E (0,0) 
(-3) -3 
prema | mre 
2 4 
1 
=> E (0,0) 
f(x) 
. (a = ———_——_——_;, for to be defined the 
@) =: for fo 
denominator should never be zero. 
=> xx-]l@-2)#0 => «#0,1,2 
=> xe R~ {0, 1,2} 
2 —_ 
(b) f(x)= al a ; for f(x) to be defined the denominator 
x +x 
should never be zero. 
=> v+x#0 => xwx+1)#0 
= 20,—1 > xe R~ {0,-]} 


(c) (x)= —2**_ ; for ftx) to be defined x2 + x +1 #0 
x +xt+l1 


As the discriminate of the quadratic in denominator is 
1 — 4 = -3 1s negative, hence, the above quadratic 
expression has no roots, 1.e., x7 +x + 1 #0. Hence, D, 


=R. 
: ; for f(x) to be defined x —3 > 0 


(dd) f(x)=—— 
{@)= = 
> x>3 => xe(3,0) 

(e) f(x)=Vx-4; for fix) to be defined x — 4 >0 

=> x24 => xe [4, 0) 

(ff) f(x)=Vx-2+<Vx+4+2; for f(x) to be defined x —2 > 0 
andx+2>0 
=> x>2andx>-2 

=> xe [2, 0) 

(g) f(x)=Vx-44+~7- x; for fx) to be defined x -4>0 
and 7—-x>0 
=> x>4and7>x 

=> xe [4,7] 


] 
h) f(x)=———_—— 
Se sr ae ae 
Oand6—x>Oand Vx-4-~VJ6-4+0 
x>4and6>xand Vx-44vV6-x 


=> 
=> xe [4, 0) and x € (-,6] andx-4746-x 
=> xe[4,6])andx#5 => xe [4,6] ~ {5} 


Gi) f(x)=Vx-7-vV3-x5x-7>0and3-x>0 


=> xe [2,0)andxeé [-2, 0) 


=> xe [4, 0) and xe [-«, 7] 


; for f(x) to be defined x — 4 > 


=> xe[7, 0) andx eé (-~, 3] 
> xed 
a ;>x—-1l1>Oand6-x>0 


(a) COV eee 
x>landx<6 
x € [1, 6) 


=> xe[l,o)and x € (-~,6) 


10. 


=> 2x—7=0or(2x-—7)(6-x)>0 
= spiel or re(Z.6] = re|26] 
2 2 2 
—1 
(c) f(x)= - ,;x-l1>Oand6-x#0 
—x 


=> xe[l,w)andx#6 => xeE[l1,~)~ {6} 


(d) f(x)=(Vx—-1)(6- Vx); x>0 


=> xe [0, o) 


(e) f(x)=(vx-1Y(6- x) 


x>Oand6-x>0 > x>Oandx<6 
x € [0, 0) and x € (-«, 6] 

x € [0, 6] 

(a) f(x)=vx-1V6- x 

=> x-—1>Oand6-x>0 

=> x>land6>x 

=> xe[l,o)andxe (~~, 6] 

> xe[l, 6] 

(b) f(x) = ¥(x- I(6- x); @- I(6-x) 20 
=> xe[l,6] 


(ce) f(x)=vx-x° 


=> x(l-x>0 


(i) f(x)=V5-x+vVx-2 

=> 5-x>Oandx-2>0 

=> xe (-o, 5] and xe [2, 0) 

=> xe [2,5] 

(ii) f(x)=V3-x+vVx-5 

=> 3-x>O0andx-5>0 

=> x<3andx>5 => xe (-o, 3] andxeé [5, «) 
> xed 


f (x)= Vx? +x4+1;f A — B; where A = {0, 1,2, 3} and B 


= set of irrational numbers 


f(0)= V0? +04+1= V1=1; Which is not irrational num- 
ber, hence, the output doesn’t lie in co-domain, therefore, 0 
do, not lie in the domain of £ 


f(2)=V27+24+1= V44+241=7; which is irrational 


and lie in co-domain, therefore, 2 lies in the domain of 


f{B)=V3?+34+1= 13; which is irrational and lie in co- 


domain, therefore, 3 lies in the domain of f. 


Hence, D, = {1, 2, 3} and R, = {/3, 7,13} 


=> x-x>0 


=> xe[0,1] 


(i) f(x)=vV1-x’ => 1-x>0 
=> (l-x(1+x)2>0 

xe [-l, 1] => D,=[-l, 1] 
=> x>0 => -<0 
=> 1-x<l 


=> yVl- x? €[0,1] — 


R,= (0, 1] 


11. 


12. 


13. 
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(ii) gx) =— = D,=R- {0} 

=> xe(-0,0)U(0,0) > fe (—29, 0) U (0, 29) 
=> R.=R~ {0} : 

(il) A) = => D,=R-{0} 


ax € (-22,0) U (0,0) 


=> xe(-0,0)U(0,0) > 


— zs E (—e0,0) U (0,00) 


ax 
=> D,=R— {0} 
(iv) O(x) = V1- x? => 1-x>0 
> d-»y(Ut+wy>0 => D,= [-1, 1] 
=> xef-l,]l] 
=>: 20 => -<0 
=> 1-x<l 
=> 1-x €[0,]] => R=(0,1] 


Hence, (f(x), d(x)) and (h(x), g(x)) are the pairs of func- 

tions having same range and domain. 
A = {x: x 1s a positive integer divisor of 36} = £1, 2, 3, 4, 6, 
9, 12, 18, 36} 

x 

IO)= CG Dx 3)tx 10) 
f(x) is not defined when x € {1, 2, 3, 4, 6, 9}, but f(x) is 
defined when x € £12, 18, 36} 
Hence, D,.= {12, 18, 36} 


12 12 
f2) = oo i@oa_o_  _‘__—_————__ = — 
11x10x9x8x7x6x5x4x3x2 II! 
18 18x 7! 
f8) = — A = 
17x16x15x14x13~x...x8 17! 
36 36x 25! 
f (36) = = 


35x 34%33X...x%26 35! 


A = {9, 10, 11, 12, 13}; f A— N 

fix) = The highest prime factor of n 

K9) = 3; f10) = 5; F011) = 115,12) = 3; (13) = 13 
eo R= 435,55: LL TS} 


In AABC, AB= 5 (half of the height of cylinder) 
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. b 
Volume of cylinder = 2 x (BC)* x x = nx[R 7 hus 15. ee tanC = 


= 7x es 
4 


As volume of cylinder can never be negative or 0 and 


height of cylinder can never be negative or 0 D hE 
nxx{R-2] R+=)>0.and x>0 f A 
ou e B: c 
= {r-] x+=}>0 and x > 0 b 
=> x(2R—x)(2R+x)>O0andx>0 a5 as. is pes 
> x € (0, -2R) U (0, 2R) and x>0 5 FC 2h 
=> xe (0,2R) 2 
=> 0<x<2R = HF =HC-FC= 7-24 =2(1-2| 
2 2h 2 h 


14. Case I: x € (0, 1] 


b x x 
=> GF = 2HF =2x2{1-*)=6(1-*] 
2 h h 


Perimeter of rectangle DEFG = a(x (1 - *)) 
Area of rectangle DEFG = x x (1 - *)- br(1 - *] 


TEXTUAL EXERCISE-1: (OBJECTIVE) 


I l I 
Area of sector AOB = r’°@ = 1? x cos™ (1 — x)= cos™ (1 — x) 1. (a) f(x)= ae => r(+}- ee 
—x x 


ie 
l 
Area of AABP =— x(l— x)X 2x y1—(1- x)” x 


= (l-x)V1-1-x°+2x = (l-x)V2x- x 2. (ce) f(x) = logd— x)+V2x°—-1 
l1—x>Oandx*-1>0 
Area of segment AOB = cos '(1— x)— (l- x)V2x- x’ x<land@-I@+)D20 


=> xe(-o,1)andx (-,-1] U [1], ~) 
=> xe(o,-l] 
3. (a) f(x) = ax’? + bxt+e¢ 

Kx + 1) = ae? +2x+ 1) + bx+b+c=ax’?+(Qa+ b)x 
ge? eee ae 
Kxt+ 1) —-f{x) = 8x43 
ax’ + (2a+ b)x+a+b+c-—ax’*—bx—c=8x+3 
2ax+at+b=8x+3 
2a=8 => a=-4anda+b=3 

=> b=-1 


4. (c) p(x) =a’ + bx 
q(x) = lx* + mx+x 


Case II: x € (1, 2) 


“. p(l)— (1) =0 
2 — a — — . 
Area of segment AOB = mr’ — area of segment ACB => (@+b-l-m—-n-0 sees (1) 
=> p(2)- 4(2)= 1 
= (1) —[cos '(1— x)—(1- x)V2x—- x7] => (a2+2b)-(4l+2mtny=0 a. (ii) 


And p(3) — ¢(3) =4 
= w—cos (l—-x)+(1-x)V2x- x’ => (a? + 3b)—(91+3m+t+n)=4 


10. 


(a) 


Se UuUU vu YJ 


YUUUUY 


(a) 


— 


Solving (1), (11) and (ii1), we get 
l=-1,b-m=2,@-n=1 

p(x) -— g(x) = (@ —n) + (b-—m)x — be = 1 —2x4+2x2°=@-1Y 
pP4)-q4)=4-1P%=9 


f(x) = log(log x) — log(4 — log x) - log3 
=n toe log x log x . 
3(4- log x) 3(4log x) 
log x ee, an 4logx—12 . 
4-logx 4-logx 
logx—3 2 
4-—logx 
log x =3or Obs Tas >0 
4-logx 
x = 10° or log x € (3, 4) 
x = 10° or x € (10°, 10%) 
x € [10°, 10%) 


3” = 2** 32" y to be real 3” > 0 


Dea Sh 

Ae 3 Sx 

x4 —4x°+3<0 

(x? — 1) (* -— 3) <0 

(x— 1) (x + 1) @&— V3) & + V3) <0 
x € (-V3 -1) Ud, V3) 


| 2x+1 2xF 1 
a CAMO Vor) 
xe R-— {1l1,-]} => R- £1,1]} 


f (x) = flog, (cos(sin x)) 


cos (sin x) > 1 but cos (sin x) € [-l, 1] 


=> 
=> 
=> 


(b) 


YuUY 


(a) 


y 


YVUUUY 


cos (sin x) = 1 
sin x = 0, 2z, 4z but sin x € [-l, 1] 
sin x =0 => x=nn,wherene Z 


l l 
I(QX)= 6 4 2 = 4 2 2 
Vx° —13x°+36x° f(x" —13x° +36)x 


l 


af (x” — 9)(x* — 4)x? 


x? (x — 3) (x + 3) (x—-2) (x + 2)>0 
(x — 3)(x + 3\(x—2)(x + 2)>0,x 40 
x (0, -3) U (2, 0) U (0, 2) UGB, ©) 


f(xax+z—= yr y20 
x +] 
4 2 
= tet = HU -yy 2 +(-y=0 
x +1 


Equation to have real roots, D > 0 
(haya lay) 2 0 
(l-y)(U-y-4)20 


V-l(Wvt3)>0 => y>0 
yt+3>3 => y-1>0 
y2l => ye[l,) 


Functions < 2.299 


11. (a) f(x) = log, (log, (log, (18x — x’ — 77))) 


=> 
=> 
=> 


log, (log, (18x — x* —77)) > 0 
18x —x?-77>3 => x’ — 18x+ 80 <0 
(x-10)(x-8)<0 => xe(8, 10) 


12. (c) log, (log. ,, (log, (2x + 1)) = f(x) 


fix) to be defined 
2x + 1>0 and log, ,, (log, (2x + 1))> 0 


x2 and log, (2x + 1)<1 


re{-2.0) and 2x+1<8 


TEXTUAL EXERCISE—2: (SUBJECTIVE) 


1. f 7 {(Q, 1), (B, Df, i {(a, 2), (B, oa) ae = {(a, 1), (B, 2); 
f, = ta, 2), (B, 13 


2. (a) log,x + log.(v + 2)=8 


=> 


Domain: for log, x to be defined, x > 0 and y= a 2 
x 


=> 
=> 


— 


(c) 


log,.x(vt+2)=8 => xmMy+r2)=>> 


8 


xe (0,0) andy+2>0 


5° 
—>0 = 0 
x 
x € (0, «) 
3°99 (x? — 3) =x - 27 
oe x -27 
Se => xt+y=log,|—; 
x -—3 x -3 
_ x°-27 
y= log, ar —x 
3 
Domain: — er; 
x -3 


(x — 3)(x° +9+3x) 6 
(x — 3)(x+ V3) 

(x — 3) 
Ga V3Ke+V3) 


[x* + 9 + 3x is always positive as D < 0 and leading 
coefficient > 0] 

x € (-V3,V¥3)U(3,~) 

=> y=8x-4y => y+4y+4=8x+4 


2 = 
(y+ 2) =a( 2+ 


2.300 > Functions 


1 oy daa 
> y=t s(x+2]-2 OE oe 
Let x, =x, => x,+tl=x,+1 
ae I | | 1 | —2 —2 
Domain: | x+— |20 => x2-—>x*E/|--—.- => = — = 
2 2 2 0 aa ol a, co oa oa) ee ew | 
3. (a) Y-2y-x = 0; y> 1 Bi Gee yap RO ate, BI Ng ase 
=> y-dtl=x+) : x+1 x, 41 iat 2 
> V-l~%=xr+1 => —-l=Vx°+1 ae 
aa ae z . Hence, it is a function. 
=> [y-120>5 y-l=Vx' +1] Let y, =, 
> y=lt+yvx'4+1 => »x?+1>O0true forall x eR ~ AT!I_%7! -, ,-* =)-_2 
=> D,.=R MeL el xck | 2 ge al 
(b) y-2y tx =O0,y<1 = ee l 1 
> (V-l1°%=1-2+ => = => = =>%x, =x 
x,+1 x, +1 x%+1 x41 aa 
=> y-l=-vl-x => y=l-vl-x;[y-1<0] : ee . 
ae ere ee it is an injective function. 
> xe[-l]] => D=[-1, 1 oe aia - 
Let x, = x, => 4x,-3=4x,-3 
5. (a) Y3=3xt4 => y=(3x4 4p => y2=y? 
1 2 
ah ee Oh V9 aD, 


Hence, it is a one—many relation, so, it is not a function. Hence, it is a one—many relation, so, it is not a function. 


(b) y= 2x + | (h) y=ax’?+bx+c 
Ifx, = x, = 25,2 2%, b b 
2.4 42 - Let x, = x, => x%+—=x,+— 
=> 2x, +1=2x,+1 => V7), : : 2a 2a 
Hence, it is a function. ( b ) ( b ) 
— => 5S |S |e 
Ify, i y> 2a 2a 
=> I +ha2x +1 = ax, 2 2 
=> x, =x, orx, =—-x, => af] -(=*) 
Since it is a many—one function, it is not injective. 
(c) w=2tanx+5 => y=tV2tanx+5 z b\) (b?-4ac 
, ; = al x, +— | -—}| ——— 
It is a one—many relation. * 2a 4a 
Hence, it is not a function. => 7), 
Hence, it is a function. 
(d) y=v3x4+2 a 
If x, = x, => 3x,+2=3x,+2 me ale 
= 2 ax x oro = ax De 
=> 3x,+2=./3x,+2 > y, =), A ‘ : 
Hence, it is a function — af x >| (74 | 
Ify, =y, >> - AfI% DS 4f5xX,-F 5 2a 4a 
=> 3x, +5=3x,+5 ( 4) b? —4ac 
iene ie > 2a 4a 
Hence, it is a one—one function, 1.e., injective. : ; 
(e) Y= 22-1 EN (2, +] [+2 | 
Let x, = x, => 2x/-1=2x5-1 2a 2a 
Seo. 23 ae: ae b 
= M2 > YV7-Vy,=0 => x, =x, Or x,=-x,-— 
=> (,-yV) V+ YY, + y,’) ae - : eee 
> yy, Hence, it is a many—one function, and therefore, it is not 
1 ae ; . 
Hence, it is a function. injective function. 
Let y, =y, (i) yp=3x+1 
a ; Let x, = x, => 3x,+1=3x,+1 
= x -1)°= (2x; =I); =a yy =v 
=> 24 PLS 2h ard (Y, —¥)O,’ + yy" + yy,) = 0 
=. ke =e =O => (x,-x) (4, +x) =0 = ie irc tataat 
= = ” ence, itis a function. 
= oe i. eer Le = => (3x+1)%=(x,+1)% 
Hence, it is a many—one function, so it is not injective. ae 8 ~ x, 


7. 


=> 3x,+1=3x,11 
=> x, =x, 
Hence, it is injective. 
(i) y=vx 
Let x, =x, > 
Hence, it is a function. 


Jt =k, SS, 


(ii) x°+2y’°=8 => 2yY-8-x 
me y 8—x° 
2 
Let x, = x, => x7=-x, 
mn 8- x 8-35 
2 2 
=> yay, => yy, Oy, =, 


= Hence, it is not a function. 
(iii) P + =4;y>0 
y =4_~ 


Y,-yJO,+¥)=90 > y, =y, oF 

Vi. = J, 798 

Hence, it is a function. 

(iv) * +y=4,x>0 => 
let x, = x, => ; ; 

ee a oe 

yyy,’ = 

yi —S5 ory, = m4) 

Hence, it is not a function. 


2x+5; x20 


YUUY 


OY, — y,) 0, + y,) =0 


YUUY 


(Vv) y=y-x? 
a ; x<0 
4 
For x= 0; letx,=x, = 2x, +5=2x,+5 
=F eto 2 2 
= Mae 2s 9 
For x <0;letx,=x, => ae =>),=), 
Hence, it is function. 
(vi) y= x, 
Let x, = x, > yP=y, 
=> OY, — y,) (y oe + yy.) =0 
> Y,~); 
Hence, it is a function. 
(vii) 4 = 2x 
let x, =x, => 2x, = 2x, 
=> yy; 


=> 07-9)? +7) = 0 
=> Y,—y, OY, =-y, ory, = y, = 0 
Hence, it is not a function. 


a 2x+1; x<4 
” Paes fo= |, x>4 

Let x, = x, = 2 Sao aaa Se | 
=> f(x,) =Kx,) 

Forx>4 

Let x, = x, => x,+4=x,+4 


10. 


Functions < 2.301 


=> fx) =fx,) 


=> fx) is a function. 


(b) en ae O<x<3 
(13x; 3<x<10 


For 0<x<3 
Let x, =x, =. 5 
=> Kx) =fex,) 
For 3 <x < 10 
Let x, =x, 
Hence, h(x,) = h(x,) 
Atx=3 
=> fx) =x = 37=9 =i Ax) = 38 33> 9 
Hence, h(x) is a function. 


=> 3x, = 3x, 


i 2G; x :0<x<2 
Cc xX)= 
2 3x :2<x<10 


ForO0<x<2 
Let x, =x, 

=> gx,) = gx,) 
For 2<x< 10 
Let x, =x, 

=> xx, = x(x) 
Atx=2 
2(x) =x? =4 and g(x) = 3x =6 
Hence, at x = 2 the relation has two values, hence, it is 
not a function. 


Length AB=~4°+.x’ and length BC =,/3?+(4-x)’ 
From Pythagoras theorem 


rat 


Hence, f(x) = ¥16+ x* +¥25+x’ —8x ; for x € [0, 4] 


See the answer 


2.302 >» Functions 


11. 
12. 
13. 


14. 


if x>0 
if x<0 


x’ +2; 


(ii) g(x) = >: 


See the answer 


See the answer 


(a) fix) = 

=> fla)=a’;, f(b) = b 

=> fa+b)=(at+ bP=a? +b? + 2ab # fia) + fb) 
(b) f(x) = 5x 

=> fla)=Sa;, f(b) = 5b 

=> fla)+ fib) =5a+5b=S5(a+ b)=flat b) 

(c) fix) = -6x 

=> f(a) = —-6a; f(b) = —6b 

=> fla) + f(b) =—-6a — 6b = -6(a + b) = f(a t+ b) 


(@) f(x)=Vx 

=> f(a)=Va; f(b)=~b 

=> f(a)+ f(b)=Vat+vb ¢Jat+b 

=> fla) + flo) + flat b) 

(e) fix) =3x+1 

=> fla)=3a+t+1; f(b) =3b+1 

=> fla)+ f(b) =3a+1+3b+1=3(at+b)+1+1 
=> fa+b)+1#fa+tb) 

(f) f(x) = log x 

=> fla) = log a; f(b) = log b 

=> fa) + fb) = log a+ log b= log ab # log (a+ b) 
=> fla) + flb) # fla + b) 

(a) f(x) = 8x 

=> fla) = 8a; f(b) = 8b 

=> fla) . fib) = 8a x 8b = 64ab # 8ab 

=> fla) . fib) # fab) 

(b) fx) =x 

=> fla) =a’; fb) = b 

=> fla) . fib) = ab = (ab) = fab) 


(©) f®=5 


= f@SO=Z* B= Gyre Mab) 


(d) f(x)=Vx 


= f(a)=Va; f(b)=Vx 
=> f(a).f(b)=Vavb = Jab = f(ab) 


15. 


16. 


(e) fixy=x+2 

=> fla)=a+2;,fb)=b+2 

=> fla). fib) =(at+2)(b+2)=ab+4+2(a+b)#ab+2 
=> fla). f(b) # flab) 


Kx t+ y) =f{lx) + fy); A) = 3 for all integers x and y 
(a) fix ty) = fix) + f0) 
Let xe y=! 
=> fl+)=f)t+A) 
=; f2)-— 3 3-6 
=> f(2)=6 
(b) Letx= 1, y=0 
=> fi+0)=f1)+f0) > f0)=0 
(c) Letx=-l; y=0 
=> f-1+1)=fA1l+/fA-)) 
= f%=AD+fE)) 
=> 0=f)+fEl) 
= f-l) =~) =-3 
 f6)=f2 x 3) =24+3=5; Also f(6)=fl x 6)=1+6=7 
= (6) does not have a unique image 
=> fx) 1s not a function 


TEXTUAL EXERCISE-2: (OBJECTIVE) 


- (c), (d) 


(a) one—many relation as 3 has two images in ¥ 1.e., 2 and 4. 

(b) Not a function as 7 has no image in Y. 

(c) is a function as every element € X has only one image 
in Y. 

(d) is a function as every element € X has only one image 
in Y. 


. (a) (a). For every x EN, y>3 andye W 


= isa function. 

(b) * For f(2)=—2€W 

= fis nota function. 

(c) ' y=+te+2) 

=> yis one—many, and hence, it is not a function. 
@) v y=4e-1 


=> yis one—many relation (not a function). 


- (c), (d) 


(a) fi {-2, 0,2} — {0, 1, 8, 3}; fx) = x 
If x = —2, then f(x) = -8; which 1s not present in co- 
domain, hence, it is not a function. 

(b) fi {0, 1,4} > £2, 1,0, 1, 2}; f(x) =4Vx 
Ifx=1, then f(x)=+Vx =+1 
Hence, for one input there are two output, hence, it is 
not a function. 

(c) f {0, 1,9} > £3, -1, 0, 1,3}, f(x) = Vx 
Ifx=0; f(x)= Vx =0;ifx=1, f(x)=Vx=V1=1 


Ifx=9; f(x)=Vx = V9 =3 

Hence, for every input, there is only one output and all 
of which are present in the co-domain, hence, it is a 
function. 


10. 


(d) f {0, 1, 9} rs {-3, —1, 0, 1, 3}; f(x) =—vx 
Ifx=0; f(0)=-VJ0=0,ifx=1, f()=-V1=-1 
Ifn =9; f(9)=-V9 =-3 


Hence, for every input, there is unique output and all of 
which are present in the co-domain. Hence, it is a func- 
tion. 


(a), (b) (a) Foreveryxe N,ye W 
=> yisa function. 

(b) Foreveryxe N,y>Oandye W 
=> yisa function. 

(c) y=tVx+1 

=> yisarelation nota function. 


(a) (a) Every element of domain has a unique image in co- 
domain, hence, it is a function. 

(b) x, do not have an image 

(c) x, has two images 

(d) x, has two images 


(c), (d), (f) 

(a) many—many relation 
(b) one—many relation 
(e¢) many—many relation 
(g) many—many relation 


(c) *.. Output is obtained by increasing the magnitude of 
input by 1 unit. 


(c), (d) 

(a) From [6, c], the relation is a one—many relation, hence, 
it not a function. 

(b) At x = 5, the relation has two images. 


(b) *.. On [1, 2) U [7, 8], fx) 1s one—one and f(x) € [1, 2) U 
[4, 5], 1.e., f(x) 1s in co-domain. 

(a) From (5, 7], the function generates values which are not 
an image in co-domain. 

(b) At x =5, the relation has two values, hence, it is not a 
function. 


(d) 


@) bIW2—Fi (40242) forx <0 
=> y=t2-|x)- {i 
+(2—- x) forx 20 
= Relation represents one—many relation, and hence, not 
a function. 
(b) xt+y=+4 
= Relation is one—many. 
(c) |y| =x? + sinx 
= Relation is one—many. 


(4) pl = |x? -2=2—x= [x-+] af 


=> y=-xid 


=> y= dx’ + sinx) 


Functions < 2.303 


ra cae 
=> |x--—]|]--=|x%,--—]-- 
2) 2) 4 


> y,-), = Itisa function 


11. (a), (b), (c) 


AB and AC must be symmetric about AO 
Area (ABDC) = 2(area of AOAB) + (area of sector OBDC) 


eee 2 ‘ 
= afi sina — a) |4+ (ar?) = 
2 20 3 


1X 
> sinag+a= = 
a satisfies the function 


f(a)=e{x+sinx—4 | VceERneR 


12. f R- {0} > R; fee 
x 
| 
a” Bg _ f(a’). 
(a) [F)-5-¢-f2 nen (True) 
b” 
1 1 1 


b "+ b")= x—+ 
my Ie ) a”"+b" a” b" 
=> fa"+ b") # fa")+f(b\neN (False) 
1 


a 


(ce) f(a")= -(+) =(f(a))"sn EN (True) 


(d) fa'ys(= } = xa" =1; neN (True) 


TEXTUAL EXERCISE—3: (SUBJECTIVE) 


. (a) P—6x>0 x(x—- V6\(x+ V6) >0 


=> xe[-V6,0]U[V6,) 

(b) x°—9x* +8>0 => (*-1)@’-8)>0 

=> («*-1)@-2)@’°+1+x)@+44+2x)>0 

=> (x-1)@-2)>0 
[". (x? + x+ 1) and (x? + 4 + 2x) are always positive as 
D <0 and leading co-efficient > 0] 

=> xe(-~o,1)U(, 0) 


2.304 > Functions 


(c) 
=> 
= 


xt —2x?-8>0 => (7° +2)\(x’-4)>0 
(x? + 2) (x -—2) (x + 2)>0 
x € (-, —2] U [2, «) 


2. (a) (2-9) (x + 1) (2 —2x-3) (x-1)>0 


=> 
=> 
=> 


(b) 


(b) 


(x — 3)? (x +3)? (x +1) (e—- 1) (e—-3) (x +1) 20 


(x- 3) (x+3P @+1/P%@-1)20 
x € (-o, 1] U[3, ~) 

(x? + 3x +1) (x? + 3x-—3)>5 

(x? + 3x)? — 2(x? + 3x) -8>0 

(x? + 3x — 4) (xX? + 3x+2)>0 

(x +4) (@-1) +41) («+2)>0 
x € (-«, 4] v [2-1] U []1, ~) 
(x — 2) (x — 3) (x — 4)* (x - 6) > 0 
x € (-, 3] U[6, 0) U §{4} 


= sx € (-2,4 
aaa (—2,4) 


3x € (6, 12) 
3x —2 € (-8, 10) 


amar) td 
E| —co,-— |U| —,0 
3x—2 8 10 


x-1 
= s-lL<x<3 
g x+2 
bo otal a _ 3 
x+2 x+2 
" x € (-l, 3) 
l l 
x+2e(1,5) => (5.1 
x+2 5 
= (3-3) Sie (-25) 
x+2 5 x+2 5 


x? € [4, 9] => +4 e [8, 13] 
1 F q F q 
x+4 1138 **173°8 
2 
x -1 
yas -l<x<3 
x +1 
x°+1-2 2 
= 5 =|- 5 
x +1 x +1 
x = (-1, 3) => x € [0,9] 
1 1 
x*+ 1 [1, 10] — (5.1 
x°+1 (10 
=) 1 2 4 
5 e|-2.-) = es c|-14] 
x bE 5 x +1 5 


4 
€|-l1,— 
vel 4 


4. (a 


) (x +1) (x—-1)(x+ 4) (x- 3)' z 

(x+8)(2x — 3)(x— 6) 
=> (x+ 8\(x+ 4x + 1)(x — 12x — 3)(x — 3)"(x — 6)? < 0 
+ - - + _ + + + 


-8 -4 -i7 1 3 6 


3 
2 
=> xeE(-8,-4)U(-4,-l)U (1. 


(x+1)(x- 8)(x- 6) (x- 5)* “ 
(x — 3)°(x-1) 
=> (x+ IDo-1@-3)(x« —- 5)4(x — 6)*(« — 8) < 0 


(b) 0 


=> xe(-o,-1)U (1, 3) UG, 5) U6, 6) U 6, 8) 

(c) (x? — 16) (xX? — 5x + 4) @* - 1)(% +3) («+ 2) <0 

=> (x-4) («+ 4) @- 1) @-4) @- 1) @ +1) (+ 3) 
(x + 2) <0 

=> (x + 4)(x+ 3) (e+ 2)x+ 1-1)? - 4) <0 


> xe[4,-3]U[2,-1] 


» (a) ®-6x<0> x(x’?-6)<0 


=> (x+V6)x(x- V6) <0 


=> (-e,-V6]U[0, V6] 
(b) x*—2x*-8 <0 

=> xe [-2,2] 

(c) x°-9x°+8<0 

=> xe [1.2] 

(d) *+x-x-1>0 BD ¥(«+1)-1@+4+1)>0 
=> («-])D@Yt+xt+1)@4+1)>0 

=> xe (-o,-1)U (1, &) 

(e) (x7 —9)(x + 1)(x? — 2x — 3)(x- 1) <0 

=> x=1+3,@-De0-30+1)7%<90 

=> x=3,-l,@-1)(«-3) <0 

=> xe [1,3]v £-1,-3} 

(f) x*°-x-6>0 => (x-3)\*+2)>0 

=> 

=> 

=> 


=> (x2—A\x2+2)<0 


=> (3-8) —1) <0 


x<—2orx> 3; (x — 4x) <0 
x € [0, 4] 
x € [3,4] 
(g) 4<¥<9 
=> xe(-3,-2)U(Q, 3) 
(h) (x + 1) @— 3) &— 5) &— 4) &-2) <0 
=> (x+ lw-2) («-3) («- 4)? «- 5) <0 


=> x € (4,9) 


=> xe (-,-l)U (2, 3)U 3,4) U (4,5) 
(x —3) (x + 1) (x +2) (x-9)=0 
=> (x+2)(x+1)(x—-3) (x-9)=0 


ron 
mo 
Ne 


x € (-, —2) v [-1, 3] UQ, ~) 

x — 7x? + 14x-8 <0 

(x — 2) (7? + 2x + 4) — 7x (x — 2) <0 
(x — 2) (x* — 5x + 4) <0 

(x — 2) (x- 1) (x-4) <0 


YU'S) 


=> xe (-0,1)U(@,4) 
(x-—1)(x- 2)(5-— x) aa 
(2x+5) 
=> —(2x+ 5)\(x- 1)(x-2)(x-5) <0 


(kK) 


=> XxE [x5 }u (1,2) U (5, °°) 


. (a) @—-4x-12>0 = (x — 6) (x +2)>0 


=> xe (~, -2] U [6, «) 
Largest negative integer = —2 
Smallest positive integer = 6 


(b) 3x? + 5x-2<0 => 3x7+6x-x-2<0 


=> (3x-1)(«+2)<0 
l 
=> xeE (-2,=) 
3 
Largest negative integer = —1 
Smallest positive integer does not exist. 


x*—5x+4 
(c) —7_— SI! ; 
x -l1 x -l1 
—S(x-1 —1 
= ae 26 ad 59 
(x° —1) x -1 


=> xe(-l,~)- {1} 
Largest negative integer does not exist. 
Smallest positive integer = 2. 


x ~3xt2. = (x- I(X-2) - 9 
x=35 
=> xe (-o, 1] VU [2,3) 


= Number of positive integers satisfying the above condi- 


tion = 2,1.e., 1 and 2 
x?(x+2) 
x-1 


=> x=0,-2 orx € (-2, 1) 


+ = = + 
+++ 
—1 0 1 
=> xe[-2,1) 


= Number of integers satisfying the above inequality — 3 


. (a) -—< 


. (ce) 2< 


x? —-5x4+4-x° +1 
ee 


<0 > x=0,-2or(x—1)(x +2) <0 


Functions < 2.305 


TEXTUAL EXERCISE—3: (OBJECTIVE) 


x 3x-2 5x-3 


5 4 5 
3x-—2 (35x-3+%) 
an ae 
3x-—2 (6x-3) 
4. 5 
15x-—10-—24x+12 
—_—_—_—____——— > 0 


20 


=> 0< 


>0 


—9x+2 
20 
2x+3 3x-—6 


2 
>0 = re{-~2] 
9 


5 5 
=> 2x+3-10<3x-6 > x+12>0 


=> 
=> —5x+ 15-20 <6x+ 12 and 18x + 36 <5x 
=> 1lx+17>0Oand 13x+ 36<0 
— 


11 

17 ( 36 
=> x€]/——,oo |} -c0,-— 

11 13 


> xed 


» (a) x+5>2x+2 and2—-—x<3x+6 


=> x-3<0Oand4x+4>0 
=> xe (-o,3)and x € (-1, 0) 
=> xEe(-o0,3)NCl,”)> xe Cl, 3) 


. (b) 2x—12 <3x—7 and 11—2x<6-x 


=> x+5>0Oandx-—5>0 
=> xe [-5,0) and x e€ [5, 0) 
=> xe [5, 0) 


. (e) 9<x<5:y=x2% > xe [-729, 125] 


. (b) y=x€ (6,6) => xe (6,6); x € (0, 36) 
Xx 


sy 7e(5 ) an e(; 
x? | 36° Shag 


. (a) 2 E€(9,25) => x€(-5,-3)UG,5) 


=> ye (5,-3)UG,5) 


. (b) P—-3x+2>0>5 (x-1)(x-2)>0 


=> xe(-0,1)U(Q, ~) 


. (a) P—3x-4<0 > (x-4) (e+ 1) <0 


=> xe[-l,4] 


2.306 > Functions 


12. (b) x —-3x4+2<0 > @-1I@-2)<0 x(x+1)(x— 3) (5—x)(x+ 2) 
18. (a) ————— > 0 and ——>—— <0 
=> x (1,2) (x+4) (x- 8) 
iG ee ES eee ee 
2x-—5 2x—-5 —4 =| 0 3 
= —8x +33 — 4 + - + -_ 
2x-5 oe 5 8 
eat ena tay beet nae ee => x (0,-4)U(-1,0) U(3, ©) and x € (-2, 5) U(8, 0) 
- + - > xe (-1,0)UG,5) U8, w) 
c] 33 4 4 
2 8 19. (a) oe — < 
+e vee 
w) 3 8 _,  2x—I(x-'(x- 2)" 
+ ae ee 
xX —o9 2 — 
2 8 => pa one ands ander ee 226 
2 (x- 2) 
14. (a) x 1 2x—-x+5 
x-5 2 2(x — 5) pe ge og 
1 1 2 4 
> oe >0 orx=-5 2 
2(x— 5) 
e+ s+ s re (5.1 JU (2) 0 re{| 
=> xe (0,5) U5, 0) U 5} = re|>.2 
=> xe (-o,-5] US, ©) 2 
SOY i= 
7 (= Nex-2V5-2) 20. (a) (x-2)} (x-3)<0 > x € (2,3) 
- (a) et roe: aa 21. (c) (x—2)(x - 3) —- 4°01 - x) <0 orx ee (2,3,4,13 
: . > (x—3)(x—-1)>O0orxe {1,2,3,4} 
4 Sp => xe (-0,1] U {2} U [3, «~) 
5 1 2 5 
3 22. (b) c<d,x*+(ct+d)x+cd<0 
=> xx+c)+dx+c)<0 
= re[---5 Jo. => (etoetd<0 => xe(-d,-0) 
23. (a) a, b,c >0,and a(1 — b) > 1/4 
2 
16. (b) = 2x+5 ach => O50 SI 
3x°-2x-5 2 Similarly O<a<1,0<c<1 
2x? — Ax +10—3x? +2x+5 Giacageiie tt at i 
= ee ae >0 By AM-GM inequality, 5 > ja(l—b >t 
=x? — 9% 415 =>at+1-b>1 => a>b 
= Byes G yk 5 Similarly, b >candc>a 
. (x+5)(x—3) => a>b>c>a => a>a, whichis impossible 
EN) TEXTUAL EXERCISE—4: (SUBJECTIVE) 
+ 1 + = + 
p$- p t t 
—5 —1 ne} 3 1. (a) y=x +x 
3 dy 
=> —=3x°+120VxeER 
5 dx 
=> res-u[5.3) 
3 dy _ , 
=a > Oevery where, hence, y = x° + x increases every 
—1P(x+1) =1)P(x+1) h 
17. (c) eae ae or Se 5 where. 
x (x— 2) x (x- 2) (b) y=x4-2x2-5 
=> («+ 1)(x-2)<0o0rx=41;x#0,2 dy 3 
> xe(-l,2)orx=41 > xe[-l1,0)U 0,2) eee 


=> f'(~) = 440? - 1) = 4x @-1D@t+) 


=> f'(x)> 0, ie., fx) T, when x € [-1, 0] or [1, ©) and f" 
(x) <0, i.e., fx) V, when x € (-0, —1] or [0, 1]. 


2. y=sinx+cos x, x € (0, 2) 
(a 
+ve; e( 04] 
dy 4 


“ & | 
—ve; x€|—,7z 
4 


Hence, f(x)1, when x € (0,2 | and \ when x¢ a 
For x € (0.2 | 5; (x) is increasing 


=> {27°)>f23°) 

=> sin 27° + cos 27° > sin 23° + cos 23° 

=> sin 53°+ cos 53° > sin 23° + cos 23° 
Hence, the given result is false. 


sin 
3. y= as 
x 
tan x 
; xcosx| 1— 
dy xcosx—sinx ( x 
a 
dx x x 
an x 
cos x{I- 
x 
(a 
For [o. 
2 
tanx ) . ; 
= [1 is —ve, x 1s +ve and cos x is +ve and 
x 
d 4 
ae =o 
dx 
d 
> mee is —ve in (0.2 | 
dx 
qt 
From ez 
2 
tanx . 
=> l- is +tve, x 18 +ve and cos x is —ve 
x 
dy . ’ 
=> a is —ve over the interval (0, 7), hence, y 1s always 
x 
decreasing 


=> O<a<P<a 
sing | sinf 

a B 
4. yo2e + 3x = lx 1 


, hence, verified. 


=> @ = 6x +6x=12 = 600? + x-2)=6 (x +2) (x- 1) 
x 


Functions < 2.307 


dy _ i when x € (—2,1) 


dx |+ve when xe (—ce,—2) U (1,2) 
Hence, function decreases in the interval (-2, 1) 
dy 2-—2x l-x 
y= Ix -— x? = = CR 350 for 
dx 2J2x-x V2x— x? 
x—1<0Oand (2—-x)x>0,1.¢.,x<1andx (0, 2) 
=> xe(0,1] 
“. fix) TF on (0, 1) and ¥ on (1, 2). 
x 1 
y= 
x 
dy x(2x)—(x’-1 2x°—- x? +1 x? +1 1 
4 sie ae eg ee ah ag 
dx x x x x 


dy . oe oe 
=> is always +ve V x € (—o, «) — {0}, 1.e., increasing 
Xx 


on every interval not containing 0. 


. (a) y= (x- 2) (2x + 1) 


y = 5(x— 2) (2x + 1)* + 8(2x + 1)? (x - 2)° 
= (x —2)* (2x + 1)? [5@x + 1) + B(x — 2)] 
= (x —2)* (2x + 1)? (18x — 11) 
+ = + + 


++ 
= (il 2 


1 


2 
1 11 
y T when xe [—-.-+ or (| and y + when 


(b) y=x-e > y=l-e 
= yT when x € (-0, 0] and y ¥ when x € [0, «) 
+ _ 
eS ae 
0 


(ce) y=2e" 

=> y= 2xe™* — x’e*= xe™ (2 — x) = x(2 — x) e* 
e* is always +ve 

=> sign of y’ depends on x(2 — x) 


bs + = 
ft 
0 2 
=> yT whenx e [0,2] and y Y when x € (—0, 0] or [2, «) 
1 
< ae es aor, 
d = — => ‘= ——____ = 
wy Inx . (In x)’ (In x)’ 
—_ -_ + 
———— ee 
0 e 


=> y when x é [e, 0) and y \ when x € (O, e] — {1} 
(e) y=x-—2 sin x, x € [0, 27] 


(= = | 
+ve | —,— 
3 3 


=> y'=1l-2cosx= 


51 
- (2.20 Ju[oZ] 
3 3 


2.308 > Functions 


9. 


10. 


=> yTvxe| =| and y Lace 0 Jor] 5 20 
3. «3 3 3 
() y=x+ cos 2x; x € [0, 27] 


<forxe| 49% Joo] O22, J 
12°12 12. 12 


5m 13 17 
>for xe 0, Jor] | 2 an 
12 12. 12 12 


= y'=1-2sin2x= 


vt 


(i) f(x) = 2x 4+3 
=> f(x) is always T 
(ii) fix) = a => a>l 
=> f(x) = (na) a* > +ve 
=> f(x) 1s always 
(iii) f(x) =x 
=> f(x) 1s always 


(iv) f(x) = Vx 
=> f(x) is always T 


=> f(x) =2 


=> f(x) =3x>0 


=: PQs 50 


2/x 


(v) f(x)= tx => f(x)= ~ > 0. Hence, f(x) is always tT 


3(x)3 


(vi) fix) = log. xanda>1l> f'\(x)= >0 


xlog,a 

=> f(x) is always T 

Kx) = 28 — 3x? + 4x > f(x) = 3x?-6x+ 4 

D = 36 — 48 = -12 <0 

Since D < 0 and leading coefficient is +ve, and hence, f'(x) 
is always +ve. 

Hence, f(x) is strictly increasing in its domain. 


(a) f(x) = sin 3x, xe€ oz 


=> f(x) =3cos3x >0 for xe 0.2 


(b) fix) = @& + 1)°(e — 3)? = Ge — 2x — 3)? 
=> f(x) = 32x — 2)(x — 2x — 3) 

. f(x) > 0 for («- 1)>0 or x =-1, 3 
=> fix) tT for x € [1, 0) 

(ec) f(x) = 2x? — 3x 


=> f(x) =4x-32>0for xe 3] 
TEXTUAL EXERCISE—4: (OBJECTIVE) 


(b) (i) f(x) = In(x+ Vx? +1) 


>OVxeR 


=> f= 
x +1 
=> (1)>() 
(ii) fx) =a*,a>1 
=> (i)>(a) 
(iii) fx) =x +x 
=> (il) (a) 
(iv) f(x) = tan x 


=> (iv)>(a) 


=> f(x)=alIna>0Va>l 
=> f(x) =3x+1>0 


=> f(x) =sec*x > 0 


6. 


7 


8. 


9. 


(v) Ax) =x?-1 => f(x) =2x 

=> fx) T for x>0 and fx) \ for x < 0 

=> Non-monotonic => (vv) (e) 

(vi) Kx) = cot x => f(x) =-cosec? x <0 
=> fix)t => (vi)>(b) 


- (dD), (€) f(x) = x* (x — 2) 


=> f(x) = 2x (x — 2) + 2x? (x — 2) = 2x (x - 2) (xX -24+ x) 
= 4x (x — 2) (x- 1) 

=> f(x) T when x € (0, 1) U (2, ©) and f(x) \ when x € (—00, 
0) U C1, 2) 


ay + os + 
ee ee 


0 1 2 


. (b), (©) f(x) = In +x)- —. 


ee Wey =i _12+)@)- 22] 
se a aa ager (2+x) 


1 ZF — 2 x>+2x+2 
(lt+x) (x+2)  (x+1)(x4+2) 
=> f(x) is MI. on its domain. 


d 
pa ee 
dx 


> 0 on (-1, 0) 


(a) x-sinx=y > 


= Y soVxER 
dx 


=> x-—sin x 1s increasing for all real numbers. 


d 
(ec) y=logsnx > rue — xX cosx = cotx 
dx  sinx 
dy . a ; 
=> — 1is+ve when xé€| 0,— | and is —ve when 
dx 2 


=") 
X€E|—,4# 
Z 


Therefore, log sin x is increasing in 05] and decreasing 


sup NOE 
in |—,z 
2 


(a), (b) y=a®—-a*Va>l 
=> f(x) =ka"|lna+ ka" |n a= (kina) (a* + a*) 
=> f(x)>0 fork lna=>=>0 for k>0 and f(x) <0 fork <0 
=> f(x) T for k>0O and V fork <0 
(a) y= sin (cos x); xe [n, 27] 
° = cos(cos x) X (— sin x) = — sin x cos(cos x) 
x 
In [x, 2z], sin x < 0 and cos x € [-1, 1] 
Therefore, cos (cos x) > 0. 
=> ay > 0 
dx 
Therefore, sin (cos x) 1s increasing in [z, 27] 


(b) f(x) = cos(sin x) 

=> f(x) =— cos x.sin (sin x) <0 for x (0, /2) 

(d) (a) *.. f(x) = a* for a > 1 1s an increasing function 
=> 252 ax <x = 1Ore EU.) 

= correct order given. 


10. 


(b) *. f(x) = a* for 0 <a <1 is a decreasing function. 


=> 
=> 


rom 


WUUY 


(d 


Ne” 


0) 


RSS SxS Los fore €(0, 1) 
correct order given 
for x €(0, 1) 

Xo Seer xrS 


y<y<y....fory e(- 1,0); y=--x 
Also, for x €(0,1), x7 >xt>x®>...... 
(xP >(- xy >C x)>...... 
yoy>y>... fory e(- 1, 0) 
correct order given 

for x €(1, ©) 
We ee 


yroy>y>.... for y e(-, -1) 

Also, for x €(1, 0), x7 <x*<x°<...... 
(— x)* < (— x) < (— x) <...... 
y<y<y'<... for y E(-c, -1) 
Incorrect order given 


(a) Fora €(0, 1) , a* a 
x>x>x>..... for x €(0, 1) 


2 3 
1 1 1 
(~}>(=] >(+] >....... for x E(1, 0) 
x x x 
Correct sequence. 


For a €(1, ©) jax t 
x<x<x<.... for x €(0, 1) 


(~)<(=] <(+] <.... for x €(0, 1) 
x x x 


Correct sequence. 
For x €(0, 1) 
1 1 1 
—<— 7 < ....(By part(b)) 


3 
xX xX 


1 
<— <.... for x €(0, 1) 


1 
V4 
x" x 
2 


(=) <(=) <(=) <.... for x E(- 1, 0) 
x x x 


1 | 
=< 4<a<.... for x e(-1, 0) 
KM E> 


1 l 


Also ee <... for x €(0, 1) 
YOR (Ss 


[=*)< [=< =) <... for x €(— 1,0) 
x x x 
—>—>—> ..... for x e(— 1,0) 


In correct sequence. 
for x E(1, 0), 


= ne (By) part(a)) 


x 
1 1 1 
>= >— >..... for x E(1, 0) 
ee 


11. 


12. 


=> 


=> 


Functions 
ce ee a 
i | | a | ee Tore ee. 
x —x —x 
1 1 1 
ioe ae ae for x €(-co, —1) 
x x 3% 
1 1 1 
Also —>—, >> >... for x €(1, 0) 
Ke 
1 1 1 
— pO —— = an lor &.e (-00,=1) 
—x (-x) (-2) 
1 1 | 
Se ees for x €(—0o, —1) 
6  ® 


Correct sequence 


(d) (a) *. for a E(1, ©), a* T 


(b) * 


YW uUY 


(d) 


x2 > xM8> x4 | for x E(1, 0) 
Correct sequence. 

for a €(0, 1), av 

2 < xB < x4 < ... for x €(0, 1) 
Correct sequence. 


< 2.309 


By part (b), x1? < x13, xM4< x1/< ... for x € (0, 1) 


x <8 <xM< ..... for x €(0, 1) 

(—x)3 < (x)* < (-x)!"< ... for x E(-1, 0) 
MS Se Sos. fOr E120) 
Correct sequence. 


By part(a), x'? > x'%> x!%> .... for x €(1, ©) 


H8> x5 >x17> ... for x €(1, 0) 


(—x)'3 > (— x) > (— x) >.... for x €(-0, —1) 


gay a Se for x €(— 0, —1) 
In correct sequence. 
2x 1 


(b), (c) p= —— 


(a) 


(b) 


(c) 


e+] 
dy  2(e** + l)e** — 2e**(e** -1) 
ae (e* +1) 

4e** 


= Ge 
e 


= _isincreasing Vx e R 
“+1 


er =| 
x)= ———_ 
I@) eral 


ee | = l-e* | So 


e 
—x) = ———__ = — eo 
iE”) e+] l+e 
2x 


—-l. 
Hence, = is odd. 
e* +1 


TEXTUAL EXERCISE—5: (SUBJECTIVE) 


Ix] = 5 


=> x=Sorx=—5. Hence,x € {5, —-5} 


|x| = —2 never possible as modulus of a number cannot 


be —ve. Hence, x € {}. 


x |x|"=0 => |x|=-—x 


As modulus of a number is always non-negative, hence, 
x is always —non positive, hence, x € (—00, 0]. 


2.310 > Functions 


(d) 


=> 
(e) 


=> 
=> 
=> 


(f) 


=> 


(g) 


=> 


(h) 


=> 


2. (a) 
=> 
=> 


(b) 


=> 


(c) 


=> 


=> 


(d) 


WY UUUE 


y 


x |x) > 2x = |e xX 
x € [0, 0) 

* =-] => x#0 

| x| 

x = —|x| => |e Sx 
x € (-, 0] and x + 0 

x € (-«, 0) 

3xV2 = 18x? = 3V2 |x] 

x= |x| => xeE[0,«0) 
x|x| —x*=0 => x(\x|—x)=0 
x=Oor |x| =x => xeE[0,0) 
|x| <—.x, never possible 

xed 

wee THO OS eS Oye SO 


x’ + |x| >0 

x? + |x| # -1, hence, x € {3} 

|5x? — 3] =2 => 5x*-3=2o0r5x*-3=-2 
Se = 3-01 03> = => P= Lor xt == 


] 
x=+l1lor poe => 


x+4 x+4 x+4 
—3 => —=3 or —=-3 
x+2 x+2 x+2 
x+4-—3x-6 _ X+443xX+6 
x+2 x+2 
=2X = 2... aaa 
x+2 x+2 
Ss) 
x=-lor x=-— 
2 
5 
re|-1-3| 
2 
jx? —4x| = 5 => x -4x=Sorx—-4x=-5 


x*-4x-5=Oorx’?-4x+5=0 
(x—5) («+ 1)=Oorx?-4x+5=0 
x=Sorx=—l orx’-—4x+5=0 
D= 16-20 =—. 

Hence, no real roots, x € {5, —-1} 


dea Pe = ee Lic 
x=-l 
1 1 
|3x-4|/=— => 3x-4=-— or 3x-4=-— 
2 2 
3 7 3 7 
xX=—Of6rx=— => €4,-,— 
2 6 2 
Ix + 2} = 233 —x) and 3-—x>0 
x<3 
x+2=2(3 —x) or -x-2=2 (3 -x) 
x+2=6-2xor-x-2=6-2x 
x= or => x=8butx<3 


WV UY YU UES 


conn. 
ae 
New 


YUU 


Ix] =-3x-—5 => -3x-5>0 
—5 > 3x 
-—2x => re(-=-3| 
3 3 

|x| =-x C. x<0) 
—x = —3x-—5 => 2x=-5 

5 
x=-— 

2 


xt |x-1)= 1; |x-1)=1-x,1-x>0 
xe [-l, 1] => x-1<0 
x+1]=1-x => x-x=0 
x(x-1)=0 => #=Oorx= 1 
xe {0,1} 


Vx? —2x+1—Vx7 +2x4+1=./(x-1) — V(x +1" 


Case (i): x <—1 


=> 


=> 


=> 


(b) 


=> 


(c) 
=> 
=> 


(d) 


(b) 


=|x-1|-|x+1| 
=> x-1<-2andx+1<0 
lx — 1] = {x —- 1) and |x + 1] =+{x+ 1) 


Vx? —2x+1—Vx°+2x4+1 =|x-1)—|xt+ 1) =—x+1 
axe | 2 

Case (ii): x € (-1, 1); x- 1 € (2,0) and x+ 1 € (0,2) 
le-1]=1-—xand |x+ 1l]=x+1 


Vx? —2x+1—Vx7+2x4+1 =|x-1]/—|x+ 1)=1-—x-x 
—]=~-2x 

Case (iii): x > 1 => x-1>0Oandx+1>2 

le - 1] =x-land |x+ 1) =x+1 


Vx? -2xt1l-yx?+2x4+1 =x-1-(«+1)=-2 


|x| > 2 => x>2or-x>2 
x € (2, ©) or x € (-, —2) 
x € (-o, -2) U(Q, ~) 


Ix-—1]>3 => x-1>3o0r-x«+1>3 
x>4or—2>x => xe (-o,-2)U(4, ~) 

Ix —2| <1 => 0<x-2<lor0<-+«+2<1 
x €[2,3) orx € (1,2] 

x € (1, 3) 

Ixt+1]>2> x+1>2o0r-x-12>2 
x>lorx<-3 => xe (-o,-3] U[l]1, ~) 
Ix-1]}<5> O<x-1<Sor0<1-x<5 
xe [1,6)orx e 4,1] 

x € (4, 6) 


lx —1] + |x-3]=2 

Case: (i) Let x € (-, 1], then] -x+3-x=2 

2= 2x —— a 

Case: (ii) Let x € (1, 3], thenx—1+3-x=2 

2 = 2 true for all x € (1, 3] 

Case: (iii) Let x € (3, ©), thenx-—1+x-3=2 

x = 3, but x € (3, ~), hence, no x € (3, «) satisfies the 
equation. 

Hence, solution of equation 1s x € [1, 3] 

Ix| + |x + 5| = 5. Let y= |x| + |x + 5] = f(x), then ABOC 
represents the graph of y = fx) as shown below: 


y 


(d) 


YUYUY 


Yd 


Y ¥ 


(e) 


x 


y= 5 holds from B to 0 

x e[-5, 0] 

Hence, solution of equation is x €[-— 5, 0] 
Ix—-1]+|x-4| =2 

Case: (i) Let x € (—o, 1] 

Ix— 1] + |x-4)=1-x+4-x=5-2x 


5—2x=2 => 2 ee ea 
2 2 


No solution in this case. 

Case: (ii) Let x € (1, 4] 
Ix—1]+|\x-4)=x-1+4-x=3 #2 
Hence, no x € (1, 4] satisfies the equation. 
Case: (iii) Let x € [4, «) 

Ix—1) + |x-4| =2x-—5 


2Ye5:>2 => ys Hee eis) 
2 2 


No solution in this case. 

Hence, there is no solution to the equation. 

xed 

jx? — 2x] + |x — 4] = |x? -3x+4| 

la(x — 2)| + |x - 4] = x*-3x+4 

(|x? — 3x + 4| = x*- 3x + 4 as leading coefficient is +ve and 
D <Q, so, the value of quadratic will always be +ve) 
Case: (i) Let x € (—o, 0] 

x -—2x+4-x=x*-3x+4 

4=4 

Hence, true V x € (—o, 0] 

Case: (ii) Let x € (0, 2] 
2x—-x*+4-x=x°-3x+4 

4x = 2x? 

x=00rx=2 

x = 2 (By case condition) 

Case: (iii) Let x € (2, 4] 

x -—2x+4-x=x-3x+4 

4=4 

True for all x € (2, 4]. 

Case: (iv) Let x € (4, «) 

x -—2x+x-4=2x-3x+4 

x=4¢ (4,0) 

Hence, solution of the equation is x € (—c, 0] U [2, 4] 


x? — 2x| + |x — 4] < (x? — 2x) - (x - 4)| 
lat |< |a|+|d| 


= — lal+|b]z|ata 


. (a) f(x)=Inxand g(x)= 


. (i) sgn(’?+2)=1 


Functions < 2.311 


6. ¥9-6ata?+V9+6ata? = ¥(a—-3) + (at3) 


=|a-—3)+la+3),a<-3 

=> |a-—3|=3-aand |a+3|/=-3-a 

=> V9-6ata’+V9+6ata =|a—3\+|a+3|/=3-a 
—3-a=-2a 


. (a) f(x) = cosec x; DS R — {n,n € 2}; R,=(—~, -l] vu 


[1, 0) 
(x) =—— D,= R - {nm n € Z}, R= (-~, IU [1 ©) 
sin x 
=> fx) and g(x) are identical 
(b) fx) = tan x, D,= R- 2n+ 1) 3; R= (x, 0) 


ex) = —_.p- R — {nn, (2n +1) =: ne 2}: 
x 2 
=> f(x) and g(x) are non-identical. 
(c) fx) = In e*, D.= R and R,= (-~, »); gx) = x, D.= R 
and R 7 = (0, 00) and f(x) = g(x) 
= Identical. 
(d) f(x) = sec x 
aes = g(x) and D,=D,=1 
cos x 
=R — {(2n+]) ain e Z} and R,=R, = R-(-1, 1) 


loge 
In x Vx € (0, c) 
not deifined Vx € (-©, 0] 
In x x € (0,0) ~ (1) 
=e 180 tn defined Vx €(--, 0]U {1} 


Hence, f(x) and g(x) are not identical as they don’t have 
common natural domain. 


(b) f(x)=Vx?-1 and g(x)= Vx-lVx+1 
Vx? -1 if x € (—ee,—1] U[], 2) 


not defined if x € (—1, 1) 


=> ro)=| 


> fs)=| 


Ge Vx—-1vVx4+1 if x€[l,o) 
. not defined if x € (--,1) 


Hence, f(x) and g(x) are not identical as they don’t have 
common natural domain. 


(ec) f(x)=V1-x and g(x)=Vl-xVvl+x 
V1— x? if x €[-1,1] 


not defined if x € (—00,-1) U (1,°%) 


> fes)=| 


if x €[-1,1] 

if x € (—e°,-1) U (1°) 

=> fx) and g(x) have same analytical formula and hence, 
same natural domain [—1, 1], hence, are identical. 


=> 


Vl—-xvVl+x 
g(x)= 


not defined 


=> 7+2>0,trueVxeR 
(ii) sgn (x? + 2) =-1 


2.312 > Functions 


10. 


. (d) (a) xsgnx= | 


=> x?+2<0, not true foranyxe R 
Hence, x € 6 
(iii) sgn (x? — 9) + sgn (x + 3) =0 
Case: (a) x7-9=Oandx+3=0 
=> (x-3)(x+3)=Oandx=-3 
=> x=3,-3andx=-3 
=> x= 3 
Case: (b) x*-9>0Oandx+3 <0 
=> xe (-o, -3) U (3, ©) and x € (-«, -3) 
=> xe (-~, -3) 
Case: (c) x*-9<OQOandx+3>0 
x € (-3, 3) and x € (3, &) 
x € (-3, 3) 
Therefore, all x € (—co, 3) satisfies above equation. 
(iv) |sgn (e—1)| = 1 
Case: (a) sgn (x-—1)= 1 
=> x-1>0>*x€e (1,0) 
Case: (b) sgn (x — 1) =-1 


=> 
=> 


=> x-1<0 => xeE(-o, 1) 

> xe R~ {1} 

(i) |jx-S)2>2>5 x-5<-2orx-522 

= Ye Orrvey => x E(-, 3] U[7, 0) 
(ii) |sgn(x — 5)| > 0 => (x-5)#0 
= => xe R-— {5} 

(iii) sgn [tan? x] = 1 => tan'x>0 


=> x €(0, 0) 


TEXTUAL EXERCISE-5: (OBJECTIVE) 


. (a) 2-|x|/+./1+ |x| is defined when 2 — |x| > O and 


1+ |x| >0 
|x| <2 and |x| > —1 
x € [-2, 2] 


=> xe[-2,2]andxeR 


. (a) f(x)= x’ —|x|-2 is defined when |x|? — |x| -2>0 


(xP —|x]-2)>0 => (\x|—2)(fx|+1)20 
=> |x| € (-c,-1] vu [2, «) 

But |x| > 0 
=> |x| € [2, 0) 
> xe R~(@,2) 


=> xe (-0, -2] U[2, 0) 


. (b) fx) = |x-1] + |x - 2), -l<x<3 


Case: (i) when x € [-1, 1], then f(x) =1-—x+2-—x=3-2x 
=> xe [-l, 1] => -2xe [-2, 2] 

=> 3-2xe [1,5] 

Case: (ii) when x é€ (1, 2], then fx) =x-1+2-x=1 
Case: (iii) when x € (2, 3], then f(x) =x-—1+x-2=2x-3 
=> xe(2,3] 

=> 2x-3e(1,3] 

=> Range of f(x) when x € [-1, 3] is [1, 5] 


—x forx <0 
x forx >0 ~ bX 


—|x|for x <0 


=;xVxeR 
|x| for x > 0 Ei a 


(b) |x| sgn = 


.@) f(x= a = 


- (C) f= 


4/|tan x| + tan x 
- (¢) <x) = ——_ = 


. (d) (a) fix) = Vx? =|x 


x forx <0 
(c) x(sgn) (sgn) = | =xVxeER 
x forx >0 
(a) xl ( . —|x|forx <0 1 | 
x| (Sgn x) — =F LY 
: |x|for x > 0 


((- i i. forx <0 


. (a) {(sgn x)8"*}" = 4 Notdefined at x = 0 


((y')’ forx >0 
—1 forx <0 
= ») Notdefined at x = 0 
1 forx >0 
=> fx) is an odd function 


1 


|x| #1 


> x#1,-1 > xe R ~{1,-1} 


1 


2002 
=> \x| #1 


1—|x| 


>0 
1— [x 


Case (i): x = 0 


and 


25. £3 
l-x 


=> m1-x)20;xF7 1 
=> xe[0, 1] 
Case (ii): x <0 
=> ——>0 
l+x 
=> x e(-«,-1) 
De (—o, -1) U [0, 1) 


=> x1+x)>0 


(a 
=>x>0,x 4#(2n+1)— and |tanx 


+ tanx>0O 


a 
=> x>0,x#(2n+1) Zen 


> D,=R*- {nr Zine N|=R-{nn-Zinew| 
Z 2 2 


:g(x)=(vx) =x 
=> fx) F 2x), 1.¢., not identical. 
(b) fix) = rear and x € R — {0} and g(x) = += 
for x € R — {0} 
=> f(x) and g(x) are not identical. 
(c) f(x) = log(x — 1) + log(x — 2); x >2 
= log(x — 1) (x — 2); x €(2, 2) 
2(x) = log(x — 1) (x — 2)); x €(-0, 1) U Q, «) 


=> f(x) and g(x) are not identical. 
(d) fx) =sin?x+cos?x=1VxeR and ox~)=1VxeE R. 
=> f(x) and g(x) are identical. 


TEXTUAL EXERCISE—6: (SUBJECTIVE) 


(15) 21 _ 3 xs xT 
(35)7.(3)) 5° x 7? x34 


3 3 6 
25 j 

b) (-1.4)°| — |] =-—x—=-125 
(b) ( (2 a as 


59 00" 507 450" 
10**? = 10**? 


. (a) =9x5x7=315 


(c) 


» (a) 23 or 320 
Let 23° > 37° taking log on both sides 300. 
In 2 > 200 In 3 

=> In8>I1n 9; which 1s false. 
Hence, 37” is greater. 

(b) 54* or 21” 
Let 544 > 21” 

=> 312 o* > 312 712 

=> 3'?(2*—7'*) > 0; which is false. 

= Hence, 21’ is greater. 

(ec) (0.4)* or (0.8)° 


(0.4)* [- a \ fora €(0, 1)] 
=> (0. 8)>(0. 4) 
(d) 10” or 40% 
107° = (107)° = (100)!° > (40) 
=> 10° is greater 


= (0.8)?>(0. 8) and (0. 8)t> 


Functions < 2.313 


4. (a) 4" '=2>52*"7 =2 : 
=> 4y?-2=1 = a 


=> = +—_ 


(b) 5*-1 = 525, 2.5841 


as a eis cu => x-1=2x+1 
=> 2=x 
(OO a P= 250.. aS a SS 


=> 5.(5*7') + 25.(5*~') — 250 = 0 

=> (51) + 5(5*-})- 50=0 

=> (5*-14+ 10) (5*-!-—5)=0 

=> 371=5 or 5*! =-—10 (not possible) 
=> Sta) => x-l=l 
= X=2 


(d) * + 6'=2.4" 

> B*42537= 2541 > 3) + 2*3* 2 (247 = 0 
=> (3*—2\(3*+ 2.2) =0 
=> 


3*= 2" => x=0 
(e) 2**1 5*=200 = 10*=100 
= 4S 2 
(f) 6% + Gt! = De 4 Datl 4 Qxt2 
= 16o= 29 =>. oH 2 
=> x=0 
5. (a) 2-9 > 1 — 2 
=> 3-8x>0 => 3>8x 
("3 ] 
=> xe] —-0,— 
8 
(b) 16* > 0.125 => 24523 
=> 4x>-3 — re(-2.] 


(c) (0.3)°* >*** < 0.00243 


=> (0.3) "6 <(0.3)° 
=> 2x?-3x+6>5 => 2x°-3x+1>0 
=> 2x*-2x-x+1>0 \ 

=> Qx-l)(x-1)>0 => reR-(5.1] 


=> xe (=. U (1,0) 


, Vx+2 
(d) +) i me: Se 
=> -V¥xt+2>-x 
=> Vx+2<x 
=> x>OQas V¥x+2 is always +ve 
=> £2 xe => x -x-2>0 
=> (*-2)(*+1)>0 
=> xe(-o,-1)U(, ©) but x> 0 
=> xe (2,0) 
(e) *N3>9 => (3)t1> (By 
=> as, 


2.314 > Functions 


1 
a rs al Ua 5 Cee t Le 2and xt 2 N) 


1 
a ee Rees > xed 
(f) 8 > 4096 > 227 592 
3x 3x 
=> 3.2% >12 => 22>4 
3x 4 
=> —>2 => a 


6-5x 2 
2 \2+5x 2 6—5x 
= < | — => >-—2 
‘) (2) 2) 2+5x 


6-—5x+4+4+10x 
————————_ >0 


=> 
2+5x 
se AEG (LED Ge2 0) 50 
Sx+2 
2 
=> se(0,-2u[-Z] 
(h) 2*+2*'_-3 <0 => 2° += -3<0 
2° =3.2" +2 
=> —— <9 
> 
=> (2%) -2*-2.27+2<0 
=> (2*-2)(2*-1)<0 
=> 2*-2>0Oand 2*-1<0Oor2*—-2<Oand2*-1>0 
=> 2*>2 and 2* <1 or 2* <2 and 2*> 1 
=> x>landx<0Oorx<landx>0 
=> xeodorx<(0, 1) 
=> xe (0,1) 
1 P) 
6. (a) 323=4x > 23 =4x ; 
Taking log, on both sides, we get 3 =log,x+2 
1 
=> log,x= : 
| 3 
(b) 644 =8x => 2? =8x 


Taking log, on both sides, we get > =3+log, x 


3 
=> log,x =a 


EN =1+log,5 
log., N 


1 
log,N _ log,a _ logy ab 


log, NV ! log, a 
log, ab 
= log, ab=1+ log.b 
=> a>Oandat#l;b>0 
=> ab#landab>0;N>OandNF1l 


8. 


9. fix) = ol 


10. 


11. 


(a) f(x) = log.3; D.= (0, ©) — {1} 

(b) fx) = log,(x ~ 1); D,= (1, ©) 

(c) fix) =log, (x- 1) —4); 2x-3 >0, 1 
and (x — 1)\(x — 4) > 0 


=> roo ,x#2and x E(-00, 1) U (4,00) 


=> xeé(4, 0) 


(d) fix) = log, eae 
=> (x—4)(x—5)(x-6)>0 
=> xe€e(4,5)U (6, «) 
x —5x* —6x +54 
x+3 


aed 
= Ln) ———_—_—_———_ 
(x +3) 
vr -—8x+18>0VxeER. 
=> x+3 €0 
D- R- {-3}. 
=> fix) = n(x’ - 8x + 18), x € R—- {3} = Cn[(x -4Y 
+2];x eR — §3} 
Kx) €[ 2n 2, «~) 
Smallest possible value= €n2 atx=4 


(i) log, +3) (x+4)=2 

For log to be defined x + 4 >0 
=> xe (4,~) 
=> Andx+3>Oandx+3 1 
=> 
=> 


yy 


x>—3andx7-—2 

x € (-3,-2) U2, 0) 

Taking anti log on both sides, we get x + 4= (x + 3/7 
TAH x7 6x 9 

xP SX OD =O 


peo t¥25-20 _-5+V5 


2 2 


eon 
x= 


y 


by applying domain restriction 


(ii) 2°80 = 45 

— a a |) => *eE(5,0) 
1 
=> = 04:5 => (x+5)2? =x4+5 
=> 2 10x e253. x7 5 

=> x +9x+ 20=0 

=> x=—-4orx=-5 

Applying domain restrictions x = —-4 


+4 > 0: x44 1 

x>—4,x7#-3 

x €(-4, -3) U(-3, 0) 

Also (x + 4f*?= l6as,x,ve Z,x+4,y+2eEeZ2 

(x + 4p"? = (-4)’, 2)*, (2)%, and (4)’, (16)! 

(x, y) € {C-8, 0), (6, 2), (2, 2), (0, 9), 12, -1)} 

But, by domain restrictions (x, y) € {(-2, 2), (0, 0), 
(12, - 1)} 


1 
— log, (x+5) 
22 


=> (+4) (x+5)=0 


Yu 4 


yy 


12. 


13. 


14. 


15. 


fx —3 pr"! = x3)? 

(jx — 3)" = (fe — 3/6) 

Ix — 3[G8+ 9 = |x — 3/4-® 

x— 3] = x= 11)—-Corx=3|—1 
x=llorx=4or2 

Also x = 3 satisfies the equation 

=> x e{2,3,4, 11} 


YU y 


log... >: 10g..2, @+ 1=0; a> 0 and no solution for a = 1 


=> a>0,#l 
log 5 1 


—— ae 
log sinx log, sin“ x 
=> log,5 =- 2(log, sin x) 


log, 5 


= (log,sinx)=+ ; 


Case (i): O<a<1,;LHS>0 


5. opines We se Seasce See 
=> x=nn+(-1)". sin’ a) 

Case (ii): a> 1; L.HS <0 

=> log,sinx =~ J-log, 5 >sinx=a¥ = 
=> x=nn+(-l1)” sin! ae) 


log, ,t+log ,,8>log, 8. log, ,,8 
Here x-—2>0,#landx+2>0,71 
=> x>2, 3,x>-2F7-1 


=> x €(2, 0) — {3} 


Case (i): x > 3; log. , 8. log, ,, 8 >0 
=> + >0 
log... 8 log,_, 8 
=> log,(x+ 2)(x-2)>0 
=> (x+2)\(x-2)>0 => x-5>0 


= re(—»V5)u(v5,~) 
Due to case restriction, x €(3, 0) 

Case (ii): 2<x<3; log. , 8. log ,,8 <0 

=> log («+ 2) (x- 2) <0 

=> 0<x-4<]1 = 2a = 5 


=> x €(2,V5) [Due to base restriction] 
x (2,5) U (3,0) 

x>0,y>0,z>0, 

bus =x") 4 se + me 

By A.M > GM for non- Fake reals. 


n— tn 
LHS > i z hae = aif 


ey Oe 7m 


a 


énx * x ye nx _ ny 


- (c) log ab=x 


Functions < 2.315 


=3 E glen ® = | 
LHS 3 


7.2 
= = —x—=-—<l 
D7? 
2 2 ; 
—x+2 
=> 0<a<l — a eg 
—x° +2x+3 
ay easy 0 
—x* +2x+3 
2x? —3x-1 
= -x+2x+3>0, -——"— <0 
—x° +2x+3 


=> (2x*-3x-1)<0 


Decca 
(2) 


4 ° 4 


TEXTUAL EXERCISE-6: (OBJECTIVE) 


2 i6z3 3 


1. (a) 473 =42 ~ =4'=4 
- (b) log, 2=n 


=> log,, 28 = = log, 28 = = [2log, 2+1] = 


. (ec) a@+4b*=12ab = log(at2ab) 


=> a’+ 4b’? + 4ab = l6ab 

=> (a+ 2b) = 16ab 
Taking log on both sides, we get 2 log (a + 2b) = log 16 
+ log a + log b 


=> log (a+2b)= = (4log2 + loga+logb) 


=> ltlog b=x 
=> x-1l=log, 5 


1 1 
=> oe => ge ree 


2 2 2 2 2 2 
+ VZ+Z Z +ZX+X xX” +xXV+ 
Let a’ ~’ b Core Se 


Taking log on both sides, we get GQ” + yz + 2?) In a+ (2? 
+zx+x7)Inb+C?+xy+y) Inc=Int 


3 3 3 

6 OE Mpg PD foe I eng 
(y—Z) (z—x) x-y 

=> my-2+27-x+x-y)=Int 

=> m(0)=Int => O=lInt 

=> 


t=1 


2.316 > Functions 


og, 36 4x log; 7 


| 
| 
6. (d) 81°8° +27? +3 
+ 49 = 890 


7. (d) f (0) =og( =) 
l-x 
@ f().fe)= ve : Joe a (a) | 
(b) flx + 2) —2fx + 1) + fx) 
= (2**) (22%) [==] 
= log —2log + log 
—x-1 —x a 
Galt x | 
=> log Paar 2 


(x +3)x? 
(x —1)(x +2)? 


Jana f(s) =log{ =** 


= RG 7 = 625: 216 


1+ 


(c) f(s) =log{ 
l-x 

=> fx) = fxt+1) 

(d) fe) + f(0)= Hoe 15 | so) 


: og | 


LS Se ee xs 
14 a t% 
1+ x,x, = bia a 
pt) Lehx, x, 


= log 


1+ x,x, 


| 
— log, x 
8. (c) y=24 22 9 =x 


=> ie Sy 
9. (b) : + eee 
log,x log.x log,x 
=> log. ac=log, b’ =. DP Sac 


=> a,b,careinGP. 


10. (c) log,, @’—x-6)—x=log,, «+ 2)-—4 
2_ — 

s oto “—2=*] 5-4 
x+2 


=> log, (-3)=x-4 
=> x-3=10"4 


ifx=5, => 2=10 whichis not true 
Hence, x #5 
Iix=3, => 0=10"' which is not true 
=> x#3 
Ifx=4, = 1= 10° 
=> true 


Hence, x = 4 
11. (b) (log, x) — (log, x) + log, k= 0,4 >0; x>0 


For exactly one solution, D = 0 


=> 1-4log,k=0 => |-Tlog, k=0 


=> l=log,k =: k=2 
So, number of values of k is 1. 


12. (c) x+log,, (1 + 2%) =x log,, 5 + log,, 6 


=> 10°= 2 => 226 
1+2* 

=> (2*7+2°-6=0 

=> (2°+3)(2*-2)=0 => 2°=2 

=>: x=] 


13. (a) log, 5 sinx 20 = O<sinx<1 

=> xe (0,7) and (27, 3m) 

= Integer multiples of 7/4 &€ 
That is, 6 solutions. 


14. (b) log,, «+ 1) < log, (2-x) 
2—-x>OQOandx+1>0 
xe (-l,o)andx<2 

x € (-1, 2) —log, (x + 1) <log, (2 —x) 
log, (2—x)(x+ 1)=0 
(2—x)(x+ 1)>1 

x -—-x-1<0 => x¢| 


am 3x OX Sx 11z 
4°2'4°4°2° 4 


WV UUUUY 


2 2 


res 


15. (a) log, ,~— 1) < log, ,,(x — 1) 


y 


(x— 1) >0 and log, («-1)< = log, (# —]) 


(x-1)> Vx-1l3x>1 
(x-1%>(@-1);x*>1 
x*-3x+2>0;x>1 
(x —1)(x-2)>0;x> 1 
x<lorx>2andx>1 
x € (2, 0) 


16. (a) 10g (1 + cos x) =2;x €[0,nz];ne Z 
1+cosx>0 => cosx>-l 
x # (odd)x 

Also |sinx| € (0,1) > x# > 


YUUUNY 


YUdY 


Domain of equation [0, nz] — ean E z 


= By given equation, (1 + cos x) = |sin x| 
=> 1+cosx=sin’x 

=> cos’?x+cosx=0 

=> cos x(1+cos x)=0 but 1+ cosx>0 
=> cosx=0 

=> 

=> 


But x? = => cosx#0 
No real x €[0, nz] satisfy, 1.e., x € {3 
17. (d) log... sinx 2 0; x €[0, 37] 


= Here sinx>0,cosx>0,F 1 


> xe (0.5) U (20, 
Zz 2 


= Also by given inequality, 0 < sin x <1 which holds V x 


E 05) U [20,2 
2 2 


18. 


(d) log ,(sinx +2y2cosx) >2,-2n<x<2n 


= Here sinx + 2V2 cosx>3 ucctclastidl) 
= Also 3 <sinx+ 2V2 cosx <3 Houese2) 
= From (1) and (2), we get lsin x + 2J2 cos x =3 

Let 1 =rcos 

r= 3; tan 0 = pp) 

3 sinx cos 9+ 3 sin8 cos x= 3 


Y 


y/o 


=> sin(x + 0)=1;6= tan" (2V2) =cos '(1/3)e (=. | 


Y 


y=sin(x+0) 


= There will be exactly 2 solutions. 


TEXTUAL EXERCISE—7: (SUBJECTIVE) 


1. L.H.S. = [sin x + [sin x + [sin x + [sin x]]] 


= [sin x] + [sin x + [sin x]] 
( [x +m] =m + [x]; m € Z) 
= [sin x] + [sin x] + [sin x] = 3[sin x] = R. HLS. 


2. f(x) = [sin x] + [tan x + [cos x + [sin x]]] 


4. 


= [sin x] + [tan x] + [cos x + [sin x]] 
= [sin x] + [tan x] + [sin x] + [cos x] 
x € (0, 2/4) 


5) 


tan x €(0, 1), cos x € (—.1] 


J2 


=> [sin x] = 0, [tan x] = 0, [cos x] = 0 
f(x) =0+0+0=0 


> sinx € [o 


y= = [sin x+ {sinx+[sinx] = -(3{sin x] = [sin x] 


[vy + [y]] = 2cos x 

[vy] = cos x 

[sin x] = cos x 

cosx € {1,0,-1} 

If cos x = 1, then sin x = 0 

=> [sin x] = 0, 41, hence, not possible 
If cos x = 0, then sin x = 1 

= [sin x] = 1, 40, hence, not possible 
If cos x = —1, then sin x = —1 

= [sin x] = 0, 41, hence, not possible 

No solution 


(a) 4ixp xt [x] > 4ixs = txs + 2[2] 


=> 2[y] =2 cosx 
=> [[sin x]] = cos x 


=> 
=> 
— => cos x has to be integer 
=> 


> S(}=[ 


3 3 
But, {}e[0,1) = Ptxpe|0.2) 


. (b) log. x? 


. (a) 


. (b) fx) = e| 
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=> [x] =Oorl 


If [x] = 0 => {x} =0 
=> x = [x] + 4x}— 0 
If [x] = 1 => (j=s 
= er eae 
7 oa. 3 


0, 5/3 
(b) [x] —2x|=4 
=> [x] -—2x=4 or [x] -2x=+4 
=> —-[x] —2{x} =4 or -[x] —2{x} =44 
=> 2{x} =-[x] —4 or 2{x} =4 —- [x] 
{x} € [0, 1) 
=> 2{x} e€ [0, 2) 
Case (i): -[x] — 4 = 0 


—[x] — 4, 4 —[x] € {0, 1} 


=> [x] =-4 = Vx =O 
=> x=-4+0=-4 
Case (ii): [x] -4=1 
=> [x] =-5 = Sera 12 
l 9 
=> x=53+ —=-— 
2 2 
Case (iii): 4 -[x] = 1 => [x]=3 
— ae Ws Sees VO 
= 4= 3 VST 2 
Case (iv): 4 —[x] = 0 => [x] =4 
= Ax}-=0 
=> x=4+0=4 => eae 
2 2 


. Follow the steps given Illustration No. 93 


TEXTUAL EXERCISE—7: (OBJECTIVE) 


= [x]>Oand [x] 41 


=> [x]>1 => [x]>2 
=> xe [2, 0) 
. (b) sin ds > [x+1]) #0 
[x+1] 
=> x+1¢[0,1) => x¢[-1,0) 
=> xe R-[-1,0) 
eeu] aN een a) Sand ee 
[x]—3 [x]—3 
=> [x] € (2,3) and [x] € Zor [x] =2 
=> xe (2,3) 


~ (ec) sin? [2 — 3x’] 


[2 — 3x7] € [-1, 1] 

(2 — 3x) € [-1, 2) 

Ee (0, 1] 

xe [-1,0)U(@, 1] 


=> -3x € [-3,0) 


YUY 


== _ [cos x| = [sin x] >0 


=> [cos x] > [sin x] 
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10. 


11. 


[cos x] — [sin x] is periodic with period 27, we shall 
work only for x €[0, 27]. 


; 37 
[cos x ] > [sin x} atx=Oandx € Zan 
37 ; 
— ee c| 20 +2, 2nn+ 21,10. 
a 
¢| (2n+)+ (ana) 


V[x]-14+.4/4-[x] 
[x] -1>0 and 4- 
[x] > 1 and 4> [x] 
x € [1, ©) and x € (-«, 5) 
x e€ [1, 5) 


a) e+ sin" (5-1) tog =O 
= e*+sin- (3 i, | + tog 


emu = 


[x] = 0 


YUUY 


ron 


57 1€[-b2) and {x} #0 


> xe[0,6)andx€Z > xe (0,6)- §1,2,3,4,5} 


(b) f: (2, 3) >, 3); Ax) = x — {x} = x — (1 — £23) 
=x+ {x} —1=[x] + 2{x}- 1 


fe) =2+2(x-2)-1 
=> J(x)=- 
=2x-3 
+3 

=> y=2x-3 — ae a — 

x+3 
=> f(x) = 

x—-[x];)J <x<J+0.5 x-I;I<x<I+05 
(c) f(x) = = 

[x];,J+05<57+1 T;7+05<x<J+1 


Kex)) = fsin* x + cos*x) 
Ie 1. 

= fli- —sin’ 2x = 1——sin* 2x 
2 2 


2 

2a) {x} 
a) A ei Geta 1+ {x} 
=> {x}e [0, 1) => {x}+1e[1,2) 


ee ¢|-1-4) = I ¢| 05] 
{x}+1] 2 {x}+1] 2 


1 
=> R, = 0.2) 
2 


(ec) fix) = © .¥>9 = s for ls x<2 and so on. 


+[x] 


e forO<x<l 


e~ 
eer 


12 


13. 


14. 


1. 


=> fxe[l1, e) for x €[0, 1) 


=> fixe |S. 


2 


for x €[1, 2) 


=> fwne [5 £ | for x €[2, 3) and so on. 


=> fx) €[1, ©) 
(b) x — [x] =3 => x-3=[x] 
— ae oe should be integer 


=> only £ satisfy the equation (43) -3=1= (4) 


(ce) @P+@t 1 = 25 

(x) +O) +2) l= 25 
(x)? + (x) - 12 =0 

((x) + 4) (x) — 3) = 0 

(x) = 4 or (x) = 3 

x € (-5, 4] or x € (2, 3] 
xe (5, 4] U Q, 3] 


a) Case (i): x ¢ Z 
[x]? + @&)’ > 25 
[x]? + ([x] + 1)? > 25 
2[x]? + 2[x] + 1-—25>0 
[x]? + [x] -12>0 
([x] + 4) ([x] — 3) > 0 
[x] <—4 or [x] >3 
[x] <—5 or [x] >4 
x<-4orx24 
x €(—00, 4) U[4, 0) 
nee (ii): x e Z 
[x] =) =x 
2° S25 
S125 

12.5 orx <—v12.5 
x €[4, 00) or x E(-00, 4] 
Combing (1) and (11), we get x €(—00, — 4] U[4, 2) 


VUUUNY 


ren 


YUUUYNY 


“YU UYUYY 


TEXTUAL EXERCISE—8: (SUBJECTIVE) 


(i) a * b=HCK a, 6b) 1s a binary operation as HCF of two 
natural number is always another natural number. 
(ii) «. LCM(a, 5) EN fora, b EN 
= Binary operation 
(iii) a+b=abecQVabeQ 
=> a+b+abeQ = Binary operation 
(iv) a *b = Jab is nota binary operation on R. 
=2,b=-2 =>  V-4ER 
(v) a* b= Va+b is nota binary operation on R. 
éf,a=—2b6——3: = abo 1 
Vat+tbeR 
Hence, not a binary operation. 
(vi) *. For b,aeé R, Disc. = (3by — 
=> a-—3ab+4b>>O0VabeR 


=> Va’ —3ab+4b’ €R Binary operation 


€.g.,a 


4(1)(4b)? = -7b? <0 


(vii) 


(viii) 

=> 
(ix) 
=> 
=> 
=> 

(xi) °. 


=> 


a*b=(a-b)onZ 

Put a=2,b=3 => a-b=-1¢€L# 
Not a binary operation. 

Ifa = b, then a* b=|a-b|=-O0EL 

Not a binary operation 


~" abel > abel 

Binary operation 

(x) abeR > abeR 
a.beR = Binary operation. 
‘abe lz => a*b=aetl 


Binary operation 


2. i) a*b=a-b 


(ii) 


(iii) 


(iv) 
=> 
=> 


(Vv) 


=> 


(vi) 


=> 


=> 


Neither commutative nor associative as subtraction of 

real numbers 1s so. 

a*b=a)+b 

Commutative asa *b=b*¥aie,at+bh=bh+a3 

Not associative asa *(b*c)=a*(bb+cC)=a+(b +c’) 

and (a *b)*c=(@+Bb)*c=(a@+b)+e 

a*b=a+t+2ab 

Not commutative, as b *a=b+2ab 

Not associative, as (a * b)*c = (a + 2ab)* c= (a+ 2ab) 

+ 2(a + 2ab)c and a*(b *c)=a+t2a(b *c)=at+2a(b 

+ 2bc) 

a*b=(a—by 

Commutative, a *b=b *aas(a—b)*=(b—- ay 

Not associative, as a *(b * c) =a *(b—c)* = [a-(b—- 

c)*]* and (a * b) * c=(a—b)* * c=[(a—- b)*-c}' 

a*b=ab/8 ab/8 = ba/8 

Commutative as well as associative as (a * b) * ¢ 

= [= Jee ane and (a *(b *c)= “(= id 
8 64 8 64 

a * b = 3ab’ and (b * a) = 3ba’? 

Not commutative 

Also, (a * b) * c = 3ab? * c = 3(3ab’)c” = 9Yab*c’ 

and a * (b * c) =a * (3bc’) = 3a(3bc’) = 27ab’c* 

Not associative 


3. LCM of (a, 6) =a * bis not a binary operation on A as 3 * 


5 = 
4. Yes, 


=> 


15 ¢Aand5*7=35¢A 


a * bisa binary operation of N 

HCE (a, 6) = HCF (6, a) 

* 1s commutative 

Also * is associative. 

No identity element exists for * as 4 no e € N such that 
HCE (a, e)=a 


5. (i) 6*7=42 


(ii) 
=> 
(iii) 
=> 
(iv) 
=> 


(v) 


15 * 24 =120 

(a *b)*c=a*(b*c) 

* 1s associative 

LCM (a, b) = LCM (8, a) 

* is a commutative 

LCM (1, a)=a 

1 is the identity elements of * 

1 is the only inventible element 
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6. (a, b)* (c d)=(at+c,b+d)=(ct+a,d+b)=(c, d)* (a, b) 


=> 


=> 


* is commutative 

Let (a, b), (c, d), (e, fy e N x N, then (a, b) * [(c, d)* 
(e, f)] 

= (a, b)* [(c+e,dt+f]=(at(ct+e),b+(dtf))=(a 
+c), e, (b+ d)+f)=(atc), (6+ d))*(e,f\=( b)* 
(c, d))* ef) 


* is associative on N x N. 


Te-@. (C7 4)" 3-43) = 1 


(ii) 


Yes it is commutative 


(iii) 3G *4)*4*5)=Q)*M=1 


8. See the Answer. 


9. (a) a*b=at+2b 


10. 


11. 


12. 


(b) 


(a) 


(a *b)*c=(at+2b)*c=at+2b+ 2c 
a*(b*c)=a*(b+2c)=at+2b+4e 
Not associative 


a*b=a+2b 
b*a=b+2a 
a*bt+b*a => Not commutative 


forae N,-a¢N 
—a can’t be inverse of ‘a’ moreover the identity element 
‘0’ does not exist in N. 


1 
— can’t be 


Also for a e N — §1}, ye N , and hence, 
a a 


the multiplicative inverse of a on N. 


(a *b)=a+ 4b? (°. Product and sum of two real num- 
bers is real) 
>at+4br’eER 
A(a, b) = minfa, b}. 
If a, b are reals. 

a *b=min {a, b} is also real. 

Similarly a * b = max {a, b} 1s also binary operations. 
U:PxP>P 

U(A, B)=AUB 

IfAePRBeP => AUBeP 

U 1s binary operation on P 

Also, 7: P * P > P, defined by q (4, B) = (A AB) 
Similar as explained above if A € P 

BeP => AnBeP 

cy) is a binary operation on P 


=> a* bisa binary operation. 


a *b=41s commutative asa *b=b*a=4 

Alsoa*(b *c)=a*4=4 and (a *b)*c=4*c=4 
* 1s associative. 
atb _ 


a*b= b*a 
4 
* ig commutative 
ato. 
+b 47 +b+4 
Also, (a *6) *e= [278 }+e = -* : 
4 4 16 
a*(b4e)=a(2*2) 4 _4atbte 
4 4 16 


* 1g not associative 
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13. A*B=ANBVA,Be PW) 


14. 


W vc (any element P(W)) = that element of P(W), as 
P(W) is the collection of all subsets of W 
=> Wiis the identity element with respect to *. 


A*B=W => ANB=-WSA=-B-W 
=> Wiis the only invertible element and self invertible. 
a*b=|a-b| 


aob=a 
a*b=|a—b|=b*a=|b-a| 
=> *1is commutative. 
Next, (a * b) *c =|a—b| * c= |la— b\-¢| anda * (b * 
c)=a*|b—cl=|a—-|b-cl 
=> *is not associative. 
Now, aob = a but boa = b 
=> ois not commutative. 
Next, ao(boc) = aob=a 
Also, (aob)oc = aoc = a 
=> ois associative . 
We have a * (boc) = |a — b| and (a * b)o(a * b) = ja — 
blo|ja — b| = |a — b| 
=> Yes * distributes over o 
Next, ao(b * c) = ao(|b — c|) = a and (aob) * (aoc) =a * 
a=|a-—a|=0 
= No ‘o’ does not distribute over * 


TEXTUAL EXERCISE-8: (OBJECTIVE) 


(b), (c) An operation * is associative on set A 

=> (x*y)*z=x*y*zVxy,zEA 

(a) (a*b)*c=(a-—b)-c=a-—b-canda*(b*c)=a 
*(b-c)=a-bte 

=> *1s not associative 


4 16 
_ [) abc 
=: | |S 
4 16 


= * is associative 


(c) (a *b)* c= (Va7b?) *c = Va?b?c? = abc 
=> at (be) = a+| bre?) = Ja’b’c’? = abc 
=> *is associative 
(d) (a *b)*c=(a—-b’)*c 

=(a—b)—¢? 

= (a — b’ +c) (a -b*-c) 

Also, a * (b * c) =a * (b* —c’) 

= @ —(b? — ¢?)? 

=(a—b?+ cc’) (a+b? -c’) 
=> *is not associative 


(a), (b) Precisely, a binary operation * on a sets is a map 

which sends elements of the cartesian products S x S to S. 
*SxS 5S 

(a) a*b=Va’b’ +b’ +2ab’ ; where a, b eZ 


=> a*b= J(ab+b) =|b(a+ 1 eZ 


=> *isa binary operation 
(b) a *b=gcd (a, b) EZ 
=> *1sa binary operation 


(c) a* b= 


b , 
need not be an integer, e.g., if a = 7, 
7-2 5 
b=2, then a * b= ——=—€Z 
2 2 
= *is nota binary operation on Z. 


2 2 
a —b 


(d) a*b= 


need not be an integer, e.g., if a = 4, 


b = 3, then a * b= pa e7 
4 4 


= *is nota binary operation on Z. 


. (a) A binary operation f A x A —> B is commutative it 


(a) is commutative 


a*b= Ja’ +b’ -2ab 
b *a= Vb’ +a’ -2ab 


(b) a*b=a-b 
b*a=b-a 
=> Not commutative. 
-ifb>0 
Ot oe ia 
ab ifb<0O 
Leta=2,b=3 
=> a*b=(2)=8and b *a=(3)=9 
=> * is not commutative. 


ifa=2,b=-4 
=> a*b=a.b=—8and b*a=(-4yY=16 
> a*btib*a 
=> *is not commutative. 
(d) a*b=a’b andb*a=b'a 
=> *is not commutative 


. (ce) A= £1, ©, ©7}; = @ cube root of unity 


a*b=ab 
1.1=1,1.@=0 and 1. @?=@ 
= 1 isan identity element in A. 


. (c), (d) A = §{1, o, w7} 


a*b = ab 
Oo? = 7 = 
=> Inverse of m7 is m and inverse of @ is 7” 


.- (ec) *:AxADA 


n(A x A)=9 + A x A has 9 elements and each element 
has 3 choices. 
= Total number of binary operations defined on set A = 


(3) 


- (a); (b), (€), (d) 


(a) a * b= least non- negative integer obtained when (a.b) 
is divided by 6 

= 1us the identity elements in A 
Clearly, 1 *3=3and1*5=5 

=> (a) is true 
(b) 3 *a => 37 1=3 


Sot SS3 = toe 
=> (b)is true 

(c) No elements of A can give 3 *a= 1 
=> (c) is true 

(d) Clearly, 5 *5=1 


- (a), (b), (€) 
A = §2, 4, 6, 8, 10} 
Option (a) is correct as Va € A 
6*a=a 
(b) * is commutative as Va, bE A 
a*b=b *aby the table 
(c) Since 8 * 10=6, 10 * 8 =6 
Where 6 is the identity elements of * as proved above 
= Inverse of 8 is 10 
(d) 2*(4*8)=2* 10=8 and (2 * 4) *8=(6* 8)=8 
= (d)is false 


=> (d)is true 


TEXTUAL EXERCISE—9: (SUBJECTIVE) 


-@ faye Ntzitect 
l-x+V/x-6 
x—1>Oand6—x>Oand1—x>0Oandx-—6>0 and 
Jil-x+Vx-6 #0 
=> x>landx<6andx<1landx>6and1—-x#x-6 
(never possible simultaneously) 
xed 
x +1 


(b) Gs ae oy 


x-V¥x+240andx+2>0 
x*-x-2 # Oandxe [-2, 0) 
x #2,-1 and x é€ [-2, 0) 

x € [-2, 0) — {2, -1} 


[x-2 [— x 
A= es l+x 
x-2 


1- 
=> >Oor x =2 and 2) orx=1 
x+2 l+x 
=> xe (-0,-2) U(2, ©) orx=2 andx e€ (-1,1l)orx=1 
=> xe (-o,-2) [2,0) andx e€ (-l, 1] 
> xed 
1-5* 
. (a x)= Sa | —— 
(a) T(x) 7, eas 
= > 0 => eee 
| ay as 
-! Soorx=0 
Gea 
5*— 1 >0 and 7*" -1 >0 or 5*-—1<Oand 77 -1<0 
orx=0 


=> x>Oandx+1>O0orx<Oandx+1<0Oorx=0 
=> xe(0, 0) orx € (-o, -1) orx =0 
x € (-c, -1) U [0, «) 


» (a) an PET 
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5- Vx-2 
(b) {= 


x<S5andx>2andx<3andx>1and3-x#x-1 
xe [2,3)andx#2 > xe(2,3] 


» (a) fx) = log, _, (x? — 5x + 13) 


x? —5x+ 13 >0 and 2{x} —3 > 0 and 2{x} -3 # 1 
=> x’—5x+13> O0istrue for all x e Ras D<Oand leading 
coefficient is +ve and 


3. . 
{x}> 5 is not possible for any value of x and {x} #1s 


2 true for all x. 
Hence, x € 9. 


9— 2 
(b) f10)= lob ( 2=*) 
x -4 
Q— x? 
x4 
=> 3-x)3+x)(x-2)(*x+2)>0 
=> xe (-3,-2)U(, 3) 


>0 


(c) f(x)= oe, (= 


y 


2 2 
oes jana log, = 20 
4 4 


x(5 — x) > 0 and xO a1 
x € (0,5) and x —5x+4<0 
x € (0,5) and xe [1, 4] 

xe [1,4] 


YUv Y 


conn. 


d) f(x)= oe, [= 


= An coe 
72) and log, sida 20 
4 ; 4 


x € (0,5) sds 4 
x € (0, 5) and x € (-~, 1] [4, «) 
x € (0, 1] u [4, 5) 

l 


=> x-—|x|>0 


=> XS x! > xed 


1 


=> xe (-0, 0) 


— a ae 


(c) f(x)= sin) 


3—|x| 


=> =e 1] => 3- |x| E [—2, 2| 


S\ell-ss—01 
x| € [1,5] => x [-5,-1]U [1,5] 


(d) f(x)=Jx*-3|x|+2 
=> x -3\x|+2>0 => |x/?-3|x|+2>0 
=> (|x| —1)([x|-2)> 0 
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=> 
=> 
=> 


5. (a) 
=> 
=> 
we 
=> 


=> 


|x| € (oo, 1] U [2, 0) but |x| > 0 
Ix] € [0, 1] U [2, «) 

x € (-, —-2] VU [-1, 1] U [2, ~) 
f (x) = Vsin x + V¥16— x? 
sin x > 0 and 16—x*>0 


x €| J[2nz,(2n+1)z] and x € [-4, 4] 


neZ 


x € [4, -r] U [0, a] 


f (x) = /cos(sin x) + ./sin(cos x) 


cos (sin x) > 0 and sin (cos x) > 0 
x € R and cosx  [0, 1] 


rel an 1), (4n+ p= 


neZ 


6. (a) fx) = cos" [x] => [x]Je [-1, 1] 


=> 
=> 


=> 


y 


YU J 


rom 


x € [-1,2) 


R= {cos \(— 1), cos (0), cos(1)} = {2, 2/2, 0} 
(b) f(x) = sin! (+ 1) 


=> +1 e [-1,]1] 
x”? € [-2, 0] but x > 0 

x =0 

x=0;x € {0} and iG {sin} = {1/2} 


i. oe 
f (x)= cos — 


a — 


+x? 


x=-lo 


(x-1)° 


oe >0 trueVxeR 
+x 


Hence, x € R 


_(1+x? 
f (x)= cos a 


1+x° 1+x? 
€[-1,1] = -I1< <1 
2x 
2 2 
G+) So and (x- I eg 
ox 2x 


x=-lorx>Oandx=1orx<0O 
x € (0, 0) U {-1} and x € (-, 0) u {1} 
xe {-l} vu {1} => xe {1,1} 


ce) fx) =tant'd +x) > 1+x €C~,) 


x” € (-0, 0) but x > 0 


x’ € [0, 00) => x € (-0, 0) 
xeR 
jel 

Xj= 

2(x* +1) 
x -1 

2x7 +1) 

2 2 2 2 
x texte, q Sols 2 

2(x* +1) 2(x* +1) 


>0 true V x e R and x = 1 or 


10. 


3x7 +1 F x +3 
2(x* +1) — 2(x7 +1) — 
> xeR 


(a) fix) = log, 3 + 5 sin x) 
=> 3+5sinx>0 


, 3 
=> pee and sin x € [—l, 1] 


nxe(-F 
=> sinxe|—-,l 
5 


3 
= 4E U (200 sin 3 '— | (2n+1)4+sin™ =) 


neZ 


(b) fx) = log, 3+2sinx) >3+2sinx>0 


. 3 
= sinx2—— > xeR 


(a) fx) = ,/log, (cos 27x) 

=> x>0,# 1, log (cos 2nx) 2 0, cos 2nx > 0 

Case (i): 0<x< 1 

=> 0<cos 22x < 1 
ForO0<x<1,0<22x <2 


=> 21x ¢ (0.5 or (= 22 | 
2 2 
l 3 
> xeE (0,2 (3. 
4 4 


Case (ii): x > 1; cos 2nx 1 
=> cos 21x = 1 
=> 2 6€2.3,4.24 


1 3 
D,= |0,— JU} —,1 Ju §2, 3, 4, ...... 00 
: ( 7 F 


(b) ee a(x" — 3x —10)In?(x- 3) 
—3x-10>0orx-—3=landx-—3>0 


=> py Ike [5, 0) orx>3andx=4 
=> xe {44 U[5, «) 


(ec) f(x)=cos" 2 = | }: (In(3— x))" 


=> aa eu and 3—x #1 and3-—x>0 
—|x| € [-6, 2] and x # 2 andx<3 
lx| € [-2, 6] and x # 2 andx <3 
|x| € [0, 6] and x € (-00, 3) — {2} 
=> xe [-6, 6] and x € (-o, 3) — {2} 
=> xe [-6, 3) — {2} 
l 


COS x — — 
2 


eee V¥6+35x— 6x’ 


=> cosx— 20 and 6 + 35x — 6x? > 0 


1 
=> ene 5 es ee 


1 
=> cosxe = and (6x + 1) (x —6) <0 


= pee one+ and re(-2. 6] 
neZ] 3 3 6 
=> xeU 222 Ale SAN .. and re{-2.6] 
3 3 3 3 6 
( 1 a 51 
=> xeE}|—-—,—]U| —,6 
6 3 3 


(b) f(x)= ogj.2)2} V9 — x? 


x+3 
—2 —2 

9—x’> 0 and = #1 (always hold) and == 39 
x+3 x+3 


x € [-3, 3] and *—- 2) (x +3) >0 
x € [-3, 3] and x € (-~, -3) U(2, «~) 
x € (2, 3] 


11. (a) f()=—+log,_,,. (x? -3x+10) 
[x] 


1 l 
° P= [x\ sects) 
=> [x] # 0 and 1 — {x} > 0 and 1 — {x} # 1 and x’ — 3x 
+ 10 > 0 and 2 — |x| > 0 and sec (sin x) > 0 
=> x€[0,l)andxe Randx¢ Zandxe R andxe (2,2) 
andxe R 
=> xe(2,-1)U (C1, 0) UCI, 2) 


l 2x 
b = ———————— 7) 
Oe ,/sin(cos x) cor ( A 


l l 


sin (cos x) > 0 and ca €(-1,1) and x ¢ Z and 
a 


in| 1- tan =| } - tan | #0 and 1- tan =| >0 
2 0 2 


cos x € (0, 1] and ve(-%, 4 and x ¢ Z and 


in| 1- tan } - tan | #0 and tan—e (—co, 1) 
2 2 2 


—- ve(-5, =| and x ¢ Z and 
22 


in[1- tan }+|- tan | #0, tan—€(-c2,1) 
2 2 2 


=> xe/—,-1 |UC10)U(01 (1.2) and i 
_ 


7 (0,1) U 
fn) me 


- (¢) Jx(x-1) 


. (b) 


Functions < 2.323 


=> tan=€ (-L1) 
tan—e (-1,1)> tn e {-1,0} 


Case (i): = <x<-l 


ba —] 
=> -] <tan * <tan{ =) 
2 2 


=> tan |= —1 and tant] =0 
2 2 
=> in{1-| tan] }+| tan] =n 20 
p 2 


Case (ii): -1 <x <0 


» [ed oom 


Case (iii): 0<x< 1 


s in{-[ n=] }+] -tan=]=—120 
| 


Case (iv): 1<x< 72/2 


——t in(1-| tn } -tan| =-170 
2 2 
—T Hu 
D.= [= -1 }U(-L9)v (0, Iu C 4 
TEXTUAL EXERCISE—9: (OBJECTIVE) 


=> xx-1)>0 
=> xe (-,0] U [1], ~) 


1 


. (a) xix => x>Oandx#1 


=> xe(0,~0)~ {1} 


l 


° af x(x — 2)(x- 3) 


=> xe (0,2) UG, ~) 


(a) —~— > x-p/>0 
: ———— x— |x 
Jx—|x| 
=> x> |x| > xed 
l 
. (b) —_— => |x|-x>0 
a= \x| 
=> |x|\>x => xe(~o,0) 
l 
—_——_ => 2-cos 3x # 0 
2—cos3x 
=> cos 3x #2 > xeR 
» (a) log,, (1 + x’) = Mae es) 
=> x >-] => xeCl,) 
=> 


x(x -— 2) (x-3)>0 
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10. 


11. 


12. 


13. 


14. 


15. 


(b) 


=> 
=> 


(d) 


=> 


(c) 


y 


(d) 


YuUY 


y 


=> 


l 


3/(x — 1)(x — 2)(x — 4) 


(x — 1) («-2) (x-4) #0 


xe 1,2.4 => xeR~ {(1,2, 4)} 
2+2=2 = P22 

2’>0 => 2-2'>0 

Z22' =>. 4 

x € (-o, 1) 


f(x)= Fx +c0s'( =" | 


3-2 
3—x>0 and Z 


ae. 


x € (-, 3] and x € [-1, 4] 
x e€ [-1, 3] 
f (x) = sin” (=>) log,)(4— x) 


x-3 


€[-l,l]and 4-x>0 
xe[l,5Jandx<4 > xe[l1,4) 
l 
= —________ + 
log,)(3- x) 
x>—2and3—-x#1land3-x>0 


x>—2andx #2andx<3 
4 €.(-2,3) = 425 


oe (x + (x - 3) 
x-2 


(x+1)(x- 3) 
(x— 2) 


y x+2 


>Oorx=-l,3 


x € (-1,2) UG, ©) orx=-1,3 
x € [-1, 2) U [3, ~) 


1—|x| 
= 
Oa nae 
1 — |x| =O or Laie; 


2—-|x| 


x =-1, 1 or |x| € (-c0, 1) U 2, ~&) and |x| > 0 
x=-1, 1 or |x| € [0, 1) U Q, ~) 
x=-l,1lorx € (x, -2) VE-1,1)U(@, &) 
x € (-0, -2) U [-l1, 1] U 2, ~) 


-1 
x)=cos | ————— 
f) (— 
1 1 1 
——a elo) IS Saal e 
4+ 2sinx 4+ 2sinx 3 3 
4+2sinx € (-o, —-3] U [3, 0) 


2 sin x € (co, —7] U [-1, ~) 


1 , 
sinxe(—=-2]U]-3, ), bu sinx € [-1, 1] 
2 2 


16. 


17. 


> xe ann -% n+ p02 | 


neZ 


l 


=> sinx>0 => xe|) (kn, (2k+1)n) 


keZ 


+ sin x 


l 


(d) <x) = —————+— 
|| cos. x | +cos x 
=> |cosx|+cosx>0 
=> |cosx|>-—cos x => cosx>0 


=..x¢ [ann 2n +=) 
2 2 


> xe U{ (4-0 (4n+) =] 


neZ 


TEXTUAL EXERCISE—10: (SUBJECTIVE) 


~ (a) V¥x°+4 => #4+4>0tueVxeER 


=> x € (-0, 0) => x é€ [0, o) 
=> x+4e [4,0) 
(b) — => x#1,5 
(x —1)(x-5) 
=> xe R~ §1, 5} is the domain 
1 a 
(x-1(x-5) x°-6x4+5 (x-3)-4 
xe (-o,1)Ud,5) U6, ©) 
x-—3 € (-, -2) U2, 2) U (2, ~) 


=> (x-3)e [0, 4) UG, 0) 
=> (x-3)-4e [H, 0) (0, «) 
l l 
ee ae PRE 
(x-3)-4 4 
(ec) Vx+8;xeER 
x+8eER => x+8(-0, 0) 
Vx+8 € (—09,00) .. Range is R 
(d) y= es - x°+440truueVxeR 


x +4 


Now as x € (-0, 0) => x’ € [0, 0) 


1 1 
=> +4 e [4, 0) > > e(o.5| 
x +4 4 


l 
Range is | 0,— 
: ( 1 


f(x) = "Cy, 93 BO) = OC, 
= Ae)=foew =" C 


xt+l 

=> x+1>Oand2x-—8>Oandx+1>2x-8and2x-8 
See 

=> xe(4,0)andx=-9 > x=9 
D, (W(x)) = {9}; R,= 1} 


3. (a) f(x)=4tanxcosx=4 


sinx 


COS X 
COS X 


; (a 
Asin x xeR~ Wear 
neZ 


undefined otherwise 


Hence, D.=R~ U {Ons v=} 
2 


neZ 


y 


xER~U one 


sin x € (-1, 1) 

4 sin x € (+, 4) 

R= (4, 4) 

(b) cos (2 sin x) 

sin x € [-1, 1] 

2 sin x € [-2, 2] 

2 sin x € [—2, 0] or 2 sin x € [0, 2] 

cos (2 sin x) € [cos (-2), 1] or cos (2 sin x € [cos 2, 1]) 
cos (2 sin x) € [cos 2, 1] U [cos 2, 1] 

cos (2 sin x) € [cos 2, 1] 

(c) sin (log, x) for log, x to be defined, x > 0 
=> xe(0,0) => log,x € (-«, 0) 
= sin (log, x) € [-1, 1] : 


» (a) Ax) = [{x}] or {[x]} 
{x} € [0, 1) 
Also, [x] € Z 


YW UY 


y 


=> [ix] € {03 
= i[x]} € 0} 


tan(z[x — 77]) 


b x)= 

(b) 8) x? -—3x+4 
x? — 3x+ 4+ Otrue Vx e R as D <0, hence, no real 
roots 


tan (1 [x — z]) 

= The numerator will always be the tangent of multiple of 
m, hence, it is 0. 

= R,€{0} 


; l 1, 
(c) fix) = cos 2x — sin 2x = Vil Jpeos22- sin? 


J2 V2 
= W3{cos{2042)) 
4 
cos( 20+ Je [hl 
> Zeos{ 24+ Je[-V2.V3 
(d) f(a)=eot*(x-4), x— Te (29,2) 
cat( x7 Je cone) 


1 
=> cot? [+-4 J< [0, 0) 


a: x? -1 
5; (a) f (x)= sin =| 


(b) 


=> 


Functions 
x-1 1 1 
(x7+1) 2 x?+!1 
1 
-l1<—-—— <1 
x +1 
3 1 1 
2 x*4+1 2 
1 1 3 
-—<—— <=, but —— >0 
2 ED i] 
0< Z Ze => =<x+1< 
x +1 2 
A 305 
ao <cootrue VxeR 


Now asx € (-0,0) => x*+1 € [1, 0) 


< 2.325 


E (0,1 > - €/-1,0 
+1 (0,1) x7 +1 | ) 
1 1 | 1 | 
2 x41 php) 
af 2-1 a 4 
S ; e| -——,— 
2(x* +1) 6 6 
f(x)= cos"[ 2 ) 
2 +1) —1) 
=o 1 oD gop es 
l+x x +1 (x° +1) 
xeR 
2x 2 
= ifx e R ~ §0 
1+x° I 03 


Xx 


l 
x+—€ (—e,-2]U[2, 0) 
Xx 


1 1 1 
eee 
ee se: 2 


Xx 


+ €[-10)U 0,1] 
x+— 
XxX 


cos | ( ma ; Je [0,7] ~ =} 
l+x 2 


If x = 0, then = 


=0 


2 


ee ee 
2. 


(ce) f(x) = cos" [= 
2x 


2 
I+x 24 


2X 


=) <— 


2.326 >» Functions 


7 42x41 ; 
v= : = => InSx? —8x+ 4) ¢| In| 
2x : 
(x+y = 
ur 20 => x>Oorx==-l (b) cot loess 80+ 
2x 
2 
Also, -+* -1<0 sx 8x4 4e| 5) 
2x : 
x? +1|- 2x (x-1) log,,, (5x? — 8x + 4) E (0, 1] 
a ee => a ” 
* - cot! (log, .. (5x*— 8x + 4)) e 22) 
=> x<0Oorx=1 ae ri 


=> xef{-l,]} 


2 4 
=> fix) =cos'(-1) or cos"'(1), 1.e., x or 0 (c) 5x°-8x+4eE = 


=> R= {0,} 
f > lo 5x* — 8x + 4) © [-l, «0 
(d) fox) = tan (1 +x’) Bye DS) 
an 3 
x2+ 1 € [1, 0) => tan? + e| 22 | cot log, (5x* —8x+4)eé (0,2 
a 
(e) f(x) = log, 3 +5 sin x) 
Now as 3 +5 sinx>0 x —x+] 2x 
3 DAO eget art 
=> Sines gee ere ae es, 
2 2 
3 If x # 0, then = = —_: 
=> sine [21] => 5sinx € (-3, 5] x txtl Vi tay 
x 
=> 3+ 5sinx e€ (0, 8] l 
= log, (3 +5 sin x) (-., 3] sea a ae tad 
4 oe 
= | 
© LOn Ee ee x+— +16 (ee, 1]U[3,2) 
2 2 
If x # 0, then “= > — Ec 0, U[-1,0) 
l+x I 3 Y 
2 ee x+—+1 
1 ¥ x 
=> x+—€ (-c,—2]U[2,) , D 
. => —2—e(0.5]u[-209) 
ee : 
~ €[-1,0) 4 O,1] x 
x+— 
i Sa el 4 (1,3 
If x = 0, then = 0 1 a Ae. 
La x+—+1 
x 
8 ia 2 
=I, ~x+l 
+x’ If x= 0, then ——~——= 1 
Stil ae ean 
=> tan’ = <|-= “| 2 
l¢x? | 4°4 ag —athe| ia 
x +xt+1 [3 
6. (a) Set Br d= 5l{ x? Ex] +5 x 
; x — 8x = x°-—x |+— 
5 5 (b) f(x)=—;x€ 0, 0) ~ {1} 
In x 
2 
16 16 4) 4 med 
= 5) x°-2x—x+— ]4+4-— = 5} x-—] +— 1 eae 5 PP = 
[ S| 5 4 5 I= Tp 5 f(x) = 0 when In x = 1 
4 2 > x-e 
Now, s(x =] € [0, 0) If x > e, then f(x) > 0 and if x < e, then f(x) < 0 
. On (0, 1), f(x) <0 
=> ( 4) +4.|2 li fine 
xs _— 0 —= _———_- = 
5 5 L5 7 ac v0 In x : 


Also, lim f(x)= fates te 
rr h0 In(1— h) 


I+h 
O 1, : i] <Q d li =| 
n (1, €); /@) <0 and lim f(x) 10 In(1+ h) 
fle) =e 


On (e, 0); f(x) > 0; lim f(x) = lim — 
X— 00 xX— 00 x 


; 7 oa 
Applying L-H rule lim f(x) = lim — = lim — = lim x = © 
xX—> 00 xr~Inx 


xX— 00 1 X— 00 
x 
Range 1s (—00, 0) u [e, 0) 


f (x)= sin x? +[{In./x—[x]}]+ cot"! [—- 


= sin! x? +[{In J{x}}]+ cot *(— 75 


l 
Ifx ¢ Z, then f(x)=sin'x*+0+ cot“ 
IG) 1+ J2x? 


= sin” x?+cot” [| 
1+ J2x? 


=>x ¢ Zand x’ € [-1, 1] and x? € [0, 0) and 


ae) 
14+J/2x? 


=> x¢ Zand x © [0, 1] and 1+ 2x" € (-~,0)U (0,) 


x ¢Zandxe [-l, l]and x’ € [=~ Ju[--= | 


but x? > 0 

xe [-l, lJandx € [0, co)andx¢ Z 

xe [-l, l]Jandxe Randx¢ Z 

xe[-l,ljandx¢ Z 

x € (-1, 1)~ {0} 

If x € Z, then function f(x) will be undefined as In 0 is 
not defined. For the respective domain (—1, 1) ~ {0} 


1 2 = a oe 
f (x)= sin x? +[{In fx - {x}}]+ cot [— 5 | 
a es ee -1 ft 
= sin x +cot | 


=> Range of f(x) = (=) 


y 


YUUY 


(vi) 


Functions < 2.327 


9. (i) For ./x—1 to be defined x-1>0 


=> x21 => xe [l1, 0) 
=> x-le [0, 0) => x—1€[0,c) 


(ii) V¥x-2;xeER 


— Vx—2 € (—09,00) = *#x-2eER 


=> x-2 € (-0, 0) 


(iii) ./(x-1)(x-4) for square root to be defined (x — 1) 


(x —4)>0 
=> xe(-~, 1] U [4, ©) 
eee eee 
Now, (x — 1) @— 4) =x*-—5x+4 [ | A 
=> xe(-~, 1] U [4, ©) 


Now, (+-5) ~=e[0, ) 
=> (x-1)(x-4) €[0,0) 
(iv) xe R~ {1, 2, 3} 


(x —1)(x — 2)(x - 3) 


The expression is the denominator is cubic in x it will 
take all values from (—00, 0) and its reciprocal will take 
all values except 0. 
Hence, R= (—00, 00) ~ {0} 

x-1 (x-1) 


(v) 7-o ay R ~ {1, 3} 


Ifx = 1, then — is not defined 
x -4x+3 
l l 
If x + 1, then ——————_ 
x —-4x+3 x-3 
=> x-3€(o,0)~ £2} 
=> x-3€(~,-2)UC-, 0) 


l l l 
=> e(-F.0}U[-=-5 Jooe) 
x-—3 2 2 
l 
=> Rk, +R {0-3} 
2 
x? -1 — (x-1)(xF+I) | 
x 4+5x4+4 (x+4)(x41)” 


2 


xe R~£1,4 


If x =—1, 4, then is not defined 


Xr oe 

eal _xrl_, 5 
x°+5x+4 x+4 x+4 
x € (-0, 4) U (4, -1) VE I, &) 

x+4e (-o,0)U (0,3) U G3, &) 


If x # —1, 4, then 
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(viii) 


(ix) f(x) = 


=> 


YUdY 


(x) 


2 
R, ~R~ {1-3 | 
3 


7 Dee + 3)(x-1 
eee ie AO) geri 
x -1 (x-1)(x +1) 
xi t2x-3_ x43_, 2 

x -1 x+1 
x € (0, -1) UC-1, 1) UCI, ©) 
x+1 € (-«, 0) U (0, 2) (2, 0) 


I ie ae a 
—€(-~,0)U| 0,— |U| =< 
x+1 a 


2 
1+— é€(-~,1) U1, 2) U (2,2) 
x+1 


Ifx # 1, —1, then 


xt+l 


R,— R ~ {1, 2} 


2 
+ 2x43 
a <*** D> R~ {0} 
Xx 
x +2x4+3 3 
= y+ 42 
Xx Xx 


If x # 0, then 
ee (-c0,-2,/3]U [2V3, ) 
Xx 


3 
x+—+2€ (—c0,2 - 23] U[2 + 2V3,0) 
x 


x+1 x+1 _ A B 


B= VW2:A= 1/2 
x+l1 ; _ 

=> xy-—2xyt+ 3y=xt1 
xy —(2y + 1)x+ 3y—-1=0 
For y ER and y #0, 1.¢.,x #-1 
Disc. > 0 
4y+4y+1-12y*+4y>0 
8y’ + 8y+1>0 
8y7- 8y + 1>0 


y=vx-l1+ 5—x;xeE[I1,5] 


dy V5-x-Vx-l .. ~—_ pe 
— = if 5-x> x-l1 
dx 2x-1V5-x 


ae 
dx 


d 
If x < 3, then “’>0 
x 


If x > 3, then 2 26 
dx 


If x = 3, then Laer 
dx 


qc um —_ = : 
x°-2x+3 (x+3)(x-1) x+3 x-1 


=> (2y+1)/-4Gy-1)>0 


For x € [1, 3] => fx) € [), £3)] 


=> f(x)E[2,2V2] 


For x € [3, 5] => fx) € [/), £3)] 


= f(x) €[2,2V2] 
> R,>[2,2v2] 


2 
; 49 
(xi) sin? x Ssinx—6=[sins—> = ; 
2 
S) 9 49 
sinx€[-Llk( sin > |2.2 
2 4 4 


2 
5 49 
[sinx- >| —— €[-10,0] 
2 4 


(xii) “*P., 


=> 


xe Zand7—-x>Oandx-—3>O0and7-x>x-3 


=> xe Zandxe [3,7] and x € (-~, 5] 
=> xeZandxe [3,5] > xe §3,4, 5} 


10. (i) 


=> 
=> 
=> 


f3)="P, ,="P,~ 24; f4) = “P, =P, = 6 
AS) =P, =?P,=1 
R,= (1, 24, 6} 


log (3x? — 4x + 5) = In(3x? — 4x + 5) = I» — =x }: 


_s(e=a(2}es4) 4+] 


3(x — 2/3)? € (0, 2) 
3(x — 2/3)? + 11/3 € [11/3, «) 
In(3x? — 4x + 5) € [In(11/3), 0) 


(ii) f(x) = cot (x? — 4x + 5); D,€ R 


=> 


(iii) 


(x? — 4x +5) = (0? —4x% 4+ 4)+1 

=(x-2)?+1 € [1, #) 

R,= (0, /4] 

cot (x + 2x) = cot(— x(x — 2)) 

Domain of cot"(x) = R and —x(x — 2) € (-e0, 1) 


= cot'(-x(x — 2)) [cot’(1), cot*(o)] 
=> R,= [n/4, t) 
; x 
(iv) fx) = 
1+| x | 
For x > 0; y= 7 
l+x 
=> x7 ty =x => x<y-l=-y 
=> go SG 
y-l 
> wv-1)<0 => ye, 1) 
x 
For x <0; y= 
—x 
> y-xy=x => xm ty-y 
=> ee aoe, => y € (1, 0) 
I+ y 
For x = 0; y =0 = GLI) k, 


(v) cos([x] 7) 


[x] is always an integer, 1.e., positive or negative 


2) 


3 


| 


11. 


12. 


=> cos|[[x] x] = cosine of a negative integer or a positive 
integer. 

=> cos [[x|]z] = {-1, 1} 

(vi) fix) =4*-2* 4+ 1 
Let2* =» 


; l 1 3 
ak dae Oe aren 


2 
=> [y-5) + => fy) € [3/4, ©) 
Hence, range of f(x) as 2* € (0, «) 
=> f(x) € [3/4, «) 


l 
(|x |= 1(eos'(2x+ 1) tan 3x 


|x|} -1 # 0 and 2x + 1 € [-1, 1] and cos? (2x + 1) #0 


(i) 


and 3x « R ~ {0} and 3x4 (2nt <n eZ 
=> x #1,-landx e [-1, 0] and x + 0 andxe R ~ {0} 
and 3x4 (Qn+ sn eZ 


=> xe (-l, 0) and xe 


> xe -1.0)-|-2} 


(iii) log, log, , log, (x* — 4x + 3) 
x’ —4x+3> 0 and log, , log, (x° — 4x + 3) >0 
=> xe (-0,1)U(3, 0) and x? - 4x +3 <3 
=> xe (-o, 1)U(@G, 0) and x € (0, 4) 
> xe(0,1)UG,4) 


(iv) log, log, log, (tan™ x)” 
=> (tan™ x)" > 0 and log, log,, (tan x)" > 0 


4 
=> (tan'x)'>— and (tan! x)'>0 
1 
1 
=> tan'x< ri and (0, «) 


=> x€(0,1) 


(v) fx) = [=| for x >0 
I-|x| 


= JX) = (—_) => fix)= (1) 


x 
Similarly for x < 0 


=> x)= (1) 


x+1 
=> R,€ (—oo, —1) UO, 1) 
: 2x 
i 
@) x +1 


This can be written as 


x+— 
XxX 


x + 1/x € (-oo, -2] U [2, «) 
é [-1/2, 0) UQ, 1/2] 


+x 
Xx 
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= 7 € [-1, 0) (0, 1] 
C= 
x 
=> Minimum =- 1 
=> Maximum = 1 
x] ( 2 ) 
ii) fx) = Sia 
(ii) fe) ae | x +1 
=> x’ €[0, 0) 
=> x+1e[l1, 0) 
=> 1/e’+1)€ (0, 1] 
= 2x 1)-e 0.2] => f(x €é [-l, 1) 
=> Min. fx) = — 1, Max f(x) does not exist, but lub = 1 
wo X -—3x4+4 
iii) ——————__ = 
( Se ew | 
=> W(x*+3x+4)=x-3x+4 
=> Vv-1x+3~y+t+1)x+4Q-1)=0 


Dz=0 
=> 9y+1)-16G-1)?20 
=> (Jy-1)(7-y)20 
=> 


I 
ye [17,7] = Vin =7 


=> ¥min ~ 7 


iv = 
oy 2+x 


x € [0, 36] 
+2 € [2, 38] 


1 1 q 
ee er 
x°+2 |38 2 


=> 
= Lower bound = 1/38 
= Upper bound = 1/2 
3-x Z 
v) S= = 
) l-x (> 
=> -«<0;-.#-1] 


=> 
— 


jx oxel 


=> 1-x<1,;1-x#40 > ——€ (-=, 0) (Le) 
—-x 

2 
=> —+1E(-~,1)U(3,0) 

l=x 


=> Upper and lower does not exist. 


oi) bi <2 fosxs 


3 
=> 0<x <3/2 = eS 5 
; l 
=> 121-x'2-- 
2 
=> 1>Vl-x* 20 
=> glb=0 and least upper bond = 1 
(vii) |x—1| <2 
=> 227/57 => =L=x=3 
= 227 <6 
1 1 
=> 1<2x1+3<9 > —s <1 
9 2x+3 
eet 3 (—) 
2x43 2 (2x43 
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=> y+t4y20,y #0 
=> ye (-~, 4] U (0, «) 


7. -7/2 7 => 9-8 + 4y20 
ae => wy+4)20,y 40 


7. (a) Y=Asinx+ Bcosx 


od 8 —7/2 a. 7) 
=> —-—>-—+ >——-— Which can be written as 
2 18 2 2x+3 2 2 feet. Reece ae 
y= ee A’ +B 
10 2 2 2 2 
= >2y22 => glb=—2 and lub = 10/9 Nepo  Ne 
A 
Let cos u = ————— 
J A? +B? 


=> y=(cosusinx+ sin wu. cos x) VA’ +B’ 
=> y=sinx+u)VA° +B 


Ix-]1 l age 2 2 2 
2. (b) 2% = reR-{-2| => vel YER? AA +B | 
2x+1 2 ; 
x 
2x-1 p 1 1 8. = ——— iy | 
ee wee eee wry 
2x+1 2x+1 Z 2 => ytyre=x => yx +y=0 
=> 2x+1 €(-,0)U(, «) => £(y—-l)t+y=0,ye4l 
_1)> —~l1)< 
= atu = 40-1)20y1 > w-)sd0,y¥l 
2x+1 = ye (0, 1) 
=> |l- E (—09,1) U (1, °°) 9. (ec) y=———; sin 3x € [-1, 1]; 2 — sin 3x € [1, 3] 
2x+1 2—sin3x 
=> R-R~{} =. | 1 
| 2-—sin3x {3 
3. (a) =—=1-—— x" 20 ; 
x +1 6 ia | 2 I 3 2 : 
10. (a) x°+x4+1=|x+-—]+4+- => x4¢xt+1l2— 
= Lee] = 5 € (0, 1] 2 4 4 
x +1 3 
ee E -€[-bD) Hence, cas 
+ 
mt 11. (c) 2 —4e+5=(x-29 41 
2x x -4%+5>1 => min=1; max —>o 
see ieee 


=> yrt+y-2x=0 
For real x, D >0 => 4-4Y2>0=-1-y20 


b 
12. (a) ar tbxte=a{x 42x |hesa>0 
a 


yx? — 3yx + 2y—-1=0 
9” — 4(2y-— 1) >0 andy +0 


2 2 2 ae 
> (1+y(-y20 > Y+DO-)Ds<0 : af x45] Fone af x4] _ fac bY 
= ye[-lL I 2a 4a 2a 4a 

2 242 
5. (c) y= — > ox tivtee| Me™ | 
Xr xX+ a 
=> yrtyxty=xr-xt+] 5-8 
=> xrv-1lt+xyvt+1+y-1=0 13. (b) 2—-3x-x? = Hx? + 3x) +2 = “(x +3042 )s 342 
For real roots = (vy + 1)? -4(y- 1)? = 0 3Y 17 oy 
=> ytl1t+2y—-4G6°7+1-2y)20 = -[x+5) ars 
=> -3y+ 10y—-320 : : 
=> 37 +9y+y—-320 [++2) oT xe -( +3) pe 
=> -3Wy-3)+-3)>0 2) 2 4° 4 
=> (-3)(3y+ 120 | “17 
> (y—3)(y_-1/3)<0 => min — —o and max a 
7-1 2 
=> ye[l/3, 3] 14. (a) = a 
1 © is ol | x +1 
6. (c) y= —————_— : 1 
(ea )(e=2) Now asx7+1>1 => 02-——2-l 
> x +1 
= => 121- 2— 
> y Re ee aa 


2 


eee 
1 3 


2 
xX 


2 
is: Oy ee 
x°+3x+4 x°+3x+4 
2 
—~3x+4 
If x = 0, then ae | 
x +3x+4 
2 
ips OMhen i 
x°+3x4+4 x°+3x4+4 


16. 


17. 


18. 


19. 


(b) 


4 
x+—€ (—-,—4]U[4,°9) 
x 


4 
x+—+3€ (-e,-1]U[7,) 
Xx 


l l 
—7 7 EFL 9)U 0,— 
2 i age 7 
x 


6 
nr 


fa et 
x 


x —-3x4+4 E | 
—_——e| -,7 
x +3x+4 


e|+ i Jud 7] 
7 3 


ay 
2+x 
x’ € [0, 36] 


1 E 4 
ras 
x7+2 | 382 


y --6<x<4 


2 


=> +2 € [2,38] 


x1 -y)=3-y 


G-y)d-y)>0 => 
y € (2, 1) UG, &) 


glb, lub does not exist. 


(y-1)(v-3)>0 


Ix-— 5, <1] => xe (4,6) 
1 
Now as =a 
x+10 rei 
x 
1 [- 7] 10 (- *) 
—éE|—-—,— => —+le}]/—,— 
x 6 4 x 
1 e(2 4 
10 2 
x 
e=ytJlt+y = (Cay = lei 


er*+y—2ey=1+y 


2x x -x 
e ae a e-e 
2e 4 2 


6 


ret 
x 


20. 


ZI. 


22. 


23. 


24. 


25. 


26. 
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= he V 0,1 
(©) fo) l-x x¢€Q oe! 
IfxeQ 
Kx) =x => KK) =xx€eQ 
Ifx¢Q => fx)=1-x 
Since 1 — x 1s also irrational. 
=> ffx) = d-C-x)) =x 
x 
(b) y= ; => y=Oforx=0 
I+x 
=> rina x => yx*-xty=0 
=> 1-4y20fory #0 
=> (1-2y)(1+2y) 20; y #0 
=> (v-1/2)Q+1/2)<0 
1 1 
=> ye!]—-—,—]— {0 
y ; 7 {0} 
But y =O atx=0 => R “3 
= pe =|-—,— 
7 22 
1 
eS 
oe aE 
— 1 _ | 
x(x? — 3x +2} 2 x°—3x°+2x 
Consider f(x) = x° — 3x” +2 x 
=> f(x) =3x-6x+2 
6+ 36-24 Ji2 3 
=> x= — — = 1t— = 1 t— 
6 6 3 
=>. 7=— 1 pee 
3 
= Range of function R — {0} 
(c) Consider e* — x = g(x) 
=> g(x)=e-1 => g(x)=Oatx=0 
=> g(x)>0 => x>0 
=> g(x)<0 => x<0 
=> Range of function = [0, 0) 
2 
(b) y= 7 yt ye-x=0 
I+x 
=> x (v-1)+y=0 
=> 4(y)(v-1)20 => wy-1)<0 
=> ye [0,)) 
(a), (b), (d) 
Functions (a), (b), (d) are defined for all x. 
While tan(log x) is not defined for x. It has the restriction 
x0 
(a) y=sin?x—S5S sinx-—6 


YUYUY 


y 


Replace sin x =k 
y =2k—-5 

y=0 

k = 5/2 = 2.5 which is not position. 


=> y-h-5k-6 


y<0OVk< 5/2, which 1s always possible. Hence, y 1s 


decreasing. 
Range = | f(k=1), f(k =-L| =[-10,0] 
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TEXTUAL EXERCISE—11: (SUBJECTIVE) 


. i) fx) =5x-4 
=> f(x) =5>0 
(ii) fix) =x-(C/r) 


Also lim f(x) =o, lim f(x) =, lim = -0o0, lim f(x) = 0 
X— —00 x7307 x3 07 x— 00 


=> f(x) 1s injective 


=> f(x) = ee >O0Vx0 
Xx 


=> f(x) is many-one, i.e., non-injective. 

(iti) f(x) = x? — 6x + 15; x <3) 
f(x) 1s injective when defined on subset of (—co, 3] or on 
subset of [3, 00) 

=> f(x) Is injective 


wy psy = "9 > 0) s{x+4] 
2x 2 x 


1 1 1{x?-1 
2 re 3(r 5) a(S) 


=> fx) Y on (0, 1] and T on [1, 0) 

=> f(x) is non-injective. 

(v) f(x) = 2x + 40 x’ + 2; for x € [0, 00) 

=> f'(x) = 10x* + 80x V x € [0, 0) 

=> f(x) T Vx € [0, ©) and being polynomial is continuous, 
and hence, it is injective. 


; = x= 2. a fh 
(vi) f(x) ao R -{-3} 
ao 4 
aie x+2 
s — 4 — — 
=> f(x) Grae >OVxeR- {2} 


lim f(x)=°, lim f(x) =-2, 
x>-27 x3-2* 
lim f(x)=V";lim f(x)= 1, 1¢., fx) € (1, ©) for 


x <-—2 and f(x) € (-«, 1) forx >-2 
=> f(x) 1s injective. 
(vii) fx) =x*+2°+ 1; domain = R 
=> f'(x) = 46 + 3x7 = x? (4x4 3) 
=> f(x) <0 for x <— 3/4 and f"(x) = 0 for x > — 3/4 and f(x) 
being polynomial is continuous. 
=> f(x) 1s non-injective. 
(viii) f(x) = x8 +x44+ 2°41 
= f(x) is an even function domain R (symmetric about 
origin) 
=> f(x) 1s non-injective. 


2. (a) False, it will be true if f(x) 1s continuous. 

(b) Itis true as f(x) is continuous, hence, f(x) € (k, k + 1) for 
some k € Z and for some set A. 

=> [oa] =k VxEA > _ [K)] 1s non-injective. 

(c) False, as if fx) is strictly increasing with range (k, k + 
1) for some k € Z, then {{x)} =x-kVxe D, 

=> {f(x)} 1s injective . 

(d) True, as for such function {f(x)} = fx) — [fd] = fx) 
— 0 = fx), which is continuous and strictly increasing, 
hence, {f(x)} is injective. 


6. f DOR; fx) = 


(e) Since range of f(x) D [0, 1] 


f(x)+1 for f(x)e€ [-1,0) 
=> {fx} = 4 f(x)for f(x) €[0,1) 
f(x)-1 for f(x)é [1, 2) 
=> {fx}e[0, 1) for fx) [-1, 0) 
Again €[0, 1) for f(x) [0, 1) and again e€ [0, 1) for fx) 
E[0, 1) 
=> {(f(x)} is many—one function 


3. A= {1,2,3,4,5, 6} 


Let a+ f(a) = k’; then a, fa) 
=> at fa) €{2, 3,4, ...,12} 

k? € {4, 9} 

at+fla)=4or9VaeA 
KX) = 3,f2) = 2, f3) =lor 6, f4) = 5, (5) = 4,46) = 3 
f(x) is non-injective. 

Now, let B = £2, 3, 4, 5, 6} and f B > B; a, f(a) € B 
at fla) € {4, 5,6, 12} 

Kk €{4,5,6,....,12} > Re {4,9} 

K2) = 2, f(3) = 6, f4) = 5,5) = 4, (6) = 3 
f(x) is injective. Thus, when A is replaced by B, then the 
statement is no more holds good. 


WUUY 


YYUUY 


x +4x+7 
4,fROR; = ——— 
f fx) x +x+1 
= 9a (x? +x+1)+(3x+6) 
(x? +x+1) 
3(x+ 2) 
=> =1+ ——— 
fe) (x? +x+1) 


=> f'(x)=.., which is not having a unique sign as discrimi- 
nant of (x? + 4x + 1) 1s possible. 
Also x?+x+1>0Vxe R, implies fx) is continuous; 
hence, f(x) is non-injective. 


5. f(x) = 2sin x— kx + 3, f(x) =2 cosx—k 


Clearly f(x) is continuous and will be injective if either f’(x) 
>OVxe Rorf(x)<O0Vxe R. 
Now /f'(x)20VxeER 
=> k<2cosxVxeEeR > k<2 
Also for f(x) <O VxeE R 
=> k2>2cosxVxeEeR> k2=2 
Thus, k € (—0o, — 2] [2, 0) 
5x-x°-4 _ (x-I(x-4) 
§5x—-4x7?-1  (4x-1)(x-1) 


== r-{1} 
4 


2 AOA). 5 a 
=> f(x) aay | D 


=> f(x) = ->0VxeED 


(4x-1) 


x—>—00 


lim f)=(=) ) I (x)=, 


lim f(x)=-e, lim = -1, lim f(x) =-1L lim f(x) = (=) 
ae xT x1t Xx— 00 
4 


Kxe [—~.< — {-]} forxe [-e Jand fs [=| 


forx é€ [=< Jan fn T onD 

=> f(x) 1s injective. 

x +3x+e = ~2x’ + 2(1-—c)x+(3-c) 

x +x (x°+x+4+1) 

Disc. —2x? + 2(1 —c) x + (3 —c) 

=4(1 -c)’ + 8G -c) = 4[c*? + 1 — 2c + 6 — 2c] = 4[c* — 4e 

+ 7] =4[c?-4c+4+3]=4[(c-27%+3]212VcR 

=> -2x?+2(1—c)x+ G3 -—c) changes its sign Vce R 

=> f'(x) changes its sign for eache € Randx+x+1> 
OVxeR 

= f(x) is continuous. Hence, f(x) is many—one Vc € R. 


7. f Ro Rf) = 


TEXTUAL EXERCISE—11: (OBJECTIVE) 


1. (a), (b), (c), (d) Ax) = x3 — 12x + 1 
=> f(x) = 3x? - 12 = 3(x?-— 4) > 0 for x € (-«, -2) UQ, 
oo) and <0 for x € [-2, 2] 
= f(x) is non-injective on R. 
2. (b) f(x) = 4 — 48 + 4x? - 1 
=> fx) =(«- 1) @?-2x-1) 
K(x) will be of the form 


1-02 


Also f’(x) = 0 = x= 10,2 
=> f(x) is non-injective on (1 — k, 1 + k) for each k > 0, 
injective on [2, 0) and on (—0, 0). 


3. (a), (c) Kx) = 2° + x? +3x+ sin x 
= f(y) = 3x Fle 3 COS x 
Now, 3x? + 2x + 3 2(: 2] 
3 4a 


8 5 
= f(x) >—-1==>0 
I) : : 


=> f(x) 1s increasing and being continuous (polynomial) is 
injective function. 
4. (b) Kx) =5+ & 7? 
=> f(x)= (e*?} (2x) = 2x .e*° ?>0 Vx [0, 0) and < 
OV xe (2, 0) 
=> f(x) is injective on [0, 0), (oo, 0) and non-injective on 
[-k,k] Vk>0 
5. (a), (b), (©) 


x’ 1 
Kx) = =e 


x-1 en | 
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—2 

= sO fore 20 and 20 V0.1 
(x? 1) 

K-) a I, f-l) = 00, f(-1*) =a 0, f(-1) = 00, f(1*) 
= 00, flco) = 1* 

Graph of f(x) would be as shown below: 


= f'@)= 


=> f(x) Is injective in (—%, — 1), non-injective in (-1, 1), 
non-injective on R 


6. (b), (c), (d) Ax) = Ind] — In x) 
D,= {x: 1 —Inx>0;x>0} =(0, e) 


fats 1)\_ —] 
fe) 1- —( x }- x(1— £nx) 
=> f'(x)<0asx>0,1-Inx>0 
=> f(x) is a decreasing function with domain (0, e) on (0, 
e), In x € (-o, 1) 
=> -—-Inxe(-l,o) => 
=> In(1—-Inx) € («,0)=R 


1 —Inx € (0, «) 
_ x8 —2x?-9x418 _ (X-2)(x?-9) 
7. (b), (c) f(x) a ae (x? 4) 
D,= R - {42} 


2 
= fa) = = -xe R— {42} 


2 
+4x+9 
se er 


(x+ 2) 


=> f(x) 1s an increasing function, but discontinuous. 
K-) —~ —0, S(-3) = 0, NK) ~ 0, K") TO, K2) 
=5 we. te 
= re )= ra » 3) = 0, flo) = © 


The graph of f(x) will be as shown below: 


=> f(x) = 


Clearly, f(x) is non-injective on its domain, also f(x) is 
increasing at every point of its domain. 


8. (a), (d) y= [x] + V{x} forx e (kk+1),k EZ 
prkt+vVvx-k <k+1 
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1 => 2abx,=2abx, => x,=x, 
> £H= IIx—k en tet) Subjectivity: axy — by=ax+b 
=> fk) =k flk+ )=k+1 => xay-—a)=b1+y) > x= eye) 
Thus, fk) = k, fix) =k + Vx—k € (kk +1) ay-I) 
= yl => fx) 1s into 


fk+1)=k+1and f’ (x) >0V x(k k+1) 


. * . 7 = y* + x ‘ “ 
= f(x) 1s continuous and increasing on R. DO Ge Cea tS COnUnHOUS 


ee 


—2 , = p¥ __ pt = 
9. (b),(A=R-(3},B=R— (1) and A> B.so)= (===) f'@)=e—e +0 
ve 2x 
= f(x) 1s decreasing at every point of its domain, but dis- ape ee = 2x>0 
continuous at x = 3. => x>Oandf(x)<0 > x<0 
fl) = 1°, (3°) = —00, f(3*) = «0, (2) = 0, fo) = 1*. The => f(x) decrease for x < 0 and increase for x > 0 


=> f(x) is many—-one function. 


graph of f(x) 1s as shown below. 
Also fx) =e'+ —22VxeR 
e 


=> f(x) is into 

(e) y=et—e* 

=> f(o=et+e*>0VxeER 

= f(x) is increasing function. 

=> fx) is one-one. Clearly, fx) is continuous function, 
f(-c) = 0 — «© and fo) = 0 -J0 =a 


=> f(x) has its range = (—o, ) 
=> fx) is onto 
Thus, f(x) < 1 for x € (—0%, 3) and f(x) > 1 for x € (3, 0) (f) y= loe( 
and f(x) is decreasing in each of these intervals. x+1 
Thus, f(x) is injective function. De (—oo, -1) U (1, «) 
Lenya x-1 ease —(z+1) 
TEXTUAL EXERCISE-12: (SUBJECTIVE) x+1 (z—1) 
=> Asxe(-c,-1)U (1, 0) 
1. (a) y=5x+8 (z+1) 
Injectivity: x,) =fix,) => 5x, +8=5x,+8 2 gay 
ak: 8 8 25 FE Sor 
Subjectivity: f(x) = y = = rata s(*] ey z—-l z—-1 
=> f(x) 1s onto => zi <0 or > 0 
Pree, | (z-1) Z| 
ee => ze(0,lorz>1 
=> ze(0,0)- {1} 
Intectivity: {x,) = f(x,) “. y=log (z); z € (0, )— {1} 
= x -1_ x,’-1 => ye (-, 0) — {0} and y = log (z) in increasing on (0, 
x41 x, +1 00) — {1} 
ms x? iis x,? ie x? _ x2 =| => f(x) is one-one and into. 
=> #7 x2 —x/P +x7-1 _ = 
=> */ =x) Px, = 2, (g) y log (x+ - +1) 
=> f(x) is many-one. ; 
f(x) = l x +1+x 
Subjectivity: Also x’? y+ y= x? —1 — a (« 7 Ve +1) aa 
=> *Yd-y=lty a ease Z 
~y 
=> ye [-l, 1) => f(x) 1s into => 7 Qa : >OVxeED, 
Soe ax+b vx +1 
4 ax—b => f(x) is injective (one-one) and also [+ Vx? + 1 >OV 
+b +b 
Injectivity: {x =fx) => — -™ ; xéR. 
ax, — ax, — _ ( fase pee 
=> a’x,x,—abx,+ abx,— b’ Py eee a oe 


—a 2 a = 2 7 
a’ x, x, + abx,—abx,—b => fx) 1s onto. 


1 
(hy fx) = x4 
ra-1-4-([ =) 

xX 


xX, 
x7 -1 

fx) >0 => > 0 
=> _-1>0 ~ 
=> x € (-0, -1) U1, ) and f(x) < 0 

2 
= 2h = _1<0 

x 


=> xe (-l, 1)- {0} 
Thus, f(x) is many—one, also f(x) € (—00, —2] v [2, ) 
=> f(x) 1s into. 
2. A= £1, 2, 3,4}; B= fa, b} 
Each element of A has two choice a or b. 
Total number of onto functions = (2)* — (2) = 14 


3. f XY; fx) = V1-2x4+x 


l 
A= {x: 1-—2x 20} -(--4]-tety- 1+2x+x 


=> y-x= vVl-2x => x?-2x(y-1)+y-1=0 


.. Forxe R;Disc.0 > (W-1)-40°7-1 20 
=> 3yY+2y—-5<0 
=> 3y+5)y-1<0 > Ssysisye|a] 


= f(x) 1s an increasing function, also f(x) is continuous. 


= A= [AO), flo) v {03] = [0, 1) Vv {0} = [0, 1) 


ee Oif x<0 
e—e 
b) fix) = —m—— =) ec -e™” 
(b) f(x) eo +e! e e “x >0 
2e 
Let y= = ix 20 
2e* 


> yr a >O0Vx20 
e 
1 
=> f(x) has range =A = 0.2 
Oif x20 


eS 
(c) Kx) rs % —|x| mee ie 
e +e ——— 


*-e* 1 1 
Let y = ea eee 
2e" 2-2 
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=> y =e" >0%50 
=> Range fx) = A= (f(-), f(0)] = (2, 0] 


~f NON; Ax) = 3x45 


Let y € N and f(x) = y (suppose) 


= 3er a Sy 
Forx € N,3\(v—5) Vy N and y2>6 

=> Range of f(x) = {8, 11, 14, 17,...} 

= f(x) is not subjective from N to N. 


> gai 
3 


~f XY; X= {x, y, z and Y = {a, b} 


(a) Total number of relations from X to Y = 2"©*"® = 26 = 64 

(b) Total number of functions from X to Y = (2)? = 8 

(c) Number of one—one functions from_X to Y = 0 as n(Y) 
<n(X) 

(d) All functions are many—one 

=> 81n numbers. 

(e) Number of onto functions = (2)* —’C, (1)? = 8-2 =6 


~ fix) = ax? + bx? + cx+dsinx 


S'(®) = 3ax’ + 2bx+ c+ d cos x for f(x) to be injective, f(x) = 0 
=> 3ax?+2bx+c+dcosx20 
=> a>0,4b?-—4 (3a) (c+ dcos x) <0 Vcosx 
=> a>0,b?-3a(c+dcosx)<0 
=> b?<3a(c+t+dcos x) 
=> bB<3a(c—da)ifd=20orb’?’<3a(c+d)ifd<0 


. f ROB; fx» = sinx+ cos x-4 


Range f(x) = | -v2- 4,/2- 4| 


. Ff [-1, 1] > [0, 3 ] such that f(x) = ax + b 


=> f'@)=a 
Case: (i) ifa>0,fx Tt => f-1)=0,f1)=3 
=> -a+b=0,a+b=3 


=> a=b=3/2 => ffa)= S242 


Case: (ii) Ifa<0,fx%) > f-1)=3,A1)=0 
=> -a+b=3,at+b=-0> b= = =-a 


= 3 
=> f(x) = —x+— 
LO ae 


3 
= Point of intersection of f, (x) and f, (x) is (0,= 


TE TE \. en aed (ae A 
10. f Ro 2.2). fa sin ( | 


x +1 


2 
TO po cp | ee rh 
For onto function, 7 < sin" f Js — 


2. x7 +1 
xl aH 2 2a 2 7 2 
x7 >2a+ l,a>-l 


WY UU J 


2a+1<OQ;a>-1l1 > ae (1 | 


xi-a_,_ (atl) 


Now a = 
fx) x +1 


x +1 
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11. 


12. 


13. 


Asa>-l = -arlso 
=> f(x) <1and f(x) v for x <0 and Tf for x>0 


1 
S(O) = zi for onto functions 


f RO 0.2) 
2 
fix) = tan! (xX? + x + a) 
For onto function, 0 <tan™ (x? + x + a) < a 
=> 0<Wtxta)<a : 


=> x+xt+aZz0 
=> 1]1-4a<0 > a2 


Let fa) =x +xtaa(x+2] + (a4 )and fo) E [0, 0 ) 


— l 
=> f(x)=0,atx= —,a=— 
fx) 2 4 


For onto function a = 


BIS 


Kx): DY 
(a) f(x) = sin®*x + cos*x 
= (sin’x + cos’x)* — 3 sin?x cos*x 
Si 2 sin? 2x € +.]- Y 
4 4 
(b) f(x) = In (|sin x|* + |cos x|*) 
(sin x)* + (cos x)* + 1 —2 sin? x cos” x 


l 1 
= |-=sin’2xe€]—,1 
2 2 
1 
=> fix) c| tn.Int = [Hn2, 0] = ¥ 


(c) fix) = | In|cosec x] 


= In |cosec x| € [0, 0) 
=> fix) € [0,0) =Y 


aes og EEN | 


(cosx+sinx+2J2)e | v2..3V2 | 
[scentset 
$$ |e [1, 3] 


2 


=> fixe | log |; I, log 5 3] = [0,2 log, 3) =Y 


|cosec x | € [1, 2) 


A= {x: k<x<k,k € N} and B, = eozmsknez} 


B,=A,B,= {tm'*,0<m<k,me R} 
B,= {n,m e Z,0<m<k},B,=A 


—;xeé[-k,0);k EN 
_ bt, 4 
(a) f(x) = 


: AB = 
rags 


2 


as E[0,k];k EN 


14. 


15. 


SFE (CKO) KEN 
=> fi(x)= : 
Bee 


=> f(x) 20VxeECk0);k EN 
=> fot Vxe i,k 
=> f(x) is injective 

mt ed 
> y 7 or ri 


=> y= fem) =—— 5m Ee N andm ée (0, k] and 


Lety eB, ;smeZ 


2 
—m 

=f 4h = 
PN 
=> f(x) is surjective 


(b) fix) = Vx’; g:A>B, 
=> f(x) = |x|, 2: [-Ak] > [4 Al; ke N 
Clearly, f(x) is many—one as f(Z) = |¢| 
=> f(x) is not injective. 
Thus, f(x) is neither injective nor subjective 
(c) h(x) = x3 |x|; h [-k, k] > {4m'*,0<m<k,m< eR} 


7 iw > 0, ie.,x € [0,4] 


, —mé [-k, 0) 


=> f(x) 1s biyective. 


—x*;x <0, ie.,x €[-k,0] 


25 he ” 5x €(0,k) 


—4x°;x € (—-k,0) 

h' (x) 20 V xe [-k, k] 

h(x) is injective 

Also, m* = h(m); m € [0, k] and —m* = h(-1n), 

—m € [-k, 0] 

= h(x) 1s byetive. 

(d) K(x)=x7: [-k, kl], ke N 7 {m’>me0<m<h} 
Clearly, & (x) as many—one as f(-t) = ff V t € [-k, k] 
Also range of k(x) = [0, k?] 4 {m’5m € Z,0<m<hk} 

= k(x) 1s non-surjective, non-biyective 

(e) (x) =x cos (2n + 1)nx; :[-k, k] > [-k,k]; 1x [—-kr, k] 

=> (2n+ 1) 2x [- (n+ 1)kx, (2n + 1) kr] 


f ROR; f&) =x 4+ 2x? + 3x4 sinx 

S'(x) = 3x? + 2x + 3 + (cos x) 

Now Discrioninant of f’(x) = (2)? — 4(3) (3 + cos x) 

=4 [1-9-3 cos x] =4 [-8—3 cos x] 
—3<-3cosx<3 

=> A(-8 — 3cos x) [-44, — 20] 

=> D<0 => fix) >0VxR 

= f(x) 1s an increasing function 

=> f(x) 1s injective. 
Also (x? + x? + 3x) (co, 00) and sin x [-1, 1] 

=> fx) (~, ~) f(x) is surjective . 

fZL>2 

(a) f(x) =x +3, which being an increasing function 1s injec- 
tive. Also ffvy-—3)=yVZ 

=> f(x) 1s surjective. Hence, a biection. 

(b) fix) = x° 

=> f' (x) =5x*20 


=> 
=> 


=> f(x) 1s increasing function 


= Injective. 
Also f(x) =y = Yor 
=> x=(y)" ¢ Zforeveryy Z, e.g., ify =6, 
then f((6)!") = 6 but (6)! ¢ Z 
=> f(x) 1s not surjective. 
(c) fix) =3x+2 
f'(~) =3>0 
If y Z, then y = fx) 
=>. pasar 


=> f(x) 1s injective . 


=2 , , 
— a tae —— , which need not necessary an integer 


= f(x) 1s not surjective, and hence, not bijection. 
(d) f(x) =x’ +x 
=> f(x) =2x+1 ca Be 


=> fx) is many-one, 1.e., not injective and hence, not biyection. 


16. f ROR 


17. 


18. 


19. 


f@) 2x;if x >0 

=> fix)= 

2x—-3;ifx<0 

=> f(x) = {2 V x0 and f(0) = -3 and f(0") = 0 

=> f(x) is injective. Also range f(x) = (-co, —3) U [0, 0) R 
= f(x) 1s not onto. 


ff R - {2} > R- {13 


fix) = — 
D,= R— {2} 

x,-5 »x,-5 
Let = => += 


=> xx,—2%,— 5x, +10 =xx,—5x,—2x, +10 

=> 3x, = 3x, => x, =X, 

=> f(x) 1s injective. 
=) 

Let y= * => xy-2y=x-5 

x2 dy-5 

=> xy-l)=2y-5 => x= 

=> yt] ‘ 

=> R,= R- {1} => f(x) is surjective 


.. f(x) 1s byective 
A: R — {33} > R - {1} 


fe) = ==? = So~7 =r 


x-3 x- 


<OVx3 


byes as | a 
= f(x) is injective function. Also y = 


x= 3 
=> x-3y=x-2 
SVS 2 
=> xy-1)=3y-2 => ae 
=> y#l a 
=> R,= R- {1} = Surjective 


Thus, f(x) is bijective function. 


f (1, 7] > 12, 27]; 
Kx) = x? — 4x + 6 
I(x) = 2x —4 <0 for x [1, 2) and f’(x) 2 0 for x [2, 7] 
=> f(x) 1s not injective. 

Range of f(x) = =OS=29 [2, 00) 


“ f(x): [1, 7] > [2, 27] is not surjective. 
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20. (a) fx) =2cotx, f (1,227) >R 


21. 


22. fix) =k, +3 sinx+5 


Sf'(x) = -2 cosec? x < 0 V x (a, 2) 

=> f(x) 1s injective function. Also range fx) = (2 cot (27), 
2 cot (n*) = (0, 0) =R 

=> f(x) is surjective (onto). 


4 
(b) f(x) = 73f ROR 
l+x 
=> f'(x~»= — > <0 for x 20 and > 0 for x <0 
Lax 


=> f(x) \ for x > 0 and 7 for x < 0 and continuous. 
=> f(x) 1s not surjective and range = (f(-0), f(0)) as f(x) 1s 
even 
=> R= (0,4) R => fx) is not surjective. 
(c) Ax)=x'+Inx, fi 0,)>R 
=> f'(«%) = 468 + Z <0 for x <0 and > 0 for x> 0. 
x 
=> fx) T and continuous for x (0, ©) 
=> f(x) is injectivite 
=> Range of f(x) = (K0), (o)) = (co, ©) =R 


=> f(x) is surjective. 


x°+4x+30 
a x) eCOoOO————_—_—_—_—_—_———_ 
(a) fo) x? —8x+18 
—12(x? + 2x — 26) 
=> f(x) = —————+ 


2 2 

(x? - 8x +18) 

. Disc. of x? + 2x — 26 = 108 > 0 

=> f(x) < 0 for x (-0, a) U (f, ©) and > 0 for x (a, B) 
where ot, B are roots of x? + 2x — 26 = 0 

=> fx) is not injective. 

x? +4x+30 

x? —8x+18 

x°(1 —y) + (4 + 8y)x + (330 — 18y) = 0 

If y= 1, then x = —1 and if y 1, then for x R, Disc. > 0 

y —32y+ 13 <0 

R,= |16- (243,16 + /243 | 

K(x) is not surjective. 

(b) fx) =x — 6x’ + 11x-6 

=> f(x) = 3x’ - 12x + 11 having disc. = 12 

=> f'(x) would change its sign. 

=> fx) 1s not injective, however, being a cubic polynomial its 
range = (—00, 00) => f(x) 1s surjective. 

(ce) JX) Ok tS) Oe 38) He 2 Ox + 8x7 15 

=> f'(x) = 40 + 6x7 + 18x + 8 

=> f(x) (-, 0) => f'(x) changes its sign 

=> f(x) 1s not injective. 
Also x? +x+5>0as disc. =—19<OQOand xX +x+3> 
0 as disc. = -11 <0 

=> fx)>0xR 


Let y= 


YUUNY 


=> f(x) 1s not surjective. 


=> f'(x)=k+3cosx 

=> k-3<f'(x~)<k+3 

=> f'(x) <0 for k<-3 and f(x) 20 fork 2+ 3 
Also f(x) being a linear function for k 0 would have its 
range (—90, 00). 
For one—one and onto function k (—co, —3] U3, 0) 
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- 28. f N > N; fx) = highest prime factor of n 
23. fix) = eee R f 4 = 


m—-x’ +1 


i = 
By given condition, f(x) <—1 or f(x) = — or 


ne ese( at 


 f(3)=3 =f(6) 

=> f(x) is many-one, 1.e., not injective. 
Also 4 no nN — §1} for which f(n) = 1 

=> f(x) is not onto. 


ei ema \ 29. fix) = 1/1 —- x) 
=> —,—>-land —_.— <--= VxR FO IORI ATV) eks 
m-x' +1 m—-x +1 3 f. (x) =? 
3n ° 
(x-1)+m- x’ +1 3x-34+m—-x' +1 1 1 i=3 
> ———_ > 0 and ———_—_ < 0 = etic | (eee 
m-x +] m-x +1 > F{) (| ( 1 = 
—x*+x4+m —x° +3x-2+m l-—x 
m-x +1 m-x +1 2 l oe 
25 Goran) Ge =e Own Ge eo J) maar ick 
(x? —m— 1) <0 V x R; which is impossible 1- ) 
So, either f(x) > -1 V x R or f(x) < -- VxR => ff) =SF,@ =f) 
=> f(a =(M=fM=... =f.@~=-x 
ve tye Bel FD) =f) =F =. =F, 
x +4x +30 30. fix) = were for d=—a, fx) = &+° 
ee 12(x? + 2x — 26) CX + Cc cx—a 
a k= (+4 2 ax+b 
x +4x+30) : Jeo ; 
=> Disc. of x? + 2x — 26 is 108 > 0 FC Cy) ee cence Meg 
= f(x) changes its sign and x? +4x+30>0VxR (22?) a ch+a 
Thus, fx) is non-monotomic and continuous. a coe . 
= f(x) is many-one, function, i.e., non-injective. = fof is an identity function. 
x sin x . 
25. fix) = — ;xR 31. f R>[-1, 1); f()=—> patiently A) is continuous 
1+|x Da _— 
l Let f(x) = 1 ———(r= 
-x>0 aa 53x >0 Ax) x +1 
=> f(x) = I+x => f(x»)= (1+) —4 sinx =x +1 butsinx<landx +121 
eh I mea) => sinx= er l= 
(1— x)? => sinx =1, x? = 0, 1.e., x = 0, which is impossible. 


l-x 

=> f'(x)>0VxR-— {1, }} 
= f(x) 1s continuous and increasing function 1 
=> f(x) is injective 32. f R - {0} > R — {0}; f(x) = . 

Also f(—%) = —1 and f(o0) = 1 ee! | 
= Range of fx) = (-1, 1) => f(x) 2 <0 Vx R — {0} and fx) <0 for x < 0, f(x) > 
=> f(x) 1s injective, not surjective. 0 for x > 0 

26. f-1,)>R => f(x) is an injective function. 


Kx) 1s into. 


a eee, Also ory R—(0),f{+) =y and eg) eerey 
: : y Ba 


=> f(x) = l+x => fx) is onto. 
x 
i <x<l If domain R — {0} is replaced by N keeping the co- 
1 domai 1e.,f:N—> R- {0 =— 
eee ise beni — {0}, Kx) 
=> f(x) = (1+ x) fix) = — being a decreasing function and continuous 
x 
—;;0<x<l for x > 0 1s injective. 
(1— x) 


However, 2 R — {0} and f{> |- 2 but ¢N 


=> f(x) >0 Vx R and f(x) is continuous on (-1, 1) ; 
=> f(x) is not onto. 


=> f-l*) =-2, fl) = © 
=> f(x) 1s injective and surjective, 1.e., bijective. 
27. fi [2, ©) > Xi f(x) = 5 -4xt+ x’ 
Principal domain of f(x) = [2, 0) 
For bijective function, X = [f(2), f(%)) = [1, 2) 


33. (i) fNON fx) =x 
7%) =2x5>0: 7x50 
=> fx) is injective on N 
Clearly, f(x) is not surjective, e.g., f (v2 |= 2 but /2¢ N 


(ii) f Z > Z, for f(x) = 

SED =f =RPVEZ 

=> f(x) 1s not injective. Also f(x) is not surjective, e.g., f 
(V3) =3Z but V3 ¢Z 

(iii) f/ Ro R; fix) =x 
Clearly f{-k) =f =P VKR 

=> f(x) 1s not injective and fx)>0VxR 

=> f(x) 1s not surjective. 

(iv) f N > N; fx) =x 
S'(x) = 3x >0Vx>0 

=> f(x) is increasing, and hence, injective function on N. 
However, f(x) is not surjective e.g., f (3V5 =5N but 


3V5 ¢N. 
(v) f ZZ, fix) = x 
Let fix,) = fix,) 
=> x>-x/=0 => (x,-x,) @/+x,x, +x) =0 
=> x, =x, ore? +x,x,+x=0 
But x? +x,x, +x,’ =0 gives imaginary roots x, for each 
real x, 
=> x, =X, 
Also clearly f(x) is not subjective as f (3V5 = 5 Z but 
35 ¢ Z. 


=> f(x) 1s injective . 


TEXTUAL EXERCISE-12: (OBJECTIVE) 


» (d) f 2, -1) > (0, e%); fx) =e 

=> f'(x) = (3x? -3).e7 8 = 307-1). et? 

=> f(x) > 0 for x (-0, —- 1) U1, ©) and <0 V x (-1, 1) 
=> fix) T for x(-0,-1) => f(x) is injective. 

= Range of fx) = ({-, f-1)) = (0, e*) c (0, e°) 

=> f(x) 1s not subjective. 


2. (a) (i) fx) = et -— e* 


=> f'(x~)=e+e*>0 Vx R, also being continuous and 
f(-2) = —00, fico) = 00 
(i) > (p) 

(ii) fx) =x - 1 

=> f(x) =3x°>0 Vx R and f(x) is continuous 

=> one-one 
Also Range = (-0,) => onto 


(11) > (p) 


(iii) f(x) = —. ae i ee 
+x (1+ x’) 


=> f'(x)<Oforx(—,-1) U(1, 0) and /"(x) > 0 for x (-1, 1), 
graphically shown below. 


- — ©») = len 
| sec x | 


Functions < 2.339 


=> f(x) is many-one and having range [—1, 1] 1s into 


(iii) — (s) 


(iv) f(x) = a” f' w= (a* éna}(3x") 
_. }2OVxeR,a>I 
ed ae) <0Vx € R,a € (0,1) 


=> Ax) T for a> 1 and V for a (0, 1) 
=> f(x) 1s injective function as continuous. Also f(x) > 0 V 
x Rand Va>0 


=> R,R => f(x) 1s into 
(iv) > (q) 
' x*;x>0 
(v) Axa |xl= 4, 
—x' 3x <0 
Ax*:x>0 
= f(x=4” 
—4x°3x<0 
=> f(x) T Vx e Rand is continuous. Also f(—00) = —00 and 
flo) = % 
(v) > (—) 
: x—xt+l 
(vi) fx) = = er 
x +x+1 


2(x?-1) 


=> f(x) =—— 5 < 0 forx Gl, 1) > 0 forx<-lorx>1 
(x +x+1) 


Alsox?+x+10VxR 

= fx) is continuous function. 

= f(x) is many—-one function and x*-x+1>0,x+x+1 
>OVxR 

=> fx)>0VxR 
(vi) > (s) 


=> f(x) 1s into 


(vii) f(x) = sin’ x 


=> f'(x)=3 sin’xcosx20V x ann = 2m += 


=> f(x) is not injective. 
Also f(x) [-1, 1] 
(vili)— (s) 


=> f(x) 1s into 


For domain, én >= 0 
| sec x | 
1 
> 1 => |secx|<1 
| secx | 
= |sec x|=1 => R,= {0} 


x -x 2x 
ee e —e e” —l 
(ii) (a) Kx) = ——=— 
e +e e- +1 


= -] for x > -co and > 1 forx 5 0 


Also f(x) = ——-— >0V xER 
(e" + e*) 
=> f(x) 1s increasing, and hence, injective with range (—1, 1) 
2 
l 


(iii) (€) fx) = ——- = ———~ ; x0 
Lex ( ; 7 
x° +— 


xX, 
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1 
x?+ — [2, 0) for x0 
x 


=> fx) (0.4 for x 0 


Also f(0) = 0 = 


- (dd) f ROR; f&) =x — 6x’ + 11x-6 
=> f'(x) = 3x’ - 12x + 11, Disc. = 12 >0 
=> f'(x) would change its sign and f(x) is continuous 
=> f(x) is many—-one. 

Also being a cubic polynomial range = (—90, 0). 
=> f(x) is many—one onto. 


- (a) fx) = “P_, 
=> 7-x2x-3 => x<Sandx-320 
=> x [3,5] butxZ => x {3,4,5} 
=> Ry= eg gh ee} 
» (b), (c) Ax) = |x + 1]; x [-1, 0) 
=> fx)=x+ land f(x) =1>0 
=> f(x) is injective. 
=> fx)=x+ =x, «) 
x 
1 

= 2) SS 

x 
g(x) < 0 for x (0, 1) and > 0 for x (1, «) 
non-injective. 
h(x) = x? + 4x — 5, being quadratic polynomial is many— 
one, 1.€., non-injective. 
k(x) = e*; x [0, 0) 
=> k'(x)=-— e* <0 and continuous 
=> k(x) 1s inective. 
. (a), () £ A > [-1, 1]; fx) = sin 3x 


-i 0 -—i 
For one—one and onto function, 3x 4] >xeE = 


=> 
=> 


- (a), (b) f N > Z fin) = 

—- -n=even 
Letn,,n, N 
Case (i): n,,n, odd or n,, n, even, f(n,) = fin,) 
> n,=n, 
Case (ii): n, = odd, n, = even, then fin,) = f(n,) 


10. 


11. 


12. (c) f RO Rf) | 


=> n,+n,= 1, which is impossible. 
=> fx) 1s injective. Also ifn e N, then 


n= odd + ve => (2n+1l)=n, 

n = odd — ve => f-2n)=n, 

n= even + ve => f2Qn+1)=n, 

n = even — ve => f-2n)=n and fl) = 0 


=> f(x) is surjective. 


2 — 
(d) f R > [-1, );fe) = S—*, clearly <x) = fx) 
x +4 
=> fx) is not injective. Also f(x) =1-— e [-1, 1) 
x +4 


=> f(x) is surjective. 


(c) fCl,1) OY KxX)= tan" [2 
—x 


< 2x }: 1+ 2x? 
dx ; (1-7) 


=> fx) is tT V x(-1, 1) and continuous 


=> Y=(f-1),f\1)) = (tan(—0), tan()) = = 5 


(b) zg RO (0, jes) cos’ (= =4 


>0Vx(CI, 1) 
l-x 


l+x 
2 
Here 0 < cos”| ~ = << VxeR 
Il+x 3 
=> c5-= — <cos0 
3 
1 — 
eee = wi <1VxR att) 
2 l+x 
> *+1-(@+4+1 +1 
Nee 2 ee eee 
l+x 1+ x (x° +1) 


From (1), we get 1 + x? <2x?-2a<2+2x7° VxR 
2at+1<x%za>-1VxR 
2a+1<0;a>-1 


ees 
=> a |-1,— 
2 


From (2) and (3), clearly 


Y y 


°- a 
1+x 

2 

-—a 21+ a 
ee Sys es 
l+x l+x 


=> h(x) for x <0 and h(x) T for x >0 


= <1VxR 


Let h(x) = 


; bs 1 
=> h(x) has its minimum value = 5 atx = 0 


0O-a 1 —1 
=—>Q@=— 
1+0 2 2 


x|x|— 6;xEQ 


x|>| — V2:x ~Q 
If x,,x, R, then f(x,) =f(x,) is possible when either both 
x,, x, Q or both x,,x,<¢ Q 


13. 


14. 


15. 


16. 


If x,, x, Q, then x, |x,| —6 = x, |x,| — 6 
x,|x,| = x, |x, 

x? =x, forx,, x, 20 and —x?=—x, for x,, x, <0 
(x, —x,)(x,t x,) =0 
es 

(x) 1s injective. 
For y = > 

If x|x| —6 = -J2 
x|x|=6 —J2 => x= /6-/2¢€0 
Ifx |x| — J2=-V2 => x |x| =0 

> x=0EQ 

= no value of x satisfy f(x) = 2 

=> f(x) 1s not surjective. 


C. x, x, 20 or x,, x, <0) 


YUUUY 


y 


(c) * sin [x] 7 =0 
=> fix) =0VxR 
= f(x) is many—one function and a constant function. 


(d) f X “oY, 
MAG OG eel 5) = {Ds Ds DS 
Let fla,) = fla,) =fla,) = b,, choose a,, a, a, in °C, ways. 
Each of a,, a,, a, has two choice 5, and b,, but there are 
two cases when each of a,, a,, a, is associated with 5, 
or b, in this case b, or b, remains unassociated. 
Thus, number of such onto functions = °C, ((2)* — 2) 


= 20(6) = 120 
(b) f YY; Y= {4, 5, 6}; 4) 6, 45) 4, (6) 5 
 f(4)6 => f(4)=40r5, 
KS) 4 => f(i5)=S5or6, 
K6) 5 => f(6)=40r6 
If f(4) =4 => f(6)=6,f(5)=5 
If f(4) =5 => fi5)=6,f(6)=4 


=> f= {4,4), 6, 5), (6, 6)} and f, = {(4, 5), (5, 6), (6, 4)} 
are two possible bijective functions. 


(d) By given condition of mirror image about y = k, f(x) —k 
= k— fix) 


g(x) as 

: y=k 
Fe 
—+ _xX 


=> fix) + fx) = 2k 
=> ox~)=2kVKR 
= Many-one and into 


(x) = f(x) +f) 


=> 01s aconstant function. 


17. (b) X= {a,, a,, a,,a,, 4,3; Y = {b,, b,, b,, b,, b,} 


fi: X > Y such that, f(x) is bijective and f(a.) b., then 
number of such functions will be equal to the number 
of ways of placing 5 letters into five envelops, so that 
no letter goes to its corresponding addressed envelope. 


1 1 1 1 1 
5! 1-—+—-—+—-— 
I! 2! 3! 4! 5! 


111 1 
= sf 2-24 |= 60-204 5-144 
2 6 24 120 


. fix) = =, x-1, fof (@ = 
x+l1l 


» (a) fx) = 
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+ SOf-3) = 9-3) = KO) = 8, f8KT) = IMD = AS3) = 427, fog 


(9) = AK9)) = K85) = 683, gof (2) = AK2)) = (U3) = 173, 
got (0) = fF (0) = A-8) = |-8] = 8, gof'(6) = AN6)) = f29) 
= 845 


ax 
a f(x) ee 
f(x)t1 ax 
a’x _ a’x 2 ee | 


= so = X 
ax+x+1l (a+l1)x+1 


+1 


=> @x=(atlet+x => (a+1)’+(1-a’)x=0 
=> (at 1) [x*?+(C1 —-a) x] =0 
=> (a+ 1)x(x+1-a)=0Vx-l 
=> a=-l 
‘ D,[0, 1) 
() Al[x — 2.5]) => |[x-2.5]| [0, 1) 
=> |[x-2.5]| Cl, 1) 
=> [x-2.5]=0 => (x-2.5) [0, 1) 
=> x [2.5, 3.5) 
Fa 
> x|—,- 
2:2 
(ii) f(cos x) => cos x [0, 1) 


=> xelJ {|= - Fann + 4 ~ (2ne}} 


neZ 


~ @) fx) = [x], fd) = sin x 


=> fofx) = [sin x] 

= Domain of fog (x) = R and range of fog (x) = {-1, 0, 1}; 
gof (x) = sin [x] 

= Domain of gof (x) = R; Range of gof(x) = {sin x, a Z} 


(ii) f(x) = tan x, x (=7.2 ):.A0 = V¥1l-x’ 


=> fog(x)=tan V1- x’ 


x [-1, 1] => Domain of fog (x) = [-1, 1] 
Range of fog (x) = [0, tan 1] 


gof (x) = V1— tan’ x 


tan x [-1, 1] 
Domain of gof (x) = == and range of gof (x) = [0, 1] 


WY UU UY 


l+x;O0Sx<2 

3-x;2<xS3 
1+ f(x);0< f(x) <2 

i aenas 
1+(1+x);0S14+x52;0Sx<2 
1+(3-x);053-x<S52;2<x<3 
3-(14+x);2<14+x<53;0Sx<2 
3= G32 <3=25332=x53 


=> foflx) = 


2+x;0sx<l 2+x0<x<l 
4—-x;2<x<3=42-x;l<xs2 
2-xl<xsS2 4-—-x32<x<3 
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(b) fix) =-1+|x-2|,0<x<4 
l1-x;0<x<2 
x—-3;2<5x<4 


1— f(x);0S f(x) <2 
fears ia) 
1-(1-x);0<1-x <2;0<x<2 
1—(x-3);0<Sx-3<2;2<x<4 
(l-x)-3;2<1-x<4,0<x<2 
(x-3)-3;2Sx-3542<x<4 


= #9 | 


=> fof(x)= 


x;0Sx<l 
4—x;3<x<4 
x;0<Sx<l 
.. fof (x) = + Notdefinedforl <x <3 
4-—x;3<x<4 


(c) f(x) =2— |x|, -l<x<3 


_ 2+x3x <0 

> Se) 2-—x;x20 
= 2+ f(x);-ls f(x) <0 
Tay Sarees 


2+(2+x);-152+%x<0,x<0 
2+(2—%)-[s2-%< 0.420: 
2-(2+x);0S24+x<3,x<0 
2-(2—x);0<2-x<3,x20 


4-—x32<x<3 
—x;-l1<x<s0 
xw0<x<2 


_ x+1;x<l 
(a) fo) 5-—x' sx>1 

— [f@)th fs 
=e NN ~(f (sf) >1 


(x+]))4+15x4+1Sh5x<1 
(5— x) +13(5—-x’)<1;x>1 
5—(x4+1)’3(x4+]>1x<1 
5—(5-x )35-x7 >1x>1 
x+2;x<0 

6—x°;x2>2 
5—(x+1)30<x<l 
5-(5-x’ sl<x<2 


—X; x<0O 
(e-) f=4 x OSxS! 


2-—X3 x>1 
—f (x); f(x)< 0 


=> fx) = 4 f(x)30S f(x) S1 
2- f(x); f(x)>1 


—(—x);-x <0;x <0 
—(x);x<0;0Sx<l 


=—(2-—x)2-—x<0;x>1 2+x;x<-l 
—-x%0<-x<1;x<0 x-2;x>2 

= 4x;0SxS1;0Sx<l = 4-x; -Isx<0 
2-—x;0S2-x<S1;x>1 x;0SxS<l 


2=(—x)i=x> lx <0 2=xjl< 7S 2 
2—x;x>1;0<x <1 


2-—(2-—x);2-—x>1x>1 


l+x7?3x<l 
and f(x) = {1 —x;-2<x<1 
x+ljl<x<2 A= 4 


1+ (g(x)’; g(x) <1 

g(x)+1;1< g(x)<2 

— {1l+(l-x)’3(l-x)S$1,-2<x<1 
ee 
— | 2-2x4+x°30< x1 
sah 


6. (a) fix) = | 


fog (x) = | 


xs-1<x<2 
x4+2;25 x53 


l+x;x<l 
2x+2:1<x%S2 


(b) fx) = and fix) = | 
1+ g(x); g(x)s1 
2.2(x)+2;1< g(x) <2 
l+x?3x? <1;-l<x<2 
1+(x+2);x+2651;25x53 
2x? +2;1<x? <2;-l<x<2 
2(xt+2)4+23;1<x4+252;2<x<3 
a -1<x<1 


=> fog (x)= 


2x +2;1<x<J2 
7. (a) fx) =-14+ |x-2|;0<x<4; f(x) =2- |x|; -l<x<3 
fog (x) =-1 + |g (x) -2|; 0 < ffx) <4, -l<x<3 
=—-] + |2- |x| -2),0<2-[v¥|<4,-l<x<3 
Sal eeO=< na. 1 eS 
=] + |x|; -1 <x <2 and gof (x) = 2 — |{x)); -1 < f(x) 
<3,;0<x<4 
= 22 (be S21 =) 2) 3 0 axed 
— (24+ | x-2);0<)x-2\S0<x<4 
2-(-1+|x-2));1<Jx-2|S4;0<x<4 
— (it|x-2|31S x3 
3—|x-2|;0Sx<13<x<4 


The graphs of fog (x) and gof (x) are as given below. 
7 


x+1;xS1 x s-1< x82 
DIO sieges lO exo pee 3 


g(x)lg(x)S1l-l<xs3 
eee) Sanaa g(x)S$2;-l<xs<3 
x +13x° S1j-l<x<2 
cone k2<xs3 
2x? +1j;1<x? <2;-1<x<2 
2(x+ 2)+1;1<(%+2)S2;2<x<3 
x +1;-1<x<l 
- Se me) 


(f(xy 3-1l< f(x)S 2,x<2 

f(x)+232 < f(x)S3;x<2 

(x+1)?;-1<(x+l)S23x<1 

(2x+1)?;-1<(2x4+1)<2;1<x<2 

(x+1)4+2;2<x4+1<53;x <1 

(2x+1)+23;2<2x+153;1<x<2 
f(ix+ 1%; 2<x<]l 


The graphs of fof(x) and gof (x) are as given below. 


Pee 
2 


Clearly f(x) is not onto as gives even images only and gof(x) 
= x which 1s onto. 


Example 2: fx) = x? + 3; g(x) = Vx-3 
Kx) 5 asx? +3=5 = x2 
=r = 2-x'N 

=> f(x) 1s not onto 

Now, gof (x) = |x| =xasxN 

= gof (x) 1s onto. 


9. Letye Y = fog(y)=y 
= fly) =y but fly) X 
=> fy) =x for some x € x 
=> fix)=y for some x € x 
=> f(x) 1s onto. 


10. Let f(x,) = Ax,) for some x,, x, X 
=> f(x,),fx,) Y and g is a function from Y > X 
=> Khk~x,)) =f (,))) (unique image) 
=> x, =X, C. gof(x) = x V_X) 
=> f(x) is one-one. 


8. Examplel: f(x) = 2x + 4; f(x) = 
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11. f(x) = cot! (sgn (x)) + sin! (x — {x}) = cot! (sgn (x)) + sin [x] 
=> [x] {-1, 0,1} 
= x [-1, 2), which is the largest domain. 
Also f([-1, 2)) = {cot*(-1) + sin™ (-1), cot? 1 + sin! 0, 


cot™ (0) + sin™ (0), cot! (1) + sin 1} = (2.2.72 | 


= forx E[-1,0)U (0,1) 


Kx) = 


is 

—forx=0 

2 

370 

re € [1,2) 


=> f(x) is not injective function. 


x+2;x<1 
2x+1jl<x<3 


x t+li-l<x<4 
x-14<x<6 


12. f(x) = | and f(x) = | 


e(x)+2;2e(x)S1;-lSx<6 


KKx)) = ee 


(x? +1)+2;(x? +1) <1;-1sx<4 
(x-1)4+23(x-)DS1L4<x<6 
2(x? +1)+1jl<x?+1S3;-1Sx<4 


24(x-1)+1j1<x-1S53:4<x<6 


3;x=0 
2x7 +3:-1<x<,0 or0<x< V2 
= 2x? +3;xe[-1 V2] 


Domain = [-1, V2 ], Range = [3, 7] 


ae es tl-1< f(x)< 43x <3 


f(x)-L4< f(x)s 6 
(x+2)P+1;-1S x+254;x<1 

(2x +1)’ +1;-1S 2x41 4;1<x<3 
(x+2)-—1;54<x4+2<56;x<1 
(2x+1)-1;4<2x +15 6;1<x<3 


x°+4x4+5;-3<x<1 
; 3 
=i aX Cea ets 


3 
2X: pee 
2 2 


= Domain = 3.2 and range = [1, 17] 


(a) ffx)) = 5.01 
=> 2x7+3=5.01 


For x [—1, 0); fog (x) decrease from 5 to 3 and for x 
[0, V2 ], fog (x) increase from 3 to 7. 


=> fifx)) = 5.01 has only one solution. 
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13. fx) -| 


14. 


(b) f(x)) = 5 has solution. 
(c) f(f(x)) = 1 has no solution. 


‘fos ey <0 


5a, 
(x-1)/ +bif x20 


xta;ifx<0 
an 
|x—-1|;if x20 


f(x)+1; f(x)< 0 

(f(x)-1)° +b; f(x)2 0 

(xt a)+13(x+a)<0;x <0 
|x-—1]+1;]x-1|<0;x 20 
(x+a—-1)’ +b;(x+a)20;x <0 
(|x-1])? +b;|x-1|20;x>0 


= (gof)(x) = | 


xtat+lj;x<-a 


(x+a-1)’+b;-a<x<0 
(|x-1|-1)°+b;x20 
(xtat+l);x<-a 
(x+a-1)’+b;-a<x<0 
(x) +b;0<x<1 

(x-—2)? +b;x21 

gof (x) is continuous. 


=> lim gof (x)= gof (-a)=1+b 


= = 1b => b=0 
Also lim gof (x)= gof (0) 
=> (a-1yY+b=b 
=> a=1 
L;x<-]l 
,.  JAx)j-l<x<0 
Se ee Nie ee 
2(x-2);x>1 


L.H.D of gof (x) at x = 0 equals 0 and R.H.D of gof (x) 
at x = 0 equals 0. 
=> gof(x) is differentiable at x = 0. 


h'(x) = fog)’ (x) = f'(Kx)).g'@) < 0 as f(x) 2 0 V x [0, 0), 

g (x) <0 V x [0, 0) 

=> h(x) is a decreasing function from [0, 0) to [0, ). 
Also h(O) = 0 

=> h(x)=0V x [0, «) 


15. f [0, 1] > [1, 2]; Ax) = (1 + x) and g: [1, 2] > [0, 1]; hx») = 


16. 


(2 — x) gof (x) = 2 —ftx); x [0, 1] =2-—(1 + x); x [0, 1] 
=> gof(x)=1--x;,x [0, 1] 


(i) fx) = cos” lo 4— 


For domain, {logis al € [0,1] 
x 


=> log. “ [0, 1]; [x] >01 
=> log... a [0, 1]; [x] = 2 


l 
e b 9 d = d = 
(b), (d) Ax) 0 Ax) = 


=> aes ees 
x 
=> Xa axe [x] ee? oS ee 
=> |x =x 
=> x<x[x] 
=> 1< [x]; x22; whichis true V x>2 


Domain of f(x) = [2, ) 
fx) = cos" flog.,1 Co x>0 => |x| =x) 


= f(x) =cos" (0) = = 


=> Range = = 


(ii) f(x) = 
For domain In (cos (sin x)) = 0 

cos (sin x) > 1 

cos (sin x) = 1 

sinx =2nn,nZ 

sin x = 0 

Domain = {n};, n Z and range = {0} 


én(cos(sin x)) 


YUUUY 


TEXTUAL EXERCISE-13: (OBJECTIVE) 


. (a), (b), (c) Since the composition of two bijective function 


is a bijective function, then gof is injective surjective also. 


- (d) Kf») =xVxR 


=> f(x) =f) V xR, 1e., function is self invertible. 
. (a, BS 

=> (Bof 

=> f(x) and f" (x) intersect along the line, (v — B) 


= Such functions are infinitely many. 


= D,- R — {0}; D,= (, «) 
Now, f((x)) = aD" Vx with its domain (0, 00) = D, 
g(x 
and range of f(x). 


=x with its domain (0, 0) = D, and 


1 
KK) Tae 


range = (0, 00) 
4. (d) fe ROR 
x+ | x | xforx <0 
= d = 
Ae) eT) : forx = 0 
b= g(x)+| g(x)| 


2 


0if <0 Oif x<0 
= B(x) = | and gof (x) 


g(x) if g(x) 2 0 |x if x>0 
f(x) for f(x)< 0 
- ae for f(x)20 — 
= fog (x)= gof (x) VxR 


5. (d) fx) = sin x, f(x) = |In x | 
= fog (x) = sin |In x| with its domain = (0, 0) and range 
=e d eae. 
And gof (x) = |In (sin x)| with its domain 
= U (2n7z,(2n+1)z) and range = [0, 00) = R, 


neZ 


x’ forx >0 
0 forx<0O 


7. (c) fx) = -1 + |x - 1); -1 <x <3 and fx) = 2 - [x + 1) 
22% 52 


fog (3/2) = f({3/2)) = i(2-f } r(-5) 


I 
=f pS=4 
2 


x;xEQ 

l1-x;x¢Q 

F(x) f(x) € Q 

1— f(x); f(x)eQ 

xxEQ;xEQ 
l-x;l-xEQ;x¢eQ 
l-x;x€Q,xEQ 
1-(l--x);1-x€Q,xEQ 

- - Q = f(f@)=x 
x;3x€QVxeER 


= An identity function an odd linear as polynomial. 


8. (b), (¢) Ax) = | 


=> Afx)) = | 


9. (c) Clearly, abscissa of D = x, and ordinate of D = ordinate 
of C. 
= g (abscissa of B) = g (ordinate of B as y = x) 
= g (ordinate of A) = f({x,)) 
=> D=(%,SK%,))) 
11. (b) fx) =2°+2x4+1=@4+1Y > gd] =|x+1] 
=> f(x+ 1) =|x4+ 1] = ¥(x4+1) 
=> fix)= Vx 
12. (a), (b) f(x) = (ax? + by; P%)) =) 
iS cp y 


= fa) = (fey = f 
Also ff(x)) = ffx)) = x 


TEXTUAL EXERCISE-14: (SUBJECTIVE) 


xj;-e<x<l 
1. fx) = 4x7; 1Sx<4 


2°; 4<x <0 
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y3-eK<x<l-wo<y<l 
=> x=j,/y s1SxS 4515 ys 16 


log, yj4<x < 0;16< y<oo 


xj;-e<x<l 


=> fx) = \Vx 3 1Sx<16 


log, x: 16< x<eo 


2. (i) f C~,-1) > C~, -2); ff) =- («+ 1-2 
=> f(x) =—2(«+1)20asx<-l and y+2=+(x+1)y 
=> (t+ 1pPp=-(t2) 


=> x+1= +/-(y+2) butx+ 1<Oandy+2<0 


> xt+1=-J-(y+2) > f'@)=-1- J-(*+2) 


ay ¢) 2% 7715-1. 1 fw <si a 
wy £ | 72) > iste sin [++] 


=> f(x) is decreasing function and y = sin [ +2) 


—_ er ( ; ( =)) 
=> sin’y=sin™ | sin ae 
chee aera er al 1% 
=> sin'y=sin sin{x-(++2)] 
nig | ep 27h —1 a\_X 
= sin” | sin} —-x .—<7-|x+—|S— 
3 2 3 2 


, 2, 
=> sin’ (y)= x 


2 
> x= a sin”'(y) 


2 
=> f'@=- sin"! x;x €[-L 1], 


0, if x is rational x, if xisrational 
3. fAM=4 2, andf(x)=4 2 1, 
x,if xis irrational 0,if x is irrational 
f- ox) —x,if xeQ 
> — g)(x) = a 
x,if xeQ 


We claim that h = (f— g) is one—one and onto 
Injectivity: Let h(x,) = h(x,) 
—x,=—x, 1 x,,x,E€Q 
=> 4%, =x, 1f x,,x,€Q 
=x =x, 11 xe Q,x,E€Q 
> x, =X, = Injectivity 
Subjectivity: Also if y R, then h(-y) if y Q and h(y) = y 
ifyQ 


=> h(x)= (- g)(x) 1s subjective. 
Hence, (f— g) (x) is bijective, 1.e., invertible. 
Also (f+ g)(x) = x V R, which is clearly bijective, and 
hence, invertible. 


2.346 > Functions 


Now (fg) (x) = 0 V x R, Which being constant, and 7 . 
hence, many—one. => ffx) = FX) + 7 = Visin( x4 |e, which is 


=> Not invertible. TH 
ee invertible for rE [5] 
e“-—e 
4. f Ro R; ffx) = - ee : 
why > XE aa 
= yigjs-— >O0VxR 
=> f(x) is increasing and_ continuous function. Oy V2sin( 3+ ) 7 
e -e e +e~ 
Also f(—00) = =— oo and f(o) = 5 = co 2s rT sin{ +2 | 
Pe Fig | aD 
=> f:R- Ris invertible. Now, y = = (4 =) ( [s+ ‘) 
2 2e* => sin = sin | sin axe 
=> (e)-2ye'—1=0 
ea For r+Ze| = 4 and e[-1, 1] 
2ytJ4y° +4 el a ae —I, 
— a aa bat ie, a A => e=y ty? +1 4 2 2 4 
a 7 
2 = a 
=> e=yr y +1 ase*>OVxR > x= sin'(27)- ri 


=> x=In (y+? +1] => f'@)=ln [x+ Vx? +1] 
5. y= log, (x+Vx?+1);a>1 


=> f'(x)=sin' S “)- = w with domain 


2 


~J2,7+2 
=> W=xt+ Vx +1 > @-x= x41 oa 
= 9. fC) = ffx): xC} 
=> a+x—2Jax=x +1 
. ” Sa ee FAD) = (xe x: fx) D} 
=> a”-2x@-1=0 > x= - ; == - Let y € ff" (B)) 
a 


(a'-2") 


as, 
a (C ~) @) 
6. fox) = f(a) and f"@) = y 

Let y = fix) = f"(x) Se y N=4 


=> fi @) = 


=> fy) =x 
d. 
=> f'0) = — (Diff. w.r.t y) => y=f(x) for some xf! (B) 
z > f{%)B > yeBchy 
WF ea nay => ff'(B) cB i) 
dx f(y) Conversely, let ye Bc fiX) 
d As y € f(X) 
=> x (2(x)) = 1+ (e(x))° => dxeXsuchthaty=fx) eB 
=> xefi$ (BX 
7. f(x) =sin x + cos x; f(x) =x’ -4 => fx < ff (B)) 
—s fx) = V2 sin [x+2)}: ge) 4 => ye ff" B)) 
4 => Bcff'(B)) ... il) 
=> KKx)) = (oY - 4 = 2 sir? [x4 )-4 = 1 - cos .. From (i) and (11), ff" (B)) = B 
a . 
_ bea} 4=—3 + sin 2x 10. Area of A= ee _N3 ee + (f(x))?] = = (given) 


=> f(x) 1s invertible for 2x € 


. f(x) = sin 2x —3 cs : 
2 


8. fo) = Visin( x44 oe a] 
Sfx T 


12. 
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=> r+ (fy > x= tyl-y’;y20 4. (d) y= foxy = 24? 
+1 
=> x= Jl-y => g(x) = V1l-x’ ;xe [0,1] =x 5 ingen > x(y-1)=2-y 
11. f {1,i, w} > £5, 6, 7} ya 2r ee: 
Case (i) : (1) = 5 (true) , fii) 5 (false), Aw) 7 (false). ae weal se ar 
=> fl) =5, fd = 5, fw) = 7 but it is many—one. 9 ) ry43 
Case (il): f(1) = 5 (false), fi) 5 = f\4)= — -71(0)=-2,alsofyy+1= 2241-2" 
> fow)=7,f) 5,f(i) 5 ? jae 
=> f(x) is not onto. => xfy)+1 => f(x) = —— 5 
Case (iii): {1) = 5 (false), i) 5 (false), fw) 7 (true) (x+1) 
=> f)5,fG@)=5, ftw) 7 => f(x) decrease for x —1 
= fA) Ba oe 5. (c) f Ro R; f&) = x - [x] 
=> f Dee => f(x) = {x}, which is many—one 
=e 0) We) We = f' (x) is not defined on R. 
5-V9+8 5 
26 Se 2= xd ...() 6. (c) f (2,4) > (1, 3); fx) = x - | 
Let y = 2x? -5x+2 54/25 4(2\(2— y) . — 
=> 2x°?-5x+(2-y=0> x= — a 27 9) ~e¢.2)=3|3|=1 
_ S£¥9+8y a a eee => fx)=x-1 => x=y>1 
=> x 4a x a a ar = f(x)=x+] 
vores 7. (b), (c) fix): [ 0, 20) > [0, ) 
— S-9+8y e 
a fix) = => ytayax 
l+x 
—/ = ec 
> fg = ii) = 2 => = ees 
From (i) and (ii), ftx) =f (x) me fea aaa a 
=> f(x)=x = Dea Setl x => f0) = 0, fo) = 1, f(x) is continuous on [0, 20) 
=> 2x?-6x+2=0 => x’-3x+1=0 => f(x) has its range [0, 1) 
ae = f(x) 1s one-one but not onto, and hence, is non-invert- 
= == = = but x < 5/4 ible on [0, 20) 
] 
an 8. (a) f [1,) > [2, 20), fla) =¥ + — 
— ae 5 > wert] => x?-xy+1=0 
Ey = 
= x=25 . 2 >] 
TEXTUAL EXERCISE-14: (OBJECTIVE) 2 
= f@- 
(a) f. (2, 1] > C~, 1] 
fc) = x(2 — x) 9. (b) f'[1, 0) > [1, ©); fx) = 26” 
=> yp=++2x => x-2xt+y=0 => YL? => log,y=x’-x 
on are 1+,/1+4]lo 
=x => 2 layl=yeas lysed => ee 
_ 1+ 1+ 4log, y 
Sete 8 sialice But x21 = x= NS 
- a x5 2. fie 1+./1+ 4log, x 
(b) fx) =3x-5 => f' @&) : 2 
=> fix) = — => f(4)=3 10. (c) Let fix) =f? (&); fx) = x 
= t , =] 
(a) f(x) = (x + 2) for x <2 => fife) =x | => sha 
= (+2) = 24 > £0)= == — 
se a ee BO" Fe) e+ logo) 
But x <-2 => x=-2-Jy 


=> fix) =f! (x) =-2-Vx 5x20 


_ 1 ee 
x(1+log, g(x))\=f (g(x) = x 
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ee is ae | 
11. (a) ff) = —— > y= > 
e+e e +1 
=> ery —er =] 
=> e* —l])=-y-1 => er = ytl 
+1 a 
=> 2x= 2 rea 
ley 
=> x--m—~2| = f@- nates? 
2 l-y 2 l-x 
12. ee ae 30; 68a {9, 10}; 
A= 411, 12, 13, 143 
N, = A! ? nis 0, hy A! ? n,, =A4lin n,, = 0, n,, - Al, Nn, 
= 0, n,, = 0, n,, =O0,n, =4!,n,=4!,n,,=0 


2 "41 My, 


=> ee =6ai)- 6 (24) = 144 
13. (b) f(x) = V3 sinx—cosx+2 


{8 


Nee oacayy +2 =2 sin [x-2}+2 
2 2 6 


=> 2a? = sin{ x- 2] => eZ = sin'(2*) 
2 6 6 2 


=> fx)= = + sin” =") 


14. (b) fix) = |sin'@xy+4 


=> y= sin! (2x) + 1/6 


— [ — 4 = sin? (2x) 


N 


=> f'(x)= ssin{ - =| = fix) (say) 
From (1), sin” (2x) 
= =. 4 => sin '(2x) te =. = 
2 6 3° 3 


2 
=> yelo,|-~ 
| 

ro ale 

cos! (2x) +2 


=> Domain of f" (x) is 


15. (b) fx) = 
Range of f(x) =f" (x) means domain of f(x) 


=> cos!(2x) + = 0 


= Loe -1 1 
= cos? (2x) 2 > which is true V x € 3 


a. th 
=> Range f(x) is 3 
16. (a) fx) = (1+ b) x? + 2bx+ 1 
-[(2by-40+87)] 


pe 4(1+b7) 4(1+b7) 


(1) 


18. 


Which has principle domain [0, 00) and range (0, 1] 
a =>’ = a 1 
y y 


1 
Let y= 
- 1+b° 


—— ef eae A156 E [0, 0) 
y 
ue => m'(x)= Dag 
Vy x 


=> b= 


- (ce) f (0,0) > 1, &) 


F(x)= i f (t)dt 


> FPIOD=fM) (i) 
Now F(x?) = x°(1 + x) 

=> F(x=x1+ Vx) 

=> F(x)=1+ =v . (ii) 


From (i) and (11), we get f(x) = 1 + 


a 
2 


a) 2 
=> x= 20-0) => f'(x)= = (= 1) = f(x) 
=> g(10)=36 
(c) From above, f(x) = f(x) 
=> fxy=x 
=> 1+ Vem x => osx =x-1 
=> 2x-3Jx-2=0 
=> (2vx+1)(vx-2)=0 
=> Vx =2 => x=4 
= Required points are (4, 4) 


TEXTUAL EXERCISE-15: (SUBJECTIVE) 


(i) Domain of tan x is symmetric about origin and tan (—x) 
=— tan x 

=> odd function 

(ii) Domain of cos x is symmetric about origin and cos (—x) 
= cos x 

=> even function 

(iii) Domain of sin (x’ + 1) is R and sin (x)? + 1) = sin 
+1) 

=> even function 

(iv) Domain of x + x? is R and f-x) = x + x fx), ~(™) 

= f(x) is neither even nor odd 

(v) Domain of x — x° is R and f(-x) = — f(x) 

= odd function 


(vi) fix) = i =): D,=R and f-x) = — x (=) =x 
“+1 a*+l 
[== 
a +l 


= even function 


(vii) f(x) = log(x+ Vx +1) 
Vx tl] >|xj)>tx => xt ¥x7+1 >0 
> D, = R and f(-x) = log(—x + Vx? +1] 


- of SEH ao 
x—x? +1 


l aor xtra? 41) =— 
oe St og + + Kx) 


=> f(x) is an odd function 
(viii) f(x) =sinx+cosx 
K(-x) = -sin x + cos x f(x), (x) 
= f(x) 1s neither odd nor even. 
(ix) f(x) = (@? - 1) |x| 
=> fx) = (= 1) Fal =@?- 1) =f) 
=> (x) is an even function 


. (a) fx)= 2" => D.=R and 
fon= 2°" => fo =f-») 


=> f(x) 1s an even function. 

(b) f(x) =sinx+ cos x; D = R 

=> f-*)=-sinx+cos x fx), (x) 
=> (x) is neither even nor odd . 
(c) fix) = x’ — |x| 

=> fle) = x? — al = x? — |x| = fx) 
=> (x) is an even function 


(d) 1G ale aos 
=> f-x)= Se sia ae 
2. =| 2 2*-1 2 
2*-14+1) x x x 
= x| —— |--—+l=x+ —-—+1 
P=4 2 2*-1 2 
Lan 
= he = f(x 
re = fix) 
=> f(x) is an even a 
1+s1 
(e) fx) =x log) 
l-—sinx 
1-si 1+s1 
=> f(-x) =x". log [a | =— x’ log (sn = f(x) 
1+sinx l-—sinx 


=> fx) 1s an odd function. 
(f) |fx)| + 1; fx) is and odd function 
Let f(x) = |fx)| +1 
=> g() = K-)| + 1 = he) + 1 = Ve) + I= fe) 


=> even function 


142") 
() fo = | 7) 
= fone WE oye) 


=> fix) is cae odd nor even. 


ef(x), —f{x) 
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(h) fx) = Vltx4+x? -Vl-x42x’ 
=> fx) = Vl-xtx? -Vl4x42x° =-f(x) 


= odd function 
(i) Oo) = [Kx) + fC). ) - g @)] 
=> o(-%) = (Cy) + fx). LO) —f)] = - &) 


= odd function 
secx +x? -9 


() fy= 

xsinx 
Baa age 
ve (—x)(—sin x) Ie) 
=> even function 
3. f(x) = C1)" 
=> fy) = CD) = (-l) "for x € Z 
(-1)'"'!forx ¢Z 

nail = eee Z 

> fi-x) — (-1)"! 


(-1)'(-1)""! forx¢ Z 
=> fx) is even function for x € Z and odd function for x ¢ Z 
=> f(x) is neither even nor odd 


4. fx) = Cea =e (i) 


—4x;if-l<x<0 
J(x) is an even function, f(—x) = f(x), V x € R and f(-x) 
4if x>1 “s 
— 2 Ss) Cr (11) 


—4(-x);i1f O< x<1 
4; x<-lor>l 


From (1) and (11), we get f(x) = ,-4x;-l<x<0 


4x;0<x<l 4x;0<x<l 


4, x>l 


ied 


5. fx t+y)+flx—y) = 2) Jd) 

For x = y = 0, we have 2f(0) = 2[f(0)}? 

=> f(0)=0orf0)=1 
For y = 0, we have f(x) + f(x) = 2f(x).f(0) 

=> 2fx) f(0)-—1)=0 

=> fx) =0Vxe Rorf0)=1iff%)=0 Vxe R, then fx) 
is an even function. 
If 0) = 1; then fly) + f-y) = 2fy) 

=> f-y)-fy VveER 


=> f(x) 1s an even function. Thus f(x) is an even function. 
Oe en << tanx) _ 2x(sinx + tan x) 
2| #42 41 af *+21}-41 
1 1 


2(—x)(—sin x — tan x) 


‘ar 


2x(sin x + tan x) 


= ———.—— and f(-x) = 
2| =| +1 
ya 
_ 2x(sinx+tanx) . 


= it xan x eZ 
a(-1-[2]} +1 
ya 
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_ 2x(sinx+tanx) 2x(sinx+tanx) _ 


= = _ Ky) ifxnz ne Z 
-1-2| 5] 2| | 


TU ve 


If x = nt; then f(x) = f-x) = 0 
= f(x) 1s an odd function . 


8. fix) = 


Domain of f(x) is not symmetric about origin. 
= f(x) is neither even nor odd. 
2 


9. f [-20, 20] > R, fx) = = sin x + cos x 
a 


2 


5 ae 
=> f-)=- = fins oo8s 


a 


"” f(x) is an even function. 


x? 
=> = =0 V xe [-20, 20] 
a 


a 


2 

= == ov» «10,400 
x? 

> 0<—<1V x € [0, 400] 
a 

=> ae (400, 0) 

x|x|;0<x<l 


2x 3x21 


10. fix) = 
(i) For f(x) to be even, f(—x) = f(x) 


ss HS —x|x|;0<-x<1 
—x) = 
—2x; —x2 1 —2x;xs-l 
—x|x|;-l<x<0 fe) —x|x|;-l<x<0 
x — 
—2x;xs=l x|x|;0<x<l 


2XexX | 
(ii) For f(x) to be odd, f(x) = — f(x) 


2x;x<-lorx21 
=> f(x) = 
x|x|; -l<x<l 
*4+13:0<x<1 
i. f= 2 i 
x+1l;l<x<2 


x +1;0<-x<1 x°+1;-l1<x<0 
=> f-»)= = 
—x+1 ;1<-x<2 
(i) For even extension: f(—x) = f(x) 
—x+1;-2<x<-l 
x +l-l<x<0 
=> f(x) = 


x +1:0<x<1 
x+tl;1<x<2 


—-x+l ;-2<x<-l 


(ii) For odd Extension: f-—x) = (x) 
x—-1;-2<x<-l 
—x* -1;-1<x<0 
x°+1;0<x<1 
x+ljl<x<2 


=> fx) = 


12. fx) =x’ + x for x [0, 3] 


=> f(-*) =x -x for -x € [0, 3] 
=> f-*x)=x--x for x € [-3, 0] 
(i) For even function: f—x) = f(x) 
x’ —xfor x €[-3,0] 
= f(x) = 
x’ +x for xe [0,3] 
(ii) For odd function: fx) = —{(x) 


2 
—x° +x for x €[-3,0] 
= f= 1" 
x’ +x for xe [0,3] 
x’ +sinx;0<x<1l 
13. f(x) = 
—xte*;x21 
x* —-sinx ;0<-x<1 
=> f-x)= 
—x+e* ;-x21 
x’ —sinx;-l<x<0 
=> f-x= 
—x+e" ;x<-l 


(i) For even function, K—x) = f(x) 
—x+e" ;x<-l 
2 . 
x" -sinx;-I<x<0 
= f= ™ 
x +sinx; O<x<l 
xte* ;x21 
(ii) For odd function, f—x) = (x) 
x -e3x<-l 
—x’ +sinx:-1<x<0 
=> fx) = 


x’ +sinx ;0<x<1 


xte- sxe 1 


TEXTUAL EXERCISE-15: (OBJECTIVE) 


. @ fe)= —= ees One 
+x l-x 


= Neither odd nor even 


oe — e* = 
(ii) fx) = ——|{ 
eo -re 
a = a e _ e* 
= K-*) = -x x 7 { x =| = fix) 
eo re e +e 


= f(x) 1s an odd function. 

(iii) fx) = sin(sin x) 

=> f-*) = sin(sin (—x)) = sin (-sin x) = —sin(sin x) = — f(x) 
=> f(x) is an odd function. 

(iv) f(x) = sin (cos x) => f-») = sin(cos (— x)) = fx) 


=> f(x) 1s an even function. 


(v) f(x) = cos (cos x) 
=> f-*) = cos (cos (—x)) = cos(cos x) = f(x) 
=> f(x) 1s an even function. 


- 4 4 
. sin x+cos x 
OD) J). = — 
x+x* tanx 
+ 4 4 
sin’ x+cos x 
=> fx) = —————_ = >) 


—x —x* tanx 
= f(x) 1s an odd function. 
(vii) fd) =x'7= ee 


FF a aie l 


=> f-x»y=~" 


=> f(x) 1s an even function. 
1 
ae 
sin| — 
(3) 
1 
ce 
—sin| — 
x 
l 
or Gh ca 
sin| — 
e 


=> f(x) 1s an odd function. 


2. (i) Ax) =’ sin 


=> f-*) =>’ sin 


=> fix) =-’ sin 


(ii) f(x) = cos x.log ; us =) 


1-—tanx 


1-t 1+t 
=> f-*)= cos x.log =) = —cos x.log [ uaa 
| — tan x 


1+tanx 


= Sf) 


= odd function. 


a +1 _1+a* 7 


(iii) f(x) = (+ 7-9) - 
a a 

=> even function. 

Gv) fay = WE) 
e 
ie") (l+e7) 

= poe BE) OY oy 


= even function. 


(v) fix) = Vl4x4x? 4+V1-x427 
=> f-x) = Vl-xtx? +V1l4x42x =f(x) 


= even function. 


(vi) fix) = V14+2x4+3x* -V1-2x4+3x’ 
=> fix) = Vl-2x4+3x* —V1+2x+3x? =x) 


= odd function 


—sin x ~] sin x ~] 
| Sa ee = f(x) 
qi 4] ae +] 


= fx) 


| 
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3. (a), (€) (a) f(x) = In |x| 


=> f(s) = In 4 = In |x| =f) 
= even function. 


2% 


(b) fx) = sin” ( : => f(-x)= sin” { .)- — sin? 
l+x l+x 


rd 
1+x’ 


= odd function 


() fy =x (==) 


a“ +l 


“* —] *—] 
=> f-)=--~ 7 =) 
a*+l a’ +1 
= even function. 


(d) f(x) = sin [log(x+Vx? +1) | 
=> f-*)=sin [tog(-x+vx +1)| 


} a log(x +x? +1)| 


—] 
— 1 ] 
in| oe — x +1 
= f(x) 


= odd function. 


- (d) (a) fx) = sgn x + x70 


=> f(-*) = sgn (-x) + © x)? = —sgn x + 7000 
= Neither even nor odd. 
(b) f(x) = |x| — tan x 

= Neither even nor odd. 
(c) f(x) =x cot x 

=> even function 

(d) f(x) = cosec x» 

=> f-*) = cosec (—x)” =— cosec x” 
= odd function. 


=> f-x) = |x| + tan x fx), (x) 


=> f-~) =x cotx=fx) 


. (b) fx) = sec tog (x +vi+x")| 


=> f-)= see| log(—» + Vi+#)| 


ato) 
- see| log(x +Vi+x? ) = f(x) 


= even function. 


- (b) fix) = sin (tan(loe(x ? v1) 


=> f-*) =sin (tan(Ioe(-» + Vx?+1)}) 
=> f(-*) = sin (an tog + Jei)') = —sin 
(tan(Iog(» ry Pca | )) = (x) f(x) is an odd function 
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7. 


10. 


11. 


12. 


13. 


0 ;for x =0 
(a) fix) = 3x’ sin( = }sfor-1 x<1(x #0) 
x 


x|x|;for x >l orx <-l 
For x <—1; fx) = x|x| = — x’, {-2) = (9) || = >) (2) 


For -1 <x <1; fx) =’ sin (=) Sf () = x’sin (=| 
—. x x 
= x? sin — 
x 


For x> 1; fx) = x|x| = x7, fi) = x) A] = (x) = >” 
Clearly, K-x) = f(x) Vx e R. 
= odd function. 


~ (b) Kx) = 2x6 + 3x4 + 4x? + 7, f(x) = 12x° + 12x° + 8x 


=> f'(-x) = 120%) + 12-2) + 8G) 
=> (12x° + 12x + 8x) =-f"(x) 
= f'(x) is an odd function. 


: _ x;ifxeQ 
OOMI= oe ag 
ay y= poe FHeQ _ eaaiehe 
1-f(x)if f(xeQ U-CU-x);sifxeQ 


=> ffx) =xVxeER 
=> f(*x)) is an odd function and is an identity function and 
clearly a linear polynomial. 


0 ;if x isrational 0;if xisirrational 
(ce) f~)=4 2. 0. and f(x) = ae eee 
x;if x isirrational x 3if xisrational 
> f- 20) =f) -f® 0-xif xe Q —-x if xeQ 
— g)\(x) = fx) —f(x) = = 
2 x-Oifx¢Q |x if xeQ 


Ifx <¢ Q,then—-xe Q 
=> fi-*) =-+-*) =x =f (x) and ifx ¢ Q, then-x¢Q 
=> f-xy)=-*=-(*) 
=> (f- g) (x) 1s neither even nor odd. 


se 
(a), (c) (a) Let f(x) ; 


0 as 


A(x) is an function 
=> f(x) 1s an even function 


i fe 


2 2 
=> fix) =fKx) => an odd function. 
(c) A(x) = [fx)| + 1] 
=> hx) = [K-*)| + 1) = [fe] + 1) = W)| + 1) = AG) 
=> aneven function 
(a) fix) = a* =" (tan? x); a <1 
=> f-x)= gsm se0) tansy, 
=> f-x)=-a™ W682) tansy = (x) 
= f(x) 1s an odd function. 
(b) Ax) =(a-x")i", ne N, 


Af) = (a foyyyn sn EN 
=(a—-(a-x"))' ne N 
=x Vx eR,n EN, which is an odd function. 


14. 


15. 


16. 


17. 


18. 


(b) f\—x) = fix) 
=> Sf’) =f) 
= f'(x) is an odd function. 
=> fe) + f'Ce) =f") = Fe) = 0. 
(b) f(x) 1s not identically zero and f(x + y) = fx) + fy) 
(given) 
Replacing y by 0, we get f(x) = f(x) + (0) 
=> f(0)=0 
Again, replacing y by —x, we get f(x — x) = f(x) + f(-x) 
=> 0=fx) + fr) 
=> f-~)=S®) => f(x) and odd function. 
fix) = A + a® = a + ® = f(x), a> 1 
=> f(x) is an even function. 


(€) A) = |sin x}, Mx) = (sin Jz) 
Clearly, f(x) = Vx, fix) = sin? x 
Domain of f(x) is [0, 0), which is not symmetric about 
origin. 

=> f(x) is neither even nor odd and f(-x) = f(x) = sin? x 

=> f(x) 1s even. 


(".” f(x) is even) 


Oe re erie (Ft) + log (|x| +), 0 <x<2 


|x| 


fx) = 3 — x? + sin (A) + log (|x| + 1);0<-x<2 


=| 2| 


=> fi-)=- -x + sin" (Ft ; 
For odd extension f(—x) = —((x), 1.¢., f(x) = {(-*) 


+ log (|x| + 1); -2<x<0\ 


2= 
x +x? —sin” ow +log(| x|+1);-2< x <0 


Ax) = : 
x°—x? +sin"! (212!) +log(|x|+1);0<x<2 


(a) f(x) = sin’x + sin? [» +3 + COS x. COS [ +4) 


l—cos es 
_1-cos2x | 3 


1 ua us 
+—]! cos| 2x +— |+cos— 
2 2 2 3 3 


a ee aga” hres years 
4 2 2 3 2 


3 


> it l 3 
— ——cos2x +—cos2x + (sin 2x)— 
Aoi 2 4 4 
l 
+ —cos2x — NS i = 2 
4 4 4 


=> fix)= - VxeR => even function 


TEXTUAL EXERCISE-16: (SUBJECTIVE) 


. (i) fx) =2 +3 cos (x —2) 


Fundamental period = 27 as it is same for f(x) and 
(xtkyandatf(xth,a,keR. 


(ii) f(x) = cos sx sini 


. 3 2 10 
Fundamental period of cos—x = fal Sa 
5 3 3 
5 
a ae: 
Fundamental period of saa = = =7X 
7 


Period [cos — sin] = L.C.M (S78) =L.C.M 


[2.7]e= 2x 
3 l 


= 70 x which is also fundamental period. 


(iii) f(x) = sin + sin 


, 2 
Fundamental period of ii 
4 2% 
4 
2 OX. Ve 20 
Fundamental period of sin (=) =e 6 
3 


Fundamental period of sin (=) +sin (=) = L.C.M 
(8, 6) = 24 
l 


l-—cosx 
l 


(iv) f(x) = 


=> fx) = 


l be SX ( S| 
=—cosec’x— = —| 1+cot’ — 
2sin?— 2 @ 

2 


Which has its fundamental peniod = —=2z 


Nl |a 


(v) f(x) = sin(2x + cos x) 
S f(2n + x) = sin[2(2n + x)) + cos (27 + x)] 
= sin (4x + 2x + cos x) = sin(2x + cos x) 
=> f(x) has fundamental period 27. 
- (i) fx) = sin 3x + cos x + |tan x| 
Fundamental period = L.C.M (=. .2] = 27 
(ii) f(x) = [sin 3x] + |cos 6x| 


Fundamental period of [sin 3x] = oe and fundamental 
period of |cos 6x| = 1/6 
Fundamental period of [sin 3x] + |cos 6x 


=-L.CM (==. | =2n 


(ili) _fGc) = sinl2x sinl2x 
— = 
mores 1+—(1+c0s12x) 
=> fx= ee. having fundamental period 2a 


3+cosl2x 12 6 


3. (i) fx) = ———— = 
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(iv) f(x) = sec’ x + cosec? x 
which has fundamental period 27. 


sinx +sin3x 2sin2xcos x 


—_——— = tan 2x having 
cosx +cos3x 2cos2xcos x 


fundamental period > 


sin’ x cos’ x 


Il+cotx 1+tanx 


(ii) fx) = 1- 


ag sin® x cos’ x 
sinx+cosx cosx+sinx 


(sin x + cos x)(1+sin x cos x) 


(sin x + cos x) 


=1]1-1-sinxcos x= ~Ssin 2x having funda- 
mental period = =. 1 


(iii) f(x) = tan Sh fx + 2) = tan ae ey) 


= tan—(2 +[x])= tan{ x +a = tan= [x] =x) 
2 2 2 
=> f(x) 1s periodic with period 2. 
(iv) fx) =1n (2 + cos 3x) =In(1 +2 cos! =x) 
ss Aes a, 8 ae ace e 
which is periodic with period = 


(v) f(x) = e@s™ + tan? x — cosec (3x — 5) 
= sin x + tan*x — cosec (3x — 5) 


= Period of f(x) = L.C.M [2-, 5,7 = 27 


; x i ae 
vi) fx) = sin x + tan —+sin—+—1....... 
(vi) f(x) ; a 3 


x 
OF 


; x 
+ sin ——-+tan 
jee 


=L.CM.{(2, 23,....2")}.2=2" 2 


. (i) Kx) = cos + sin + tan — 
Sstda 2x 2% 2 
= Period = L.C.M ae 
S 3-3 
=> LCM (==) 
2 2 8 
SOM = 2 ge 
28 2 


1+s1 1+ ; 
(ii) fx) = Sse _ 5" for sinx + —1,0 
(l+cosx)(1+cosecx) cosx 


and cos x #-1,0 
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nt 
= tanx, ee sa 


=> Period of fx) = L.C.M. (<2) =z. Hence, 2/2 is the 


period of discontinuity. 
(iii) f(x) = sin [2x +4) + 2sin [se +4) + 3sin (5 1x) 


Period of f(x) = L.C.M (322 2) 
= L.C.M [.2.2) 
ci. 


_ L.CM,2,2) 2 _ 


L.C.F.(1,3,5) 1 
(2) 
cos’ | — 
3 
oe er 
3 
(ii) f(x) = sin (xx) + [x] = 2-x 


= sin (wx) + x — {x} +2-x 
= sin (1x) + 2 — {x} 


5. (i) fix)= 


é <6 : 5 
. Period of lcos x| = 


= Period of 


=> Period of fx) = L.CM. (72.1) -LCOM(2,1)=2 
ya 
(iii) fix) =x-[x- bl] =x-@-—b- {x—b}) = b+ {x- }} 
=> Period of f(x) = 1 


lif xisrational 


oe ‘ if xisirrational 
Let if possible T > 0 be the fundamental period f(x) 
=> fx+TN=fx%)VxeR 
If x € Q and T € Q, then fx + T) = fx) = 1 
Also 7/2 € Q 
=> fix+ T/2)=fx)=1 
Similarly f(x + T/2”) =f(x)=1 VxeEN 
= There is no fundamental period of f(x). Hence, f(x) is a 
periodic function period. 


l |sinx| | | cos.x| 
2 | cosx sin x 


ee a eel 


7. @ fx) = 


2 sin xcosx 


a 
SEC X.COSEC Xj} X E ars 


sin? x —cos’ x I 
a el 


l sin x.COS x 


32 
—sec x.cosecx;xE] Z, oe 


cos’ x —sin’ x 3x 
eee 
sin x.cOS x 2 


cosec2x;xE (0,5 
2 

—cot2x;x (4.2) 

2 

oe 
—cosec2x ;xE| z,— 
2 

cot2x 3x e( 2.2") 

2 

= Period of f(x) = L.C.M. {=3.24| 0/5 


us eM 
ii) f(x) = sin— -—cos——— 
HK n} (n +1)! 


Pened er =e 
a (a 
n! (n+l)! 


=L.CM {2n!, 2(n + 1)! = 2((n +1)!) 


8. (a) Ax t+ A) = Sx) 
=> fx) = fet a) = [fle + 20)] 
=> fx) =fKx+ 22) 
=> f(x) 1s periodic with period 22. 


1 
b) fix +a) = +—— 
) fet i)= t= 


l +] 


— f(x+2A) 


=> fx) = 


=> fx) =f(x+ 22) 
=> f(x) 1s periodic with period 2A. 


9. Given, f(x + a) = ana ACI a 
1— f(x) 
f(xt+a)+1 2 
f(xta)-1 2f(x) 
_ f(x+a)-1 
=> Se) f(xta)+l 


f(x+2a)-1 
ed OPO) Ne 
f(x+2a)-1,  2f(x+2a)  f(x+2a) 
f(x+2a)+1 
| 


Keer 
f(x +4a) 


=> f(x) 1s periodic with period ‘4a’. 


=> fx) = 


=> fx)= = fix + 4a) 
10. f(x) = sinx + cos( V4 -a’ )x, Period of sin x = 27 


Period of cos( V4 Sar )x = _2e 


4—a’ 


as 


4. 


20 
=> Period of f(x) = L.C.M. [as 7) =25 
=d 


ay , which exists if ¥4-—a’ is equal 
4-a 


4 — a’ is a perfect square 
4-a=-k;keEQ 
=> a= +4V4-k’ fora e Z,4-—k = 0 and must be a perfect 


=> LCM c 


Y 


square. 
=> k=0or4 = k£=0,+2 
=> @=0,;+2 => ae {-2,0,2} 


TEXTUAL EXERCISE-16: (OBJECTIVE) 


. (d) f) = sin nx) + (=) +sin (=) 


=> Period of fx) =L.C.M. 41, 


IN| 
we) 
aq 


3 
=L.CM {1, 6, 10} =30 


. (a), (b), (c) A) = sgn x.sin x 


—sinx for x <0 
= 0 for x=0 


sinx for x>0 


=> fix + 2x) = (x) for x € (cc, -27] and for x € [0, © ) 
and f(x + 27) = (x) for x € (—27, 0) 

= f(x) is non-periodic but clearly f(x) is a continuous func- 
tion. 


Also f'(x) = 
cosx forx >0 
=> f(0)=-1,f')=1 
=> f(x) 1s non-differentiable at x = 0. 
Also f(—x) = —sin (—x) for x > 0 
= sin x = f(x) 
And f (-x) = sin (—x) for x < 0 
= -sin x = f(x) 
And f(-0) = (0) = 0 
= f(x) 1s an even function. 


(a), (c), (d) 
(a) Period of f(x) = |sin x| is x 
(b) f(x) = [x + x]; which being an increasing function 1s 
non-periodic 
(c) f(x) = cos (sin x) 
=> fx+ x)= cos (sin (x + 2)) = cos (-sin x) = cos (sin x) 
=> f(x) 1s periodic with period x . 
(d) f(x) = cos? x 1s periodic with period z . 
(b) fix) = (ux + n) — [nx + n] 
=nx+n-—[nx]-—n 
= nx — [nx] = {nx} 


—cosx forx <0 


which is periodic with period = 
n 


7. (c) fx 


Functions < 2.355 


5. (c) fx) = sin(x + 3 — [x + 3]) = sin (x + 3 — [x] — 3) = sin 


C3) 
=> fix t+ 1) = sin ({x + 1}) = sin({x}) = f(x) 


=> f(x) is periodic with period 1 


6. (c) f(x) = |sin® 2x| + |cos* 2x| = |sin 2x|? + |cos 2x\? 


_ 2 
Fundamental period of |sin x|> + |cos x|? is S 


Fundamental period of |sin 2x|* + |cos 2x|? is 7 


oA eae = sina[ += cos 2 +4) 
4 4 4 

3 3 

sin (2x + =) cos{ 2s + =) 
2 2 


= cos 2x +|sin 2x] = f(x) 


Verification:- £ 


3 
+ 


3 


+ 


= | sin x |+ | cos x | 


| sin x — cos x | 


ya cosx|+|sinx 
Clearly, f] x+— ps COS EE resyana Geen) 
p | cos x +sin x | 
|-sinx|+|-—cosx|  |sinx|+]|cosx| 
—e—NVvw rere = fa) 
|-—sin x +cos x | | sin x — cos x | 


=> f(x) is periodic with period x 


8. (b) Functions given in options (a), (c) and (d) being the sum 


of periodic functions are periodic . 


Also cos Vx being non-periodic function, f (x) = cos 
Vx + cos? x 1S non-periodic. 


9. (a), (d) (a) Kx) = x — [x] = {x} which 1s periodic with period 1. 


se >x #0 
(b) f(x) = x? 
0; x=0 


Graph of f(x) is shown below. 


Clearly f(x) is non-periodic as x > 0, es — oo and sin 
x 


| re re . 

— oscillates in between —1 and 1 with increasing fre- 
x 

quency. 


(c) h(x) =x cos xis non-periodic. 
(d) w(x) = sin” (sin x) is periodic with period 22. 
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10. (c) If fx) = esin (x — [x] cos mx 


11. 


12. 


13. 


=> Six) = esin{x}.cosmx 
sin {x} has period 1 and cos zx has period 2 
=> Period of fx) = L.C.M(I, 2) =2 
Also f(x a 2) = esintx +2}.cos n@& +2) — esin{x}.cos 1X = fx) 


(a) fx) =2 tan3x+5 V1l—cos6x 
=> f(x)=2tan3x+5 V2sin* 3x 


=> fx) =2 tan 3x + §./2|sin3x| 
= Period of fx) = Lo (2, =)-% 


(a) f(x) = (sec? 3x + cosec? 3x ) tan? 3x 


l 
cos’ 3xsin*~ 3x 
1 , ata. WE 
= = sec* 3x having period — 
cos’ 3x SP 3 


(b) h(x) = 2sin 3x + 3cos3x 
2s, Bead ot hG@) = 


(c) k(x) = 2Vl—cos’3x + cosec 3x 


= 2Vsin?3x + cosec 3x 
= 2 |sin 3x| + cosec 3x 


= Period of k (x) = Loo (4, 2 | 2 


(d) p(x) = 3 cosec 3x + 2 tan 3x 


= Period of p(x) = L.C.M. (=z, =). zis 


COS NX 


-( 


=> Period of fx) = L.C.M. [—.2 )- 2n 


(c) NEN, fx) = 


L.C.M. (+n) = 2nt = 4n (given) 
n 
=> n=2 


(b) (a) Let f(x) be periodic and differentiable with period T. 
=> fx+TN=fx%)VxeR 
=> f'(xt+T)=f()=VxeER 
=> f'(x) 1s also periodic with period T 
2 
(x? + 1) 
Clearly, f(x) and f(x) are defined on entire number line 
and are non-periodic. 
However, f(x).f(x) = 2, which is periodic function. 
(c) Let f(x) is an even differential function, then f(—x) = f(x) 
= Sf'-*) =f) 
=> ff) =-f') 
=> f'(x) is an odd function. 
Similarly derivative of an odd differentiable function is 
even. 


(b) Let f(x) = (x? + 1) and f(x) = 


14. 


15. 


16. 


JO)+ IC) , fO)- Sx) 
2 2 


eal 
odd function 


(d) f(x) = 


ow) 
even function 


(a) f-x) = f(x) Vx e Rand fix+2)=fx) VxeR 


KA = SEAN (1) 
But f(-4) = f-4 + 2) =f(-2 + 2) = f0 +2) 
=fi2 + 2) = f4) (2) 


From (1) and (2), we get f(4) = 0 


sin 8xcos x —sin6xcos3x 
(c) fx) = 


cos2xcosx —sin3xsin 4x 

_ (sin9x +sin7x)—(sin 9x +sin3x) 
(cos 3x +cos x) - (cos x — COs 7x) 
sin 7x —sin3x 

cos3x +cos7x 


2cos5xsin 2x 
= ———_ = tan 2x 
2cos5xcos2x 


which is periodic with period _ 


(b) [+5 *) = fx); 2) = ac )- 24-3) -£{ =| = 


f(x) 1s periodic with nena — 


=> fo) =t{ x43] vxen 
, 10 
= £3)- {= +2 = f(2) = 5 and 
I I I 9 
i(a}-aea))-“G) 2 
I — — 
K-3)-4{5| 5.93 


SECTION-III (SINGLE ANSWER CORRECT) 


(b) If 2f(x’) + 3f (5) =x°-1 VxE R~ {0}. 2......@ 
x 
Replacing x’ by : 
we get 2f (i 7}+3/")=4-1 ... {i1) 
Solving (i) and (11), we get — 5f (x’) = 2x? — = +1 
x 
_ 2 3 lL —2x7 +3- x? 
Caer 5 aes 5 5 
(1—x7)(2x? +3) 
Sp 
x, ere. ; 2 —-[x] 
(a) f(x) ry3° for domain of function, 3 >0 
=> (2-[x]) ({x] —3) = 0; [x] -3 #0 


([x] — 2 ) x] — 3) <9; [x] #3 

[x] € [2, 3]; [x] #3 

x € [2,4 ); [x] #3 

x € [2, 3) 

~ (c) fx) = sin [2 — 3x’]; for domain [2 — 3x’] € [- 1, 1] 
=> 2-3x’ € [-l, 2); -2<3x*?-2<1 

=> 3x°>Oandx’ <1 

=> x#0and<xe [-l, 1] 

Domain = [-1, 0] v (0, 1] 


. (c) fx) = cos! Vx? +3x4+1 +cos ' Vx? +3x ; for domain 0 
< Vx? +3x+1<1land0< Vx? +3x<1 


O<x?+3x+1<land0<x+3x<1 
x7+3x+1>0;2%°+3x<O and x + 3x>0; x7 +3x-1<0 
x Sx = 0 => x(x+3)=0 
x=Oorx=-3 

Domain = {0, — 3} 


l 
7 = inl + 2 anes 2 os = ¥ ——_ 
(c) eo e x+ V¥2x-x eT = 


=> 2x-—x’?>Oand — 4x’? + 8x-3>0,1¢.,x € [-l,1l];xe 
3 l 
[0,2] and x € (3 xe (=. 
2 2 2 
. (b) fx) = ae er for domain 1—y1-—V1-x? 


i-vJ1- 
>0 

=> yl-Vl-x? €[0,1l)> 0<1-vI-x <1 

=> 0< yvl-x’ <1 

= 

—" 


=> 
=> 
=> 
— 


“YYUUY 


; for domain x 


1-x’ 


O0<1-x<1 
xe(-1,1) 


=> 0<x<1 


. (ce) Kx) = V3-2*%-2'*-2'*4-Vsin' x; for domain 3 
—2* —2'*2>0; sin’ xe 0.5 


=> 3-2" 5 20;xe 10,1] 
(2") + 3(2*) -2 > 0; x € [0, 1] 
=> (2*)-3(2*)+2<0;xe [0, 1] 
=> (2*-1)(2*-2)<0;x e€ [0, 1] 
=> 1<2*<2andxe [0,1] 
=> xe [0,1] 
~ (c) fx) =costx+ 1 — log, (2x? + 6x—5) ; for domain x € 
[—1, 1] and log, (2x? + 6x-5)<1 
x €[-1, 1] and 2x? + 6x-5 € (0, 3] 
x € [-l, 1] and 2x + 6x-5>0 and 2x? + 6x-8<0 


ae aia 


=> 
=> 
=> xe [-l, 1] and x €| -o, 

4 4 
and x € [4, 1] 


=> xe 24 | 


2 


9. 


10. 


11. 


12. 


13. 
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3 


; for domain —1 < —————-< 
4+2sinx 


(a) fx) =cos" ( 


=> -4-2sinx<3<4+2sinx 
=> 2sinx>-—7and2sinx>- 1 


4+2sinx 


| Si 
> sinx2= — 
2 

> xe R- Ul entne+2.2n42)¢-2] 


neZ 
x? 
es 
sin oe (=) 


I 
= 4 
nee) Vx°-x-2 5|x|-x’-6 


2 
=¥=9 50: on, Jet. 1] and x?— 5 |x| +6 <0 


> for domain x’ 


=> x € (0, -1) U Q, ~) and x e[-2, -1] vu [1, 2] and 
2 < |x| <3 (e., x €(-3, —2) (2, 3) 
> xed 


Xx 


(a) fix) = e + in'|(2)-1} +10 x-—[x]; for domain 
ifort, 1] and x — [x] > 0 


=> xe (0,6) and {x} > 0 
> xe(0,6)andx¢Z 
=> xe (0,6) - §1, 2, 3, 4, 5} 


l 


(essa) Isna) i for domain [cos x] 


(b) f(x) = log 


— [sin x] > 0 


cos x and sin x are periodic with period 27. 


=> x= 0, am 


=> xe ane —% 2m jn EZ 


Equivalently, x € (2 +1)xz +n + Ds 


(b) 10g 004 (log, (108.50 (log.9,*))) 
=> log, (log. 02 (log. oo: x))>0 
= lO¥.609 108.50) x)>1 


=> log, (x) > 2002 
=> x> (2001) 
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2 
14. (b) fx) = ,/sin™' (log, x) +./cos(sin x) sia | ; for 
x 


domain sin“ (log, x) € 0.5 and cos (sin x) = 0; and 


1+x’ 
e€[-1,1 
f =| [-1,1] 
1+ x? 


= log, x e [0, 1] and =-1,1 
2x 


=> xe[1,2]andx=-+1> x el} 


15. (b) fx) = sin’ 2-h| +cos! 2-|s| a tan! 2 —|x| . 
4 4 Pie ti 


lige 
for domain i €[-1,1] 


— |x| € [4, 4] — |x| € [-6, 2] 
Ix| € [-2, 6] > x E[-6,6] 
CQ. = 
sin (2 -—x) 


Here x? — 4 > 0 and (2 — x) € [-1, 1] — {0} 
=> xe (-c,-2] U [2, «) and x € (1, 3) 
=> xe[2,3)- {x}, 1.e.,x € (2, 3) 
Least value of x does not exist. 
17. (ec) PN=x > ON=(a-x) 
Since distance PN is lying along OP. 
=> ON 1 ABand AN=BN 


=> ONP 1s L bisector of chord AB 


= In AOBN, Z BON = “ 


18. (b) *. There exist more than one A’s of given area 
=> f:S — R* is many—one, and hence, not injective . 


Let k ER*, then f(A) =k = =(a) x (bd) 


= peek 
a 


If k €¢ R*and a € R*,then we can find 5 = oe 


a ee 


; such 
that k = = (a\b), e.g.,k=4,a= 


We can ae a A having base length 3 and altitude 


fis subjective. 


19. (b) 4 + 41%) = 4 


4 = x 
=> Ww yi =4 
=> 4”) —- (4) (4”)+4=0 
=> Disc. >0 => 16°>16 
= x21 => xe[l,o~) 
20. (d) Rx) = (x? — 2° + x4 -x4+ 1)" 


For x <0, x? —x° +2x4-x+1>0, 
For x = 0, x? -—2x° +24-x+1=1, 
For x € (0, 1); x2 > 0, x4 > x°,1>-x, 
=> xP +x4-x+1>0 
For x € (1, ©), x? > x’ and x4 >x 
=> xP +x4-x+1>0 
. Fae ear ae SOV ee R 
=> (?-x+x'-x+1ly"e RVxeER 
Domain = (—90, 00) or R 


21. (c) f(x) = sin" [sec x], [.] = gint function), for domain [sec 
x] € [-1, 1] 
=> sec x eé [-l, 2) => sec x=-l orsec x é€ [1, 2) 
=> x=(2n+ 1)n,n ©€ Zand sec x € [1, 2) 


> xe (2m = 20 += smeZ 


Domain = {(2n + 1)n,n € Z} 


VU [2m = 2m +a him EZ 
3 3 


22. ©) f: R > R; f(@) = 2x° — 50000x + 0.1 x + sin x 
Kx) = 2x° — 50000 x? + 0.1x being a cubic polynomial 
has its range (—0, 00 ). 
Also h(x) = sin x has its range [—1, 1]. Thus f(x) has its 
range (—00, 00) 


23. (d) fx) = log , (2—log, (16sin’ x +1)); for domain 2 
— log, (16 sin’ x + 1)>0 

log, (16 sin’x + 1) <2 

16 sintx+1<4 

Also 16 sinx+1>1-. 1<16sin?x+1<4 
log, 1 < log, (16 sin’ x + 1) < log, 4 

0 <log, (16 sin*x + 1) <2 

—2 <—log, (16 sin’ x + 1) <2 

0 <2 —log, (16 sin’x + 1) <2 

—o< log 5 (2 — log, (16sin’ x + 1)) <2 

Range = (-90, 2] 


Y 


YYUUYNY 


1 
24. a eee OS Aid 
(a) Kx) Jeos(sin x) ( smn x € [ 2 ) 


=> cos (sin x) € [cos 1, 1] 


=> /cos(sinx) € | Veos 1,1 | (*.” f(x) = (x)!” is increasing) 


25. 


26. 


27. 


28. 


l l 
————— 1,—_——— 
,{cos(sin x) oa | 
=> Range = E Vsec! | 
(a) f(x) = [9* — 3* + 1] x Ve (-~, 1) 
Let 3" ='t 
1\ 3 
Oo -—3*+1=Ff-t+1= (1-2) og ae ee 1), 
3* € (0, 3) t € (0, 3) 


> 9% _341le 7 
4 
=> fix) =[9*-3*+ l] © £0, 1,2,3,4,5, 6} 


(d) fix) = 6 +3*+6*+3742 


= [o +2) +(s +2) +2 
6" 3* 
6*°,3*>O0VxeER 
By A.M. = G.M. 6 +e [2, 00); 3% += [2,0) 


Also for x < 0; both 6* +—and 3* + are decreasing 


functions and continuous functions having their range [2, 00) 
and both are even functions. 


Thus range of f(x) = [2 + 2 + 2, 0) = [6, 0) 
(c) f R > R; fx) = 2x3 — 6x 
S'(x) = 6x? —6 
f'(x) > 0 
=> xe (-o,-1) UCI, ©) and f(x) <0 
=> xe(-1,1) 
.. f(x) decrease from [—1, 1] and f(x) increase from [1, 2] 
=> Range of f(x) = [f 1), fC 1] 4 O), A2)] = [H4, 4] v 
[-4, 4] = [. 4] 


(a) If2<x <3 


=> xe (-V3,-V2)U(V2,~3) 


=> {e}=x-2 


(2 3MEE 
=> ‘| =—-(1) for x ¢(-V/3,—V2) and 
{=} =—-(0)forxe (V2.v3) 


Xx 


For positive roots, x € (V2.3) 


, 1 
Given equation becomes, x? —2 = — 


x 
x>—2x=0 => x(x’?-2)=0 


x= 0 orx=~2, but x € (V2.3) 


There is no positive root. 


y 


Y y 


29. (b) fix) = 


Functions < 2.359 


sin x n CcOsSx 
Vl—cos’x <Vl-—sin’x 

tan x in cotx 
Jisec*>x—-1 ~<Jcosec’? x-1 
Vl—cos* x =+sinx, ¥l—sin* x =+cosx, 
sec? x—1 =+tanxand Vcosec’x—-1 =+cotx 
fy=14+14141=4 
fx)=1-1-1-1=-2 
In III quadrant: fx)=-1-—1+1+1=0 
In IV" quadrant: /fx)=-1+1-1-1=-2 
Minimum value of f(x) = —2 


+ 


In I* quadrant: 
In II" quadrant: 


30. (b) x — [x] =3 
=> x» -3= [x] eh) 


31. 


32. 


Clearly, y = [x] and y = x* — 3 intersect each other, where 
[x] = 1 

e-—3=1 => 
x= (4) 


xv =4 


(c) (x)? + (x + 1)? = 25 i) 


YUU UY 


-~a, 


YUU: J 


y 


=> ke {.....,-6,-5,-4, 4, 5, 6,....} 


Letk<x<(kK+1) 3D W=(Kk+);k Ez 
ktL= G1) sk +2 

(e+ 1)=(&+2) 

(1) becomes, (k + 1)? + (kK + 2)? = 25 
2k*+6k+5-25=0> 2k+6k-20=0 
kh? + 3k-—10=0 
(k+ 5) (k-—2)=0 
x € (-5,-4] U(Q, 3] 


=> k=-S5ork=2 


a) Letk<x<(k+1),keZ 


[x] =k, @)= (+ 1) 


[x]? + (x)? > 25 => k+(k+1y>25 

2k* + 2k-24>0 

h+k—-12>0 => (k+4)(k-3)>0 

k € (-0, — 4) U (3, &) 

k € (-0, — 3] v [4, «) .G) 
Ifx =k € Z, then [x] =(~) =k 

[x]? + (x)? > 25 => 2k? >25 


ke (— =\U(+ *) 

2 J2’ 
Combing (1) and (11), we observe that x (—o0, — 4] U 
[4, 20) 


2.360 > Functions 


33. 


34. 


35. 


(a) *.” f(x) is an even function, f(—x) = f(x) 
=> [3.5—bsinx]=[3.5+bsinx] VxeR 
=> [3.5-k]=[3.5+k];k=bsinx 


l —| 
=> SE ee Gaede et 
2 2 2 p 


—1 <sinx< 1; for b >0,-—5 sin x < b and for b <0; —b 
>bsinx>b 


(b) f(x) = log 10.3%" -9*"' -1 +,/cos'(2-~x) ; for 


2 
x 3° 
domain 10.0)" PY a oand (2—x) € [-l, 1] 


=> 103y-GB*Y¥-9>0and xe [1, 3] 
=> —10(3+(G3*)? +9 <0 and x é€ [1, 3] 
=> (3*% -(3*)-9 B*) +9 <0 and x [1, 3] 
=> (3*) 3*-1)-9 (3*-1)<Oand xe []1, 3] 
=> (3-1) (3*-9)<0Oand xe [1, 3] 
=> 1<3*<9and<xe [1,3] 
=> xe(0,2)andxe [1,3] 
=> xe[l1,2) 
(b) fix) = 4/,/cot(5 +3x) (cot5 +cot3x) —Vcot3x+1 ; for 
domain ,/cot(5 +3x)(cot5 + cot3x) >Vcot3x +1 
=> cot (5 + 3x) (cot 5 + cot 3x) 2 cot 3x+ 120 
=> cot(5+3x) SL eee > cot(3x) +120 
sin 5.sin 3x 
=> cot(5 + 3x) [RD |e cotax+120 
sin 5.sin 3x 
ae 10 
sin 5.sin 3x 
cos 5.cos3x —sin5.sin3x 
SO  — 2 cecot3xt120 


sin 5sin 3x 
(cot 5).cot 3x-— 1 2=cot3x+ 120 
(cot (5) — 1) cot 3x = 2; cot 3x =- 1 


Y J 


Se (= 27 =>cot5 <0 


=> (cotS —1)<0 


=> cot3x <—— and cot 3x2>- 1 
(cot 5-1) 
2 
=> —1<cot3x <—————— 
(cot5 —-1) 


=> nx+cot” 
cot5—-1 


)saesntye—4 


nx 1, 2 l 3 
=> —+-cot <x<-|n+—|7;xeEZ 
3 3 cot5—-1 3 4 


l 2 l 3 
= Domain = U Ee eat = nv2)s 
V3 3 eors=1) 3 A 


36. (c) fx) = 108, cos ( 


37. 


38. 


39. 


2log,,x +2 

a ; g (2) = fxs 

For fog (x) to exist 

Range of f(x) must be subset of domain of f(x). 
Now, range f(x) = [0, 1) 


2log,,x +2 . 


For domain of f(x): 100 x > 0, # 1 and 0 


we 


] +] 
OF 19 x 2 


l 
=> x>0;x# — and 0 
100 


x 


1 
=> x>0;x# —log, x<-l 
100 S10 


l 
10 


I 1 
5 ge) Op a 
[ | {ra5| 


Maximum possible range of 


p)- (od \-{ leo tft 2) 
10 100 100 100° 10 
i.e., (0, 107) U (10%, 10°) 


(b) fix) fy) = fx) +f) + foy)-2V xy e R nd) 
Putx=1l,y=1 

= [ADP =AD +A) +f) -2 

=> [AD]? =3f1)-2 

=> (f01)-1) JU)-2)=0 

=> f)=l1orfl) =2 
Now, put x = x, y= 1 in (1), we get f(x) fl) =f{(x) +f) 
+fix)-2VxeEeR 
If f(1) = 1, then f(x) =fx)+1+fx)-2VxeER 

=> fx=1VxeER 

= f(x) 1s a constant function, which contradicts the given 
hypothesis that f(x) 1s not a constant function. 
Thus, 1) = 2 


l 
= x20; * 7 ——7< 
100 


i it Dank ) : (cos 2x + Nee x +2tan x) 


1+tan* x 


(cos2x + 1)(sec? x+2tan x) 


=> f(sin 2x) = 5 


2 5° 2D 
_ 2cos’ x a x “(ain oe) 
2 cos’ x 


Put sin 2x = : 


Oif is rational 0 if xis irrational 


x if xis irrational xif xis rational 


(c) f(x) = and g (x) = 


—x if x is rational 
= h(x) (say) 


x if x is irrational 


yas} 


Let x,,x, € R and x,, x, € Q, thenh (x,) =h (x,) 


40. 


41. 


42. 


43. 


=> -x,=-X, => x, =X, 
Similarly x,, x, € Q such that h(x,) = h (x,) 
=> x, =X, 
Further if x, € Q, 
=> —x, =X, 
which is false as in this case either both x,, x, are ratio- 
nal or both irrational. 
=> (f- g) (x) Is injective (one-one) 
Also for each x € R. 
If x € Q, then (f— g) -x) =x and Ifx € Q , then (f— 2g) 
(x) =x 
=> (f- g) (x) 1s subjective (onto). 


x, € Q such that h(x,) = h(x,) 


b 
(d) T= ‘ ; jbo eR a T > R such that f(A) 
C 


=|A|VAeET 

Clearly f can’t be injective as for every real number k, 
there exist at least two matrices having same determi- 
nant k. 


7 4 52 
e.g., A = ;B= 
i 7 : 8 


SB) = |B| = 


For every real number k, there is a matrix having deter- 


k 1 
minant k, e.g., A= 
0 1 
|A| 


| then f(A) = |A| = 32 and 


=> 
= fis subjective. 
(b) n(4) = 4; n(B) = 6 


6! 


Number of one-one functions = °P, = a = 360 (from 


A to B) 

Number of onto functions from B to A. 
= Number of ways of putting 6 balls into 4 boxes, so 
that no box remains empty. 


= (4)° _ [‘C, (3) oe aC. (2)° ae aC. (1)] = 1560 


(b) A = £1, 2, 3, 4, 5, 6} 

f: A > A 1s an injective function such that f(A) #27. 
Then number of such functions 1s equal to the number 
of ways of putting 6 letters into 6 envelopes, so that no 
letter goes to its correct addressed envelope. 

= sf1-F +t ead = 360 — 120 + 30 — 

I! 2! 3! 41 51 6! 
6 + 1= 265 


(b) f R > R 1s given by fx) = («+ 1 -1,x2-1 
y=(*+1)-1 
Qe lays! 


=> 
a ers 


But x 2-1 => x+120 
=> x+1= Jytl>x=Jytl-l 
=> f= yytl-l 


= f° xx+l-1 
f°) = fl) > 


x+l-l1=(+1¥-1 


44. 


45. 


46. 


47. 


48. 


49. 


Functions < 2.361 


> («+1 [a+ 13-1] =0 
> S={0,-} 


=> Vx+l=(x4+l)y 


=> x=-lorx=0 


(d) h(x) = |kx + 5| 

Domain of f(x) = [— 5, 7] and domain ffh(x) = [- 6, 1] 
—$<h(x)<7V xe [-6, 1] 
—~5<|kx+5|<7Vxe[6, 1] 
O<|kx+5|<7Vxe [-6, 1] 

—~7 <(kx + 5)<7 Vx e [-6, 1] 

Case (i): If k > 0, then (kx + 5) is increasing. 
=> k-6)+5=-7andk(1)+5=7 

=> k=2 

Case (ii): If & < 0, then (kx + 5) is decreasing. 
=> k-6)+5=7and k1)+5=-7 


Yuyd 


=> k= - and k = — 12, which can’t hold simultaneously. 


1- cos{ 2x +2) 


2 


k=2 


(c) f(x) = sin? x + 


u 
+ cosxo0s{ x +4) 


~ 4] 1-c0823-+1~con(20+2=) + 2e08xos x+— =| 


| 
(3) 


3|2 —cos2x —- cos( 2s +3) + cos( 28 +— 


= 32 —cos2x- cos( 28 -4) + cos( 28 +— 


= x Dei aia ceases oa = Ey a 
2 3. 2 


4 gof (x) = 4g =) = 4.(1298) = 5192 


(a) fix) = 14+ x73 fd) = 14 x —- 2x7 + x4 
=> 1+ (Gfoyr=14+2x7?-2x' + x* 
=> (f(x) = xt - 2x + x 


=> fix) = tVx*-2x? +x? 


=> (18) = +, /(18)* - 2(18) +18)’ 


= +18,/(18)? —2(18) +1 = +18,/(18-1)* = +18 (17) 
=+06 


(c) fx) =cos? ¥1—x’ and fx) =— sin! x ; f(x) = f(x) 

=> cos! yl—x? =—sin'x 

=> sin'x=-—cos? Vl—x’ 

2 yet] 

(b) fix) =x? + x+ sin x—cos x + log (1 + |x|), f{-x) = (x) 
=> f(x) =f) 


=_x2+x+sinx+ cos x—log (1 + |x|) 


z {x +7} {x} _ 
(c) Ax) = [x] + yet revved ye = [x] + 1000 
a piel 


2.362 > Functions 


50. (b) f/" (B)) = (Kx): x € £1 (B= {f): (>) € B} 
x Y 
a. ~a~ 


seas Be a 
\ SFB J j \ *%.. ae 2 
se, ce j ea eat we 
=> fif'®) cB 


NowifxeBcY¥Y > xeY 
It may happen that f (x) does not Exist in x as function 
is not given to be subjective. 
AFB) # B 
Also, f' ((A)) = {x € X: fx) € fA)} but f(A) = (x): x 
€ A} 
From above, we can’t conclude {1 (f(A) c A. 
If the function is non-injective, then it may happen that 
x ¢€ Aand f(x) € f(A). 
=> f' (fA CA => f'(f(A)) #4 
51. (b) f ROR; fx) =x +1 
Here it is not given that f" (x) 1s a function, so, let us 
treat f" (x) as a relation given by f(x) = ta) x=1 


f'(7) = +4 and f? (3) = +2 
> F107} v F'B)} = (44, +2} 


52. (ce) f(x) = cos nx.sin (=| 
n 


2x 
Period of cos nx = Ta] 
n| 


Period of sin of ae — 2|n|x 


no 15 > 
n 
, e Me) ; 
Period of f(x) = L.C.M iar = 2n (given). 
n 
+» rom(t Fiji LeMGeD _, 
|n| 5 H.C.F({n],5) 
So 
H.C.F(|n|,5) 

=> H.C (|n|, 5) = |n| 

Ifged(jn,5=1 => |nf=l1 


=> n=1 

Ifg.c.d(|n,5)4#1 > 

g.c.d (Sm, 5) = 5 

In| = 5 

ne {+1,+5} 

53. (a) f(x) = 1 — x — x4 — 2x = f(x) + h(x), where f(x) = even 
function and h(x) is an odd function 


=> h(x)= ore) => h(-5)= A) Ie) 


ln|=5m,;meN 
=> 
=> => n= 


: Re + 6250 -14+1254+625 ard 
2 


= 125 + 6250 = 6375 


x° +2 


54. (d) f/ R> Rf = (s*5) 


fa)- (x? + 2)(a) = (ax + 5) (2x) 


(x? +2) 
= ax’ +2a—2ax’ -10x _ 2a —10x — ax’ 
(x? +2) (x? + 2) 


For a continuous function f(x) to be invertible, f(x) > 0 
or f’(x) < 0; where the or used is exclusive. 
=> ax’+ 10x-2a<0orexclusive>OVxeR 
Disc. = 100 + 8a?>0 
‘. For no real value of a, f(x) is invertible. Thus, a € {3} 


55. (d) f(x) = - [cos (sin 4x) + cos (cos 4x)] 
Period of cos (sin x) + cos (cos x) = g (x), (say) 1s > as 


e( E+) =oox{sin(Z4+-x)] + cos{cos{ = 4-0) 


= cos(cos x) + cos (-sin x) 
= cos (cos x) + cos (sin x) = g (x) 


Kx) = = [eos (sin 4x) + cos (cos 4x) ] has period = 


I 
ve 
4 8 
56. (a) f(x) = cos Vk x; k = [m]; Period of f(x) = oer 
=> ak =2 > k=4 
=> [m]=4 => me [4,5) 


57. (d) F(x) = f(x). e(=] — 9(x).f (=| 
Period of fo.e(= | =L.C.M (7, 55) = 385 


Period gos{*) =L.CM (11, 21) =231 


Period of F(x) = L.C.M (385, 231) = 1155 


58. (a) sin[x+4x%+9x+......4(+1) x] 
_ sin] Dern SE 
6 
Its period = ee ee (given) 


(n+1)(n+2)(2n+3) 4 
=> (n+ 1)\m+2)(Qn+3)=3x4x7 
=> n= 2 
59. (b) f(x) = 2 {x} + sin 27 {x} 
etl) HK 2 ee sina ie Tt 
= 2{x} + sin 2n {x} =f (x) 
=> f(x) 1s periodic with period 1. 
60. (c) f(x) = 2cot 3x+5 Vl—cos6x 
fx) = 2 cot 3x + 5 V2 |sin 3x] 


Period = LM (2, =)-% 
3°3 


3 


Now, sec? 3x + cosec? 3x = =~ = 4 cosec’ 6x, hav- 


sin* 6x 
, eg OE 
ing period — 


2 2 2 
2 sin 3x + 3 cos 3x has period L.C.M (=. =) == 
2V1—cos*3x + cosec 6x = 2 | sin 3x | + cosec 6x has 
2a 
period = L.C.M EN cia apa 
ae ae 


fix) can be 2V¥1—cos’3x + cosec 6x 


61. (b) fx) = x1 -%x);,0<x<], 
Graph of f(x) for x € [0, 1] is as shown below. 
Y 


0 1 


If f(x) is extended by f(x + 1) = f(x), then the new func- 
tion will be represented as shown below. 


with 
period 1. 
sin 2)-1< <1 

baey 
x” sin| — s|x| <1 ; 

62. (b) f(x) = 2 = <-x ; xsl 
x|x| ; |x| 21 x’ = el 
x sin = },05 x1 

=> fi-x)= 2 and f(—x) 
2 

x 3 x21 


Kx) =f) V x € [1, &) 

=> f(x) 1s an odd function 

63. (d) f(x) = x’? — 1 and f(x) = x — 7x? + 5x +6 

=> f'(x) = 2x and g(x) = 3x? - 14x + 5 
Let P = (h,k) and QO =u, v) 
Since tangent at P to f(x) is parallel to tangent at QO to 
Ix) 

=> 2h=3u’?-14u+5 


Functions < 2.363 
=> 3u*-14u+(5—2h)=0 
Disc. = (-14)? — 4(3)(5 — 2h) 
= 196 -—60+ 24h 
= (36 ots Oto) SS rh>-—- ule 
24 3 


For h> = ; u has two real values given by 


_ W4tV136424h _ 7£V34+ 6h 


6 3 


Corresponding to each point p(h, k) on f(x); h > —: 


there will be two points Q(u, v) on g (x) such that at 
tangent at P is to the 2. 


Thus, there will be the infinitely many pairs (P, Q). 


64. (b) f(x) >0 Vxe R and g(x) = fx’) —f’ + 3) 
=> g(x) =f'().(2x) — fe? + 3)(2x) = (28) If @). f (x? + 
3)] .. (1) 
' f'(~>OVxeER 
= f(x) is an increasing function x € R, 


a A ad eet 6.) | (2) 
From (1) and (2), we note that g’(x) < 0 for x > 0 and 
g(x) > 0 for x <0 


=> g(x) is decreasing in (0, 00). 
(x° —3x° +3x- 7) 


65. (a) f(x) = 
a by aay” fa Sa eke EL 
= For domain, f(x) = (x4 — x" + x —x74+ x® x2 +2741) 
>0 


For x < 0, f(x) > 0 
For: (0, D208 Se xt Sar eS © 


=> fx)>0 
For xe[ leo) 2A ox ex xe ee 
=> fix) >0 Kx) >OVxeEeR 


=> Domain fx) = (2,20) 


66. (b) f(x) = lof? heeds (3x? — 4x + 5) 
=> For domain, x? + x+1>0 and #1, disc. of x7 +x+ 1 


=3<0 

=> xr4+x+1=1>0Vxe Randx’+x+1=1 forx=0 
or — 1 
For base, x € R — {0, -1} . ee (A) 
Also for 3x? — 4x + 5 > 0 which holds V x € R as its 
disc = — 44 <0 


=> Domain of f(x) = 


67. (c) fx) = V8-3° -3'* +,/sin'(2x +1) 


For domain of f(x), 8- 3(3°) - &) > 0 and sin™ 
(2x+1)20 
=> 83") -33* -3 20 and (2x+ 1) € [0, 1] 


R — {0,-1} 


=> 3()- B+ 3.<Oand x e| o| where t = 3* 


pce te en Ey 


3 


2.364 > Functions 


68. 


69. 


=> Fe ened oe Sh] 


> xe (7) 27) and x |. 


Aa 7 9 3 3 1 


3 3(44+7) 4eJ7 V+ 3 

-v7 iat 
|<we($p)=F 

= 3.0} ¢} 0 (7) oe (427) 


=> Domain of f(x) = 5.0] 


3cos?x+3cosx+4 _ 3[ cos’ x +cosx +1] +1 


cos’ x+cosx +1 


(c) f(x) = ; 
cos’ x+cosx +1 
oe ! _ 

(cos? x + cosx +1) 


as cos x €[-1, 1] 


3 
4 
=> 3+ ; Sead aes 
( ; 3 3 3 
cosx+—| +— 
2 
10 13 
=> A=—, =— 
3 . 3 


64+ 9+ 2.= 204+39+2—61 


(b) fix) = x’ —px+q 
Given,g+p=llandq-—p=a 


ll+a ll-a 
q= = 


and p= 


as. go 2a° -lla+a’+ll+a 


2 
3a’ -10a +11 
=> fla)= — Sxwvesitl2) 
If «, B are prime roots of (1), then « + B = p 
. Il<-a ll+a 
= Ap=q= 


2 
p,q € N (as a, B are prime integers) 
2/(11 — a) and 2/11 + a) as 11-—a>0 
ae€ {1,3,5;,.7;9} 


Alsoa+ B=p= a 


Yur: 


“ and ao, B are prime 
ll-a 


>at+Bp>4 => 


ll-a2=8 
=> a=lor3 
Fora=l,at+BP=p=5,B=q=6 
C= 2 h=3 
For a= 3,a+B=p=4, B=q=7 which is impossible 
as ol, B are prime integers . 
=> a=1 


=> ax<3 


-10+11_ 


From (2), we get f(a) = : ; 2 


. (c) The vertical distance (d) between the curves will be 


maximum when both —x? + 5x + 7>0 and 2x+3>0 
and 2x + 3>0 and —x?+5x+7>2x+3 
Y¥ 


Further (d) is given by |(-x? + 5x + 7 ) — (2x + 3) 
=-x7+ 5x+7-—2x-—3 
Ax) =-—x°+3x+4 
-[(3) -4(-1(4)] _ 
re ete cee) ee 
4( 1) -4 4 


SECTION-IV ( MORE THAN ONE ANSWER CORRECT) 


- (a), (b), (©), 


(a) sgn(e“)=lase*>OVxeER 
= Itis a constant function, and hence, is a periodic func- 
tion with no fundamental period. 


b = 

Oy ss) ‘ if xisan irrational no. 
There exists infinitely many ‘h’ for which f(x + h) = f(x) 
VxeR. 
e.g.,1fh = 2, then f(x + h) = fx) = 1 if x € Q and fix + 
h)=fx)=0ifxe Q 


1 if xisarational no. 


Functions < 2.365 


=> fixt+h)=f(x) Vx € R, but we can’t find smallest posi- 3y +1 
tive real ‘h’ for which f(x + h)=f(x) VxeR => x(Y-)=-3y-l > x= 1 
ows , — 
= f(x) 1s periodic with no fundamental period. ~ xe Rfory#lalsox#2 
(c) f(x) = : + = 4 |cosec x|, which is peri- => 2# Dae 
I+cos l1-—cosx l-y 
odic function with period 1. 
=> 2-2y43y+1 => y#1/5 
1 1 1 
d) |x+—]+] x-— ]+2[-x =R_2- 
@ | | | [-x] = Range=R 13 


For domain 2—x>QOand1+x2>0 
=> x<2andx>-1 
Domain = [—1, 2] 


l 
BU Rse ree G HE aes atte Oh Now, 7 =3+2,/(2-x)(1+x) 


+5]+|(x+5}-1]+20-0)- af 45] 21) 4. (c), (d) f(x) = V2-x4+v14+x 


2x-2x-l=-lifxeZ 


i te 
2n—2n—2-1=-33n <x<nt— > y SD x +x4+2 


In domain, [-1, 2], x? +x+2e 0.2 
2n+2-—2n-—2-l=-ljn+—<x<n+l 

2 => y’e [3,6] andy>0 => y e| v3.6 | 
The graph of Kx) will be as shown below 2s Raiee B. 6 


1 
5. (b), (c) log, y.log,, y. log’, ¥ = - peal) 


For domain x > 0, y>0,x41,xv41,x°y#1 
logy logy logy _1 


Further (1) can be written as = 
>X logx (logxy) logx*y 6 


(logy) =! 
(logx)(logx+logy).(2logx+logy) 6 


=> 6(log y)’ = (log y)’ dog x) + 30g x)’ (log y) + 2 (log x)’ 
Put log y= t, logx=u 


Clearly, the period of f(x) is 1 Bin AEB pie Butt 2 OS =) 
fe+ l= E +] +3 +. +] -5| +2[-x-1] Clearly ¢ = u satisfy it (t — u) 1s its factor. 
2 2 => (t—u) (62+ Sut + 2u?) =0 
a 1 1 Disc. of 6¢7 + 5 ut + 2u* is — 23u? <0 
as E i? fq i E 7 7 i ee = t=u is the only possible root. 
=> logy=logx => =x 
= ane : ae eh 7 +2[-x] = f(x) a Sey form (1) can be written as y = x for domain x 
>0,x# 
2. (a), (b) Ax) = [x]? + [x + 1] -3 6. (b), (d) Xx) = (1 + tan x) f +tan{=—s)}} = (1 + tan x) 
=> fx) = [x} + [x] -2 4 
=> fs) = (1 +2) (1-0) {iO 2 for tan x1 
fx) =0 => [x] =—2or[x]=1 1+ tan x 
= fix) =0 for x €[-2,-1) v [1, 2) Also g (x) 1s given to be defined for every real x. 
=> f(x) is many-one function, f(x) = 0 for infinite number gof(x) =f(2) for x #nn + [=] ed, 
of values of x. 4 
Also range of f(x) consists of only integer values, and = gof (x) 1s constant V x € D 
hence, f(x) is into. = gof (x) is non-subjective function. 
3. (a), (d) fx) = pie pa le DSA AOD, eo 7. (b), (©) Ax) = Vx-Vx-1 and g(x) = /x(x-1) 
x°+x—-6 (x+3)(x-2) (x 4+3) Domain of f(x) = [1, ©) and Domain of fx) = (— », 0] 
Domain of f(x) = R — {2, -3} [1, 00) 
er | Since Domain of f(x) 4 domain of f(x) 


Now, y = 


=> xt3y=x-l => f(x) and f(x) are not equal functions V x ER. 
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8. (b), (c) Area of Equilateral A= 


10. 


11. 


=> 
=> 
=> 
=> 


=> 


Also fix) = f(x) V x € [1, ©), 1.€., they are identical in 
their common domain. 


V3 2 NB 
4 4 


a=1 => OP= 
x + (fa) = 1 
2 le ae alee | > y=1-x 


y= tJ 1 — x? 
For y to be defined x? — 1 <0 
x €[-l, 1] 


(a), (d) Kx) = sect [1+ cos?x] 


=> 


=> f(x) = {sect 1, sect 2}= {0.2 | 


1 + cos’x € [1, 2] 
[1 + cos*x] € {1, 2} 
ya 


Domain of f(x) = R and Range of f(x) = {03 | 


(a), (d) f(x) = sin” (>) and f(x) = cos™ F = _ 
l+x 1+x 


=> 


=> 


ee | 2x | 1 _ x’ 

sin os 
2tan! x= 1+x? } and 2 tan? x= 1+x’ 
for xe[-1,]] for x€ [0,00) 


fee 
sin! (22, =o" "for 1] 
x +x 


Domain of f(x) = [0, 1] = D, 


f 


Hence, range of f(x) = 0.5 | =R 


(b), (c) in =i 
y 


=> 


YuUY 


-1 
aT, rae eZ 
y 2 
Alsoy € Yc Z- {0} 
cos |x 


= (An +1) =x = 0, y= 1,n=0or cost x= 


(4n + l)kn;, y = 2k, k € Z— {0} 
cos'x=Oorn 

(4n + 1)k=Oor1 

n=0,k=0,1 => y=0,2 
xe {l,l} andye {0, 2} 
Sinceye Y, CZ- {0}, y 40, x#1 
Y, = {2,1} and x € X, = {-1, 0} 


12. 


13. 


14. 


1S: 


16. 


ae | 


,) oo9{ 


"| =O VT C240} 


--1 
=> =(2nt)i3xeZ 
=> x=+1,y=+lorsin'x=k(Qn+1)a,y=2k,k € Z— {0} 
=> (2n+1)k=0 => n=0,k=0 
=> x=0,y=0 
= No more solution expect forx=+l,y=+1 
=> X,= {1,-1} and Y,= {1,-}} 


(a), (b), (d) Clearly for n = 3, there is no one-one function. 
For n = 1, there will be two functions namely, f, (1) 
=-landf,(1)=1 
Forn = 2, there will be two functions namely, f, = {(1,—1), 
(2, 1)} and f, = {(, 1), 2, -D} 

(a), (b) 1) =-1, fx) =-1 

Now each one of 2, 3,4 .....2—1) has 2 choice, i.e.,—-1 and 1 

= Total number of possible functions (2)"? for n > 3 and 
Itis 1 form = 2 and 1 forn=1 

=> (2)? forn>2 and 1 forn=1 


(a), (b), () 

Forn= 1: 

X = {1} and Y= {-1, 1} 

Since there in no positive integer less than 1 (= n), which 

is to assign 1 
There will no such function. 

For n 2 2: 
Ao ls Dy 35 ten ,n}; Y = {-1, l}and fr) = 1 for 
exactly one r € {1, 2,3, ...,(n—1)} 

=> fO) =K2)=f3) = ....=fr-1)=-1 
Kr) =landfrt+ lI =fr+2)=...=fn-1)=-1 
Kin) has two choice, 1.e., — 1 and 1 
Now, for r we have choice, 1, 2, 3, ..... ,(n—-1) 
Total number of functions = (number of ways of choos- 
ing r) x (number of ways for f(n)) 
=(n—1)x2=2(n-1) 

(a), (b), (c), (d) 


Kx) = flog, (log, ([x?] -3)) 5 
for domain log (log, ([x7] — 3)) 20 


=> 0<\log, ((x7]-3)<1> 10<[x]-3<5 
=> 4<[x] <8 


=> 5<[x]<8 => [x’] © {5, 6, 7, 8} 
=> option (a) is correct, 
> x € [5,9) > xe (-3,-V5 |u| V5.3) 


option (b) is correct. 
=> [x] € [-3, 2) 

[x7] € {5, 6, 7, 8} 
=> Range of f(x) 


_ log, (log, (2)), log, log, (3), log, (log, @a) 


option (d) is correct. 


=> option (c) is correct 


17. (b), f+ eg@=e eee (1) 
Kx) —flx) = e* tees (11) 
Adding (1) and (11), we get f(x) = au 
=> fx) = fo) 
Subtracting, we get f(x) = : = 
> fray= = = 4x) 
= f(x) 1s an even function and f(x) is an odd function. 
18. (a), (b), (c), (d) 
Kix) = 2x + cos x and f(x) = a/x , got (x) = f{f(x)) = (2x 
+ cos x)'3 


19. 


20. 


1. 


Clearly, domain of gof(x) is R, 2x + cos x €(—20, 00) and 


(x)? is an increasing function. 
2 


= gof (x) has range R and (gof )’(x) = ~(2x +6082) 3 
ate OVxeR -|Steos 
3(2x +cos)3 2 
=> gof is an injective function. 

Further, f’(x) = 2 —sinx>0 Vx e Rand g’ (x) = 


(2 — sin x) = 


2 


>0V x ER — {0} a) 


=> f(x) and fx) are injective. 
Range of f(x) = (—0, 0) 
=> f(x) 1s onto. 
Also range of f(x) = (—00, «) 
=> g(x) 1s onto 


(a), (c), (d) f(x) = |x + 1], x € [-1, ~) 


=> fix) =x+ 1; which 1s injective, 
Kx) = rhoas E (0, 2) 


Kx) € (, 2] for x € (0, 1] and f(x) € [2, 0) for x [1, 0) 
g (x) 1s non- injective 

h (x) = x7 + 4x —5, x € (0, «) 

h'(x) = 2x + 4> 0 for x € (2, «) 

h (x) 1s injective. 

k(x) = e* 

K(x) =-e*<0VxeER 


YUUUYY 


(a), (c) fx) = cos [x7] x + cos [-17] x = cos 9x + cos 10x 
=> =| =c0s% +005 5=0-1=-1 


=> f(t) = cos 9n + cos 10x =-1 + 1=0 
=> f(-n) = cos (-9n) + cos (-10 1) =-1+ 1=0 


SECTION—V (ASSERTION / REASON) 


(c) Obviously the assertion is correct, but reason is incor- 
rect as when k < 0, then y = &* becomes non-real for x of 
the form 

(2m +1) 


2n 


smneLZ,n#0. 


. (a 
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2m+1 


=> Inthiscasedomain=R-— ‘* we 


and range = {k*, x € D} 
Domain and range will be changed. 
Fork=l,y=Fk => y=1VxeR 

= Function becomes a constant function, which is not 
desirable here, as if we want to find its inverse , then it 
will be impossible as inverse exists for one—one func- 
tions. 


. (d) y = F' 1s strictly increasing for k > 1. Its inverse is 


y = log & and which 1s strictly increasing as k > 1 
= Assertion is incorrect, however, reason 1s correct. 


. (c) Fundamental period of sin x = 27, 


Fundamental period of tan x = 1 
Fundamental period of sin x + tan x 
=.CM (2.0%) = 20 

= Assertion is correct. 
But L.C.M (T,, 7,) is period of f(x) + f(x), but not neces- 
sary its fundamental period. 
e.g., fundamental period of |sin x| + |cos x| 1s > inspite 
fundamental period of |sin x| and |cos x| is and L.C.M 
(1,1) = 7 
Assertion is correct reason incorrect 


ww 


Graph of y = — x + sin x and its inverse are as shown 
below. 


Clearly reason 1s correct. 
By reason, if f(x) and f'(x) intersect at y = x, then x =— x 
+ sin x 
=> 2x=sinx => x=0is the only solution. 
If fx) and f'(x) intersect at y=— x + sin x 
=> sinx=0 > x=ntneZ 
K(x) and f7 (x) intersect at y = —x at each x =na;,;ne€ Z 
= Assertion is also correct and decided by reason. 


5. (c) If we consider a function f(x) =x + sin x 


f'(x) =1 + cos x, which is periodic with period 27, but 
f(x) is not periodic . 
Thus, reason is incorrect, however, assertion 1s correct. 


6. (b) - fKx+ T)) =f Gd), if T is period of f(x). 


= fog (x) 1s also periodic with period 7 

= Reason is correct. 
If fix) = x + 3 sin x, then it is non-periodic and sin x 1s 
periodic, and sin [(2% + x) + 3sin (2x + x)] = sin[2a + x 
+ 3 sin x] = sin (x + 3 sin x) 
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=> sin (x +3 sin x) is periodic with period 2 . 
= Assertion is correct, but it is not concluded from reason. 


7. (c) If a function is defined on a closed interval, and then it 


10. 


11. 


12. 


attains its greatest and least values only when it is con- 


tan x;xe[0,2) | a 
tinuous, ¢€.g., y = is defined on | 0,— |, 
0;x=0 2 


but does not attains its greatest value as it discontinuous. 
Thus reason 1s in correct. Also if a function is continu- 
ous and defined on a closed interval, then its range = 
co-domain will be a closed interval. Thus assertion is 
correct. 


. (d) Clearly, reason is correct. 


e.g., y= tan x is increasing but not continuous, however, 
assertion is incorrect as it true only when f(x) is continu- 
ous. 


(b) Clearly, reason is correct as cos 9 is a periodic function, 
and hence, repeats its maximum value 1 infinitely many 
times in (k, 0). 
1.€., in continuous domain. 

Let f(x) = xe"! + 2x? — x for x € (-1, 0) 
Clearly, g (0) = 0 

= cos(f(0))=cos0=1> cos (xe! + 2x? — x ) attains 
its maximum value 1 in (-1, 0). 

But in reason cos 9 is continuous for 9 € (k, 00), where as 
K(x) = cos (xe! + 2x? — x) is discontinuous 1 inx € (1, 0) 

x’ +1s;x# 0, 2 

4;x=0 

aE x=2 


sinx;x #najnEeZ 


(c) f(x) = and f(x) = 


2; otherwise 


(f(x))° +1; f(x) # 0,2 
=> fKx))= 54 5 f(x) =0 
5S; f(x)=2 


- 2 
sin’x+l3;x#nz 
=> ffx) = 
5S j3;x=nx 
=> Reason is incorrect. 
Now, lim go f(x) = lim( sin? x+ 1) =] 
x0 x70 
= Assertion is correct 


(a) y+cosx=sinx 
=> y=sinx-—cosx 


1 1 
=> y= 2 sin x.—= — cos x.—= 
2 5 


= y= sa] sin{x-2)] 


Range of y = | -V2 Ae | , Also reason is correct and 


Explains the assertion. 


(d) fx) =45+2°+4*4+2*4+3= (2 +e }e(a+z}+3 
=Yr yal sy tyr i 
Now y = 2* + == €[2,%0) Wi ER 


13. 


14. 


15. 


16. 


17. 


18. 


2 
1 
=> 7 Hp lS [y+5 ab 


=> Range f(x) = [7, ©). 
=> Assertion is incorrect, also is correct. 


(c) Reason is incorrect, even degree polynomial is even 
only when each term contains even power of x, how- 
ever, assertion is correct as for even degree polynomial. 

— t 2-1 1-2 
Kx) = a,x" + a,x | + a,x Tet eo a 
fe) = f(ee) = £00 is finite and (0) = a, 

=> f(x) is non-injective. 

(a) If f(x) = a, x" + a, x + a,x"? + ....ta@ ,x+ a@ 1s an 
even degree polynomial, then f(—0) = f(ooc) = + o and 
JO) is finite 


=> f(x) is non-inective => f(x) is non-invertible 


(c) Aaya tx fC) +xf"Qtf" BVxER — ...@) 


=> f(x) = 3x? + 2xf’ (1) +f"(2) ... (il) 
=> f(x) = 6x + 2f' (1) ... (ill) 
=: f'"(x)=6 => f'' 3)=6 ... (iV) 

And from (i11), f’"(2) = 12 + 2 f’ (1) ..(V) 


Using (iv) and (v) in (4), we have f(x) = x + 2 f'(l) 
+ 12x+ 2f' (1) x+6 

=> f'(x) = 3x? + 2xf"(1) + 12 + 2/1) 

=> fi (1) =3 + 2f' (1) + 12 + 2f" (1) 


=> f()=- 

f(x) = 2° — 5x? + 12x - 10x +6 

=> f0)=6 

=> f2)—fQ) =[7-5(3) + 12(1) + 10(1)] 


=> f2)—fl)=—6,f0) =6 


= Assertion is correct, reason 1s incorrect. 


(a) A = £1, 2, 3, ...,2n}, then the self invertible functions 
have pairs of the form (a, 6) and (6, a) and not of the for 
(a, a) {According to question f(z) # 7}, then such ordered 
pairs can’t be selected le OF aaa Oe roe sora a 
n! 
Also the reason is correct and explains the assertion 
correctly. 


(b) fix), fx) and h(x) are even and odd functions respec- 
tively. 
fAW(2)) + AAT) + HA2)) 
= figy(4)) +,flh()) + h(f3)) 
= f(7) + f(12) + h(O) 
=9-9=0 

= Assertion is correct. Also reason is correct, but does not 
explain the assertion. 


(c) fix) = 5 


=> 9a* €(0, «) 
=> 2+ 9a* € (2, 0) => é (0,2) 


oa (3) 
=> E}] 0,— 
24+9a* 2 


which contains exactly 3 integer solutions 1, 2 and 3. 
= Assertion is correct. 


—a>0#1,a* € (0, 0) 


If the end point of range are a, B € Z and range is 
(a , B), then the number of integer solutions will be 
(B—1)— a]. 


Reason is incorrect. 


19. (a) fx) + f(5x + y) + Oxy = f(6x-—y)+2x°+1VxyveER 


A: 


1. 


2. 


3. 


Replacing y by = we get f(x) + f a oes 7 


[atx] +294 1 
2 


=> fix) =-’+1 => f(S5)=-24 
= Assertion as well as reason both are correct and reason 
explain the assertion correctly. 


SECTION-VI (COMPREHENSION TYPE) 


(b) Perimeter of rectangle DEFG =2x+2DE (I) 
In similar A’s ADE and ABH, aoe es i ae 

AH BH h 6&5 

2 
ee pe — ad) pr=opES an dis 


Using (11) in (1), we get perimeter of rectangle = 2x + 


2b(h — x) 26 xp DA) 
h h 


(c) Area of rectangle DEFG = x.DE = x " . 2} 


(c) Perimeter = Area (numerically) 


=> | Fecal | Pca ee 
h h 

Breer rere A ceae | Ley, (oh>x) 
h h 

Given, b=2,h=4 

=> ale ee) a (ja5) 
4 4 

=> 42-4] 24-1) = — +2) =—(4-x) 
Xx 

=> (e+ 4)=45 (4-2) 


B: 


4. 


. (a 


- (c) 
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=> x-2x+8=0orxr—-6x-8=0 
First quadratic equation has no real root, while second one 


6+J68 V68 


5 Sees among which one is negative 


and other is greater than h (= 4). 


has roots 


No real value of x is possible 


(c) f: [0, 2] > [0, 2] is a bijective function, given by f(x) = 
ax’? + bx + c, which is continuous, and hence, either (0) 
= 2,f(2) =0 or 
KO) = 0, f2) = 2 
For later case, c = 0 which 1s against the given condition 
that a, b, c are non-zero. 

Thus, f(2) = 0 


ws 


From above, f(0) = 2, 2) = 0 
e=2,4a 4264+ 2=0 


2a+b=-1op=7,0+f=— 
a a 


_ 2a+! 1 


a+B Ae ae 


ax? + bx+c=0 


a(x — 2) [x-4) =0 
a 


ax? —(2a+1)x+2=0 

f(2) = 0 and f(0) = 2 

f(x) is a decreasing function V x € [0, 2] 
f(x) = 2ax—-(2a+1)<0V xe [0, 2] 
2a(x—1)<1V xe [0, 2] 
Now, x €[0, 2] => 
—|<2a<0Oor|<2a 


a}eel*) 
ae |—,0 lorae}] —,0 
2 2 


7 
ax -— 
2 


-l<x-l<l 


2 — x) = f(2 + x) 
f20-x=fx%)=VxeEeR 
2 — x) = f2 + x) 


Kx) is symmetric about the line x = 2 
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f2—x) =f(20 —- (2 — x)) ..[using (1)] 
= f(18 + x) 
f2+x)=fi8 + x) .... [Using @] 
=> fix) =f{x+ 16) 
= f(x) 1s a function periodic with period 16. 
Also f(2 — x) = f(2 + x) = f(O) = 4) and the period of 
Kx) is 16 
=> KO) = fA) = f20) = £36) 
ane = f(4 + (n— 1)(16)) where 4 + (n — 1) (16) < 170 
=> 1l6n—12<170 
=> 16n< 182 


= 42112 
8 


“. f(x) =5 for x € {0, 4, 20,...,176}, 1.e., 12 value of x. 
7. (b) 


8. (a) *.” f(x) is symmetrical about x = 2 and and f(x) is periodic 
with period 16. 
=> f(2)=f2+ 16) =/f(18) 
=> f(x) 1s also symmetrical about x = 18 
Also f(x — 2) = f(2 — x) 
=> f((20 — x) —2)=f2 —- (20 - x)) 
=> f(18 —x) = f(x - 18) 


9. (c) K-2)#f (©) 
=> f-2+8 Ff) 
= 8can’t be the periodic with period f(x). 
=> f(x) can‘t be periodic with fundamental period of f(x). 


D: 
Clearly, fx) = 10 
Area of cross section of frustum for x€ [0, R] u 
Area of cross-section of cylinder for xe [R,3R] D 
Area of cross-section of hemi-sperial cross-section for x €[3R,4R] 
13 
E: 
14. 


r 2R 


R 
=> tand=—=—————_ = 
k k+(R-x) k+R 


=> k=Randr=(2R-x) 


15. 


Area of cross-section of frustum = mr? = n(2R — x)? 
For hemi-sphere r= VR? —A?; x=3R+ 


Area of cross-section of hemi-sphere = 2[R? — (x — 3R)’] 
Clearly domain of f(x) = [0, 4R] and f(x) is given by f(x) 
m(2R—x);x €[0,R] 
= 7R*; x €[R,3R] 
m[R? —(x —3R)*];xe[3R,4R] 


.. f(x) is a decreasing and continuous function on [0, 4R] 
=> Range of f(x) = [K4R), f(0)] = [0, 427R?] 
Clearly f(x) is one-one on the intervals [0, R] U [3R, 4R] 


- (b) 
- (a) 
- (a) 
- (d) 


(d) Clearly, figure (11) can be obtained in the following steps. 

Step 1: By replacing the function f(x) on x-axis, 1.¢., y =/(x) 
changes to y = — f(x). 

Step 2: Now lifting the function obtained by 1 unit above 
the x-axis, 1.e., y = 1 — f(x). 

Step 3: Shifting the function obtained in step (2) by 1 unit 
towards left side, 1.e., y= 1—f(x + 1). 


(b) If f(x) is made such that its domain is [1, 3] and range is 
[0, 1] that is as shown below. 


b 
A 
2¢ 
1° 
_ fl fy 
a4 2 4 


16. 


17. 


18. 
19. 
20. 
21. 


The above graph can be obtained by shifting f(x) by 1 
unit towards night side to obtain y = fx — 1) 


(c) Figure (111) can be obtained by shifting the graph of 
y = f (x) towards left side by 2 units to obtained the 
function y = f(x + 2). 


(d) (i) For domain of f(x); —x € [0, 2] 
=> xe [2,0] 

Domain f(—x) = [—2, 0] and Range is same, 1.e., [0, 1] 
(ii) For y = fx) — 1; Domain = [0, 2] and Range = [- 1, 0] 
(iii) For y = fx) + 2; Domain = [0, 2] and Range = [2, 3] 
(iv) For y=—f(x+ 1) +1; @+ 1) € [0, 2] 
=> xe [-l, 1] and Range = [0, 1] 


C = {(a, b, c): a, b, c are three consecutive even whole 
numbers} 
= {(2n —2,2n, 2n + 2),;n € N} 
* Cx C—+ Cis given by (a, b, c) * (d, e, f) =(a+d, b 
+e-—2,c+f-A4) 
Closureness: Let (a, b, c) = 
f) = (2m — 2, 2m, 2m + 2) 
(a, b, c) * (d,e, f) = (2m + n) —4, 2(n + m) — 2, 2(m + n)) 
= [2m + n—1)-2,2(m+n—-1),2(mt+n—-1)+2] EC 
= Cisclosed wrt. * 
Commutative: (a, b, c) * (de, ffp=(at+d b+e-2, 
c+ f—A4) and (d e, f) * (a, b, c) 
=(d+a,e+b-2,f+c-A4) 
Clearly (a, b, c) * (d, e, f) = (d, e, f) * (a, b, c) 
(*) is commutative in C 
Associativity: Let (a, b, c), (d, e, f), (g, 
(a, b,c) * (d, ef) * (gh) 
=(a, b,c) * (d+ get+h—2,f+i-A4) 
=(at+d+g,b+e+h—4,c+f+i-8) and [(a, b,c) * 
(d, e, f)] * (g, hi) 
=(a+d,b+e-2,c+f-4) *(g,h, i) 
=(at+td+g,b+et+th-4,ct+f+i-8) 
* is associative inC . 
Existence of identity: Clearly (0, 2, 4) € C and let (a, 
b,c) € C, then (a, b, c) * (0, 2, 4) 
= (0, 2, 4) * (a, b,c) 
=(a+0,b+2-2,c¢+4-A4) 
= (a, b, c) 
=> (0, 2, 4) 1s an identity element in C w.rt. * 
Existence of inverse: Let (a, b, c) € C, then it is not neces- 
sary that for some (d, e, /). 
(a, b, c) * (d, e, f) = (O, 2, 4) as if it holds, then (a + d, 
b+e-2,c+ f—4) = (0, 2, 4) 
=> a+d=-0,b+e=-4,c+f=8 
=> a=-d=0,b=e=2,c=f=4, ie., (0, 2, 4) is the only 
element which is the inverse of itself. 


(a), (d) 
(a) 
(b) 
(c) 


(2n — 2, 2n, 2n + 2) and (d, e, 


h, i) € C, then 


=> 
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G: A = {2, 4, 6, 8, 12} and B= §3, 7, 11} 


22. 


23: 


24. 


25. 


26. 


®) Each element of A has three options, 1.e., 3, 7 and 11. 
Total number of functions = (3)°. 


(c) Pre-image of 3 can be defined °C, ways and remaining 
4 elements can be associated with 7 or 11, 1.e., in two 
ways. 

Total number of possible functions = °C, x (2)* = 15 
x 16 = 240. 

(a) Each of the elements of A has two possible images, 1.e., 

3 and 11. 
No. of possible functions = (2)° 
(b) x,, x, can be selected in °C, ways x,, x,, x, can be 


selected in 4C, ways . 

x, can be selected in 'C, way. 

Number of possible functions = °C, x *C, x 'C, = 15 x 
4x 1=60. 


"” f(2) = Tand each of 4, 6, 8, 10, 12 has three possibili- 
ties of association, i.e., 2, 3, or 11. 
Number of functions = (3)’. 


(c) 


SECTION-VII (COLUMN MATCHING TYPE) 


- (i) > (b); (ii) > (b); iii) > (b); (iv) > (©) 


(i) Fundamental period of sin“ (sin x) is 27 


Fundamental period of sin'(sin k,) = a > (given) 
=> |k|= => k=+4 
(i) > (6) 


(ii) fx) = tan’ x + sin! x + sec'x 
Domain of f(x) = (-0, 0) A [-1, 1] A {C-, -1] v [1, 
oo)}= {-1, 1}; which contains exactly two points 
(11) + (4) 


(iii) Kx) = sin (= cosec (=) 


IX 
1 for —4#nz 


=> fx) = 
Not defined at > =n 
latx42n;xEZ 

=> fix) = 
Not defined at x =2n;n eZ 


=> f(x) is periodic with period 2 
(111) — (b) 


ss Kx) = cos™ [5x] 
For function to be defined [5x] € {-1, 0, 1} 
Range of f(x) = {cost (—1), cos‘(0), cos'(1)} 


= {=2.0| = fa, b, c} 


popes 
2 


(iv) > (c) 
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2. (i) > (b); (ii) > (b); (iii) > (d); (iv) > (b) 


(i) x? —3x+ sin? (sin 2) > 0 
Let2=xz-9;0€ (0, 

x’? — 3x + sin™ (sin (a — 9)) > 0 
x’? — 3x + sin™ (sin 8) > 0 
x?-3x+0>Oas0e (0, 
x?-—3x+(nm-2)>0 


r(" —42 3417 =~) 
2 2 
Positive integer values of x satisfying the given inequal- 
ity are belonging to set {3, 4, 5, 6,....,}. 
=> Smallest positive integer value of x = 3 
“ (1) > (b) 
(ii) 2[x] =x + 2 {x} 


WY Y UY 


=> xE 


y 


=> 2 [x] = Le] + tx} + 2tx} 
= sx-= Lx] 


=> [x] =3 ty} 5 


=> [x] € {0, 1, 2} 


=> xe {04.5} 
3 3 
(11) > (b) 
(iii) +y=1 
Let x = cos 0, y= sin 9, then x + y = (sinO + cos @) hav- 
ing its maximum value = D. 
= Maximum value of (x + y)? = 2. 
(111) —> (d) 


= There are 3 solutions 


(iv) fs+3}+s(s-3| =f~y VER ann. (1) 


Replacing x by x + , we get f(x + 1) + fx) 


a ae 
s{x+3) Te 
Equation (1) + (2) given, fix + 1) +f [x-3) =0 


=> {x-5 | =—fix+1)=> fe) =-f( +5) 


Kx) = fx + 3) 

K(x) 1s periodic with period 3. 

(iv) > ©) 

- (i) > (b); (ii) > (a)5 Gili) > (©); (iv) > (d) 

(i) Domain of f(x) is [-2, 2] for domain of f{(|x| + 1), 
= 2 <||x|*P 1 2 

=> 3<|z\<1 


(1) (b) 


(ii) f(x) = = 
Domain of f(x) = [-1, 1] 


“UY 


=> xe[-l,1] 


sin'x+cos'x+tan!'x 


a = 
—+tan x 
Kx) = ae 


function. 
=> Range of f(x) = [(-1), f1)] 
Ts Ai nat Te, be ce 2 
= |—+—tan (-1l),—+—tan (1 
E . (-1) Aer | 


(1) > (a) 


ats an x, Which is an increasing 
2° fr 


I 
i ———-— 
RIS 
RR] we 
S| 


(iii) Ax) = 3]sin x| — 4 |cos x| 


Clearly, f(x) is periodic with period 7, so, it is sufficient 
to find the range for x € [0, z] 


3sinx —4cosx;0< ee 
=> fix)= : 


a 
SN COS Ay a ee x 


S5sin(x —0);x€ 0.5] 
2 
=> f(x)= ; where 
S5sin(x + 0@);xe =. 


@ =tan"' [= Janae (4.3) 
3 4 2 


Ssin(x —0);x € 0.5 
2 

= fx) = 

5sin(x+ @);xe€ ea 


Now Le <(x-0) <= -6 <= for x <| 04] 
2 pi 4 


No 


3 3 
and OF 40 <(x4+0)<244+0<—forxe ae: 
4 2 2 2 


=> 5sin(x—0)T forxe 0.2 | and 5 sin(x +0) forx 


- sin a,ssin( = — 0) forxe 0.5 
2 2 
E sin (z +0), ssin( S40} forve| =r 


[-4,3] forse 05 


=> fixie 


=> fixe 
[—4,-3] forse| a 
2 
=> Range of f(x) = [-4, 3] 
(111) —> (c) 
(iv) fx) = (sin™ x).sin x 
fx) is defined for x € [-1, 1] 


sinx 


fix) = {sin eos + ee for x €(-1,1) 


In (-1, 1), cos x, = > 0 and in (-1, 0], sin x, sin” 
x <0 and in [0, 1), sin x, sin’ x > 0 

=> f'(x) <0 for x € (-1, 0] and f(x) 2 0 for x € [0, 1) 

=> f@x)e 0.2 : * sin! for x [-1, 0] and f(x) € fo * sin! for 
x € [0, 1) 

=> Range of f(x) = 0, sin 

(iv) > @) 


- (i) > (db); (i) > (@); (iii) > (a); (iv) > (©), @ 
J(x) = sin" x, f(x) = cost x, h (x) = tan x 


(i) (vx) + 


=> sin"' Vx +eos! x => holds for Vx € [—1, 1] but 


Vx >0 
=> VJxe[0,1] 
. G7) 


(ii) fx) + 8(Vi-2*} =0 
=> sin'x+cos!Vl—x° =0;~x[-1, 1] 


2 


=> xe[0,1] 


=> sin'x=-—cos!vl-x 
=> xe [-l,0] (ii) > (d) 


x? 


= 2 
(iii) {= -)- =2h(x) => cos (25) =2 tan! x 
x 


=> x20,1.e.,x € [0,0)as2 tan! x= 


(iii) > (a) 
(iv) h(x) + h(1) =h (= ) 
x 


Ee Tr =1( Ix 
=> lan’ x + —= tan |)— 
4 l-x 


(4 4 l+x 
=> tan|—-+tan x |=—— 
4 l-x 


ccs ees CoN ; which is true V x € R - {1} 


l=x. 1=x 
= Then equation holds for x € (co, 1) as well as for x € 
[-1, 0] 
(iv) > (©), @) 
- (i) > (d); (ii) > (©); (iii) > (b); (iv) > (a), ) 
1) sen({})=|D—x) => |l—x[= qo ee 
eee = ~ 1 for {x} €(0,1) 
xeZ 
= ax] = 
1 for x¢ Z 
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0 for x=1 
=> |l-x|= 
No solution forx# 1 


=> x= 115s the only solution 


(i) > ) 
x? 
(ii) fx) = sin" 


: =| +1421 


For domain, = Pe(ei. 1] 
=> x-2xe [-3, 3] 
=> x-—2x+32>0 and x —-2x-—3<0 
> xe Roaf[-l, 3]=[1, 3] aie) 
—lforx€Z 
Also [x] + [-x] 2 0 but [x] + [-] = 
0 for xeEZ 


= oe — rr (11) 
‘. From (i) and (11), domain of f(x) = {-1, 0, 2, 3}, which 
contains 5 elements. 
(11) > (c) 
(iii) (x + 2) =f(x-2) VxeER 
=> fx+4)=fx%) VxeER 
=> f(x) is periodic with period 4 
f(8) =0 => f4)=0 
But f(x) has exactly 3 roots in the interval [4, 8], implies 
K(x) also has a root at x = 4 + a, for some a € (0, 4) as 
shown below. 
f(x} 


4 4+a 6 8 


Since, f(x) is periodic with period 4. 

= In [-8, 12], f(x) = 0, would have roots given by the set 
{-8, -8 + a,-—4, 4+7,0,a,4,4+ a, 8,8 +a, 12} 
1.e., 11 =k +7 (given) 


=> k=4 

(1) > (b) 

(iv) <x) = co fa (— 4) 
Kix) is He ee atx =1 


ol 


j is not defined at x = 1 and where 
0 Cima 


1e.,atx=2 
fA is not defined at x = 1 and x =2 
x—- 
(iv) > (a), (d) 


- (i) > ©); (ii) > (a); Gili) > (a), (b); (iv) > (d) 


(i) fx) = ./-2V2 (cos z x)— 3-1 is defined for 2/2 cos 


Tx + 3 +1 <0 
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a 11z 
=> cosTtx <—cos— =cos—— 


12 


=> We (2n4+1)n-—,(2n4+)x4+— 
12 12 
l l 
> xeE i arts aa are sxEZ 


In particular, forn=0,xe S A 
(1) > (©) 


Gi) lim=[x]+ {3} =, 


3 7 7 a3 
= L,= =(0)+=(lim -0))= =()==>= but <1 
= $(0) +2 (lim (x-0)}= 2) =— > 
=> L,€(0,1) 
(11) > (a) 
(iii) ,/log _ (0.75)< 1 for domain, x € (0, 1) and log, (0.75) < 1 


=> 0.75>x 


=> 6 (0,2) c (0, 1) (111) — (a), (b) 


(iv) Ix-H, 
Dae ae 


For x <—2, -(x-1)<(x+ 2) 
=> 2x>-l 


—] ae : ” 
a oe which is against the case condition. 


For -2<x<1,+4x-1)>x+2 


=] 


= 2] => x< — 


-1). .. 
= re(-22] in this case. Forx>1;x-1>x+2 


= -] > 2; whichis an absurd 
> xz] 


If the given inequality holds, then x lies in (2.5) 


(iv) > (d) 


SECTION-VIII (INTEGER TYPE) 


Wx? 4x43 -x|=9 Boast (1) 
Case (i): Ifx <0, then Vx? +x+3 >x 
Vx°+x4+3-xJ=Vx°+x4+3-x 


Case (ii): Ifx > 0, then Vx? +x+3>x 


Ifx?+x+3>x7,1.e.,ifx +3 > 0 which is true. 


— Wx +x+3—3]=V% +x+3-x 


=> 


Thus equation (1) becomes, x? +x+3 -—x=4q 
> Vx 4x43 =xtqg> P4xt3H=H7 +2Gx4+_? 
_¢-3 el I 
> x= —=——| b #-given 
1-2q 1-bq q 
=> @=3:.b=2 


Also y= Vx’? +x+3 =x+q=|x+q| 


( Vx? +x+3>0) 
_ G28 gg —q+3|_|q°-q+3 
1-2q 1-29 lt -—2q | 
Co g@—qt3>0Vq) 
_ga-qte 


Ce 2 
(given) > c=3 
|1— bq | 


abe = (3)(2)(3) = 2(3)” 
= Number of positive integer divisors of (abc) = 2 x 3 =6 


» f= BoC, + P-4C, el) 
15—x>3x—-12>0;15—-x#0 Gi) 
And 20 — 4x > 5x—7>0;20—4x #0 iii) 


From (i1), x€ s4]a[2.3 -xEZ 
3 5 
7 
=> re[la]sxez > xe {2,3} 


=> fix) {PC + °C, PC, + 8C,}= {1507, 496} 
= Maximum value of f(x) = 1507 


: AHR RO aX He FT 


When f(x) is divided by (x? — x), the remainder will be a 
quadratic polynomial (ax? + bx + c) (say) = f(x). 
Kx) = (0° — x).g(x) + (ax? + bx +) 
=> fO)=c=1,;fl)=a+b+1=3 
=> at+b=2andf-l)=a-—b+1=-1 
=> a-b=-2 


= @=0.b=2,¢c =1 => f(x)=2x+1 
=> f20)=41 
1 ae 1 
J\ APS | He £2 =k SS 
x x 
3 
[x+4) = S43 x+4}fora + eo) 343 
x x x x 
ae | 
= [ + }e2 
x 
a Se ee <= 322 KT) = 322 
. *. f(x) is an even function 
x+1 
=> fi) =f) Ky) =f ( 
x+2 
= Either x= oe sa gem 
x+2 x+2 
Se 1) =a 2x) 
3+ 
= 24x=1=0 0rx= — 
= There are 4 distinct real values. 


6. fx+y) =fxX) Jo) V x € N and f(1) = 2. 
=> fet+t)lD=f\of)) => fet 1)=2f) given 


l 9 
7. fix) = [ 4e0s" s~ 20082 —Feos4x—." 


= cos" x- 2(2cos” x- 1) ~ = (2¢0s" 2x- 1) _ ef 


1 
9 


7  4oos!x—Aoos! x42 + F)-(seost 414008") | 


=z g(e(s))=|3—(e(a9" | = 3-(3-») | 5 


. f(K2016)) = 2016 


sinx +sin3x +sin5x+sin7x 
cosx +cos3x +cos5x +cos7x 
2sin4xcosx+2sin4xcos3x 
SS = tan 4x , which has period 
2cos4xcosx+2cos4xcos3x 


(a (a ; 
—_—_=>—_— 1ven 
rae? (given) 


> k=4 
9. Period of sin™ (sin x) is 27 
= Period of sin™ (sin 4 7x) is ot 
4x 2 


=> 4k=2 


10. fix+ p)=1+ {1 —3fx) + 3P@) —fPO)}"” 
=> f(xt+p)=1+ (1 -f(x)) = 2-f\x) 
=> fixtp)=2-[2-fix-p)] 
=> fix+ p)=fx-p) 
=> fix) = fx + 2p) 
= Period of f(x) = 2p = Ap (given) 
S-4=2 


1. fx—1) + fet 3) =fx+ 1) +f(x+ 5) 
Replacing x by x + 2, we get {x + 1) + f(x + 5) = f(x + 3) 
+ fix +7) 
Adding above two equations, we get f(x — 1) =f{x+ 7) 
=> fx) =fAx + 8) 
= Period of f(x) = 8 


3 


12. f(x) = = + (m—1)x* + (m+ 5)+ 11 and f"(x) exists only for 


k integer values of m. 


13. 


14. 
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f(x) = x? + 2(m — 1)x + (m + 5) 

Disc. = 4(m — 1)? — 4(m + 5) = 4[m? + 1-2m—m-— 5] 

= 4[m? — 3m — 4] = 4(m — 4) (m + 1) <0 for m eE[-1, 4] 
=> f'(~)20V xe Rifm e€ (1,4) 
=> fx) is invertible for integer values of m € {—1, 0, 2, 3, 4} 
=> k=6 


Given f(x, y) =f(2x + 2y, 2y 2x) V x,y € R, f(x) = f(2’, 0) 

and f(x) is periodic with period k. 

=> fx) =f2", 0) =f(2.2* + 2(0), 2(0) — 2.2") = f(2**!, -2**1) 
= fa 2 aD 22 t=O. 2) 
= f(2.(-2" + >), 9 0 sas 3) = fi: + 2 spi +) = fi: + A 0) 
—f{-2** a Dx* ?) = fio, Dx *) =o te 20**1°) =o 0) 
= fix + 12) 

=> f(x) is periodic with period 12. 

=> k=12 


2 
+6x —8 
cele ; We want y to be real for every real x 
a+6x-—8x 


=> (8y+a)x—-6yxt+ 6x-8-ay=OforxyeR...... (i) 


Let y= 


If 8y+a=0,1¢e., y= =— 


= -6f = }x+60-8-a{ =) =0 
8 8 
2 


he, Oh ges eG 
4 8 


2 
aN 1(2+6]-8-5 
4 8 


_ 64—-a’ 4 64—-a’ 
= x = 


= € R fora#-—2 
8 3a+24 6a+12 


Ifa#-2and y= —— then x © R 


] 
=> aa are R 


=> a#—2 
If (8y + a) #0, then for real roots ‘x’ of (1); Disc. = 0 V 
yER 

(6 —6y)+ 4(8y+a)(8+ay)2>0VVER 

(9 + 8a) + (a?+ 46)v+(9+ 8a) >O0VVER 

If 9 + 8a = 0, then y>0 Vy € R, which 1s false, so, 


yy 


9 as 

at#— = ... (ill) 
Now for 9a + 8a #0 

=> (a’?+ 46)*-49 + 8a)9 + 8a) <0 

=> (a’+ 46)? — [209 + 8a)]? < 0 

=> -2(9 + 8a) <(a?+ 46) <2(9 + 8a) 

=> a+ l6a+ 640 and a? —- 16a + 28 <0 

=> (a+ 8) 0 and (a —2) (a— 14) <0 

=> aeé[2, 14] ... AV) 

‘. From (ii), (iii) and (iv), we have a e€[2, 14] = [m, n] 
(given) 

=> m=2,n=14 

=> wvmn-3 =5 
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15. ae = xe ly, x,]; where x, = 4 — i; x = x, such that 
1 
N = 
=) 
Ay = ¥, —¥, = Ax) -f%)) 
G4 = 4 
a ET Be ae 
4-A 16-A° 16-A 
| x,-4 (4-A)-4 
ee ee 
4-A 16-A 16-A 
1 x,-4-4+/4+4+4 
=> ee 


ae 16 —2? 
= 4+h=x,+h-4 => x,=8 


3 
16. f(x) = cos’ x + cos” (= + s| — COS x.COS [= + s| : e(5] =o. 


17. 


go f(x) =? 
(1) = cos?1 + cos? [= ] ~costeos{ = + ] 


= (1) =cos* 1+ cos = +1} cos = 1) 08 


=> f(1) =cos’?1 + cos [ +1} | -asin( = +1sin= 


= f(1) =cos? 1—cos  .1}sin( Z+1] 


sien 2. Seal i 
=> f(1)=cos* 1 5 sin( +2) sin 4] 


l 1 
=> f(1)=cos7l — —| cos2-— 
fa) >| | 


= cos? 1 — *(2c0s?1-1) + 
Z 
gof (1) = ff) = f3/4) = 2 


fi fl, 2, 3} > {1, 2, 3, 4, 5} such that fi) < fGY) whenever 1 
<j and i, 7 € {1, 2, 3} 
Case (i): {1) =f{2) <3) 
Now select any 2 numbers out of 1, 2, 3, 4, 5 and arrange 
them in ascending order, the smallest will be the value 
Jf) and 2) and greatest of 5 values f(4) can take any of 
5 values. 

Number of functions = °C, x 5 = 50 
Case (ii): f11) < f(2) =/f(3) 
=> Number of functions = °C, x 5 = 50 
Case (iii): (1) = f2) = f3) 


= Number of functions = °C (xo =o) 


Case (iv): (1) <2) <f3) 
= Number of functions = °C, x 5 = 50 
Total number of possible functions = 50 + 50 + 25 + 50 


= 175 
18. Let p(x) = ax’? + bx + c then, p(x) >0 VxeER 
=> a>0,b*-4ac <0 (i) 
Also p(/) = 0 and p(2) = 2 ... (il) 
pil) =9 


= 1isa root 
= p(x) must have repeated root 1 


=> BNED 5? ie ay 
a a 

ah Ey 
a 

=> b=-2a,c=a 

. p(x) = ax’ —2ax+a=a(x-1y 
p(2) = 2 

=> a=2 


=> p(x)=2x-1Y 
=> p(0)+ p(3) =2(1) + 2(2)/ = 10 


19. x* — 4x° + 6x? — 4x = 2008 

=> (x- 1)*=2008 

=> (x-1)= +V2008 
Imaginary roots are given by (x — 1)? = —V¥2008 = 
1 20087? 

=> x-—1=+(2008)!"* i 

=> x=1+:1(2008)'" 

=> xx, = p=1+ (2008)! 

=> pe(1+ 44.8, 1+ 44.9) 

=> pe (45.8, 45.9) 

=> [p]=45 


20. fix) = ax’? + bx + c,a> 0 and f(x) = 


2 
be 
Graph of y = f(x) and y = ax’ + bx + c drawn on same frame 
of reference the maximum number of point of intersection 
is as shown below. 


Clearly maximum number of points of intersection 1s 4. 


Graph Theory 


BE intropuction 


The word Graph originated from the Greek word ‘“GRAPHO’ 
which means to write. One may define it as ‘Things written 
or drawn in a specified way, e.g., photograph, painting 
etc. You may also call it as a diagram showing the relation 
between variable quantities’. In discrete mathematics a graph 
is a representation of a set of ‘points or nodes’ (objects) 
where some pairs of points are connected by links (straight 
or curved). The interconnected point objects are called as 
vertices and the connecting links are known as edges. 

It is better to say that drawing ‘Graph’ is a visual or 
descriptive art, which is vividly descriptive and easily 
understandable. It provides maximum information in 
a minimum space about the function (thing which it 
represents) and being a visual representation always leaves 
an impression lasting longer than that of any other manner 
of representation like mathematical, analytical etc. As the 
photograph of a person conveys his identity better than any 
amount of description of his physical measurement, color 
etc. Similarly the graph of a function provides us better 
understanding of the nature and behavior of a function. 
Graphs not only provide information about functions but 
also help in solving many problems related to number of 
solution of some equations and area enclosed by curves. 

So, we are going to analyze the graphical approach 
of understanding the function and we will try to graph a 
function with the help of properties of function like domain, 
range, limits, continuity, differentiability derivative, 
mono-tonicity, maxima/minima of functions. Thus, to 
sketch the graph of some unknown function, the complete 
knowledge of differential calculus is required along with 
the understanding of some very basic functions and their 
curves. And with the above tools available to us we will try 
to portray the graph in the best possible way with the added 
application of our individual logical skills. 


CHAPTER 


GRAPHS OF FUNCTION 


Graph of a function means the curve obtained by plotting 
all the ordered pairs (x, y) which satisfy the equation of the 
given function, y = f(x). Let us classify the basic curves 
function wise. 


! 


FIGURE 3.1 


‘ALGEBRAIC FUNCTIONS 


Polynomial Function 


A function of the form : f(x) =a,+a,x +a,x°+...+ a,x", wheren 
EN anda, a,,a,,....,a, € Risknown as polynomial function 


in x. The natural number 7 1s called as degree of polynomial. 
Depending on the value of these are classified into different 


3.2 > Graph Theory 


categories, e.g., linear (n = 1), quadratic (nm = 2), cubic The domain of square function is R and its range is 
(n = 3), biquadratic (n = 4). IR* U {0} or [0, 0). Since y = x? is an even function, 
y so, its graph 1s clearly a parabola symmetrical about 


y-axis with vertex at origin (0, 0) as shown below. 


y 


X y=x? 


FIGURE 3.2 


(a) Straight line (linear polynomial): Every first degree Xx 

equation in x, y represents a straight line. So, the general O 

equation of a line is ax + by + c = 0. To draw a straight 

line, find the points where it meets with the coordinate FIGURE 3.5 

axes by putting y = O and x = O respectively in its 

equation. By joining these two points, we get the sketch | (d) Graph of f(x) =x°*: A function given by f(x) = x? is 

of the line called a cubic monomial function with the domain and 
y range both equal to R. The following table represents 

few inputs and corresponding outputs of the above 
y=mx+b function. 


It is clearly an odd continuous function, thus, its graph 
- must be symmetric about origin as shown below. 


y 
FIGURE 3.3 
= 
If a polynomial contains only one term, then it is called 
as monomial. Some of basic monomial functions are 


described below: 


(b) Identity function or graph of f(x) = x: A function y 
f defined by f(x) = x for all x € R, is called identity O 
function. 


Here, y = x clearly represents a straight line passing 
through the origin and inclined at an angle of 45° with 
x-axis. The domain and range of identity functions are 
both equal to R. FIGURE 3.6 


(e) Power functions: 
y=X (1) Graph of f(x) =x", n € N: Ifn € N, then function 
f given by f(x) = x” is an even function. 
So, its graph is always symmetrical about y-axis. 


0 = X To sketch these curves for various possible n and to 
know the relative position it 1s required to analyze 
and understand the following facts. 

FIGURE 3.4 The value of x” decreases by increasing the expo- 
nent (power) in the domain x € (— 1, 1), whereas it 
(c) Graph of f(x) =x’: A function given by f(x) = x? 1s increases by increasing the power for all x € (0, 


a pure quadratic monomial called as ‘square function’. —1]UC, o). 


1e.,x7>xt>x°>x >... Vx e (Cl, 1) and 

xe<xt< x? <x8 <1 Vx eC o,-1]U (C1, ©). 
The relative graphs of y = x’, y = x‘, y = x°....ete. 
are drawn as shown in the following diagram: 


y=X° y=x? 


FIGURE 3.7 


Rectify the GRAPH 
(11) Graph of f(x) =x**-';n e N: Ifn € N, then func- 


tion f given by f(x) = x*"~' 1s an odd function. 

So, its graph 1s always symmetrical about origin or in 
opposite quadrants. To study the relative positioning 
of these graphs for different values of n € N, we 
need to compare the values of x, x°, x°,..... etc. 
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For instance V x € (1, ©); x <x? <x° <....whereas 
forx € (0, 1)x>x°>x>.... 


But when x € (— 1, 0), thenx <x° <x <.... 


And for x € (— 0, — 1) we find that x > x° > x° >.... 


Then put a point mirror at the origin and you will 
find that for every point (x,, x,*) on the curve, there 
is an image point (— x,, —x,°). 1.¢., the curve y = x’, 
1.e., symmetrical about origin. In the light of the 
above facts we get the graphs of f(x) = x, f(x) =x’, 
fix) =x°,.. etc. as shown below. 


y Y=X° y=y3 


FIGURE 3.8 
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RRATIONAL FUNCTIONS 


The function, written as the quotient of two polynomial 
functions is known as a rational function. Given two 
polynomial functions P(x) = a, + a,x + a,x? +..... + a, x" 
and Q(x) = b, + bx + bx? t+... + b x”, the function 


P 
f(x)= ae is arational function of x. Domain = R — {x : 
x 
O(x) # 0}. 1.e., domain = R, except for those points for 
which denominator = 0. Graphs of the some basic rational 


functions are discussed as below: 


(a) Graph of f(x) = I/x: A _ function defined by 
fix) = 1/x1s called the reciprocal function or rectangular 
hyperbola, with coordinate axes as asymptotes. 
The domain and range of f(x) = 1/x is R — {0}. 

Indeed f(x) is an odd function, and hence, its graph 1s 
symmetrical in opposite quadrants. The reciprocal 
function is a decreasing function. Also we observe 
lim f(x) = +c and lim f(x) =—o. Asx ~ +0 


= f(x) 0. Therefore, co-ordinate axes are asymptotes 
of function. Thus, f(x) = 1/x could be shown in the 
graph shown below. 


FIGURE 3.12 


(b 


A 


Graph of f(x) = 1/x*?: Here f(x) = 1/? 1s an even 
function, so, its graph is symmetrical about y-axis. 
Domain of f(x) is R — {0} and range 1s (0, 00). Clearly 
fix) 1s a decreasing function in (0, 0), whereas f(x) 
is an increasing function in (— 0, 0). Also y > © as 
x — 0* and y > 0 as x > +o, therefore, co-ordinate 
axes are asymptotes of function. 

Thus, graph of f(x) = 1/? is as shown in the Figure 3.13. 


¥ 


O 


FIGURE 3.13 


(c) Graph of f(x) = 


>neN: Here, f(x)= 


2n-1 aa 


is an odd function, so, its graph is symmetrical in 
opposite quadrants. Also, y — o when x —> 0* and 
y > -0 as x > O-. Therefore, co-ordinate axes are 
asymptotes of function. 


] 1 
Thus, the graph for f(x)=—; (x)= yer ete, 
x 


| 
will be similar to the graph of /(x)=— which has 
x 


asymptotes as coordinate axes, shown as in Figure 3.14. 


FIGURE 3.14 


2n? 


(d) Graph of f(x) = ates néeN: We observe that the 
x 


] 
function f(x) =— 
x 


n 


is an even function, so, its graph 


is symmetrical about y-axis. Also, y > 0 asx > 0° 
and y > 0 asx > 00. 
The values of y decreases as the values of x increases 
| ] 
forx>0. Thus, the graphof f(x)=—; f(x)=—, 
b x 
] 
etc. will be similar as the graph of f(x)=—;, which 
x 


has asymptotes as coordinate axis, as shown 1n Figure 
3.15, 


FIGURE 3.15 
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ILLUSTRATION 2: Find the number of solution of equation x°.{ x } = 1, lying in the interval [-2, 5]. 
Here {.} denotes fractional part function. 


SOLUTION: Given equationx®?{x}=lo>{x}=1/% 
Therefore, by drawing both the curves y ={ x } 
and y = 1/x’ as shown below in Figure 3.16 


we can count the number of points of intersec- 
tions as four. Consequently the given equation 
has only four real solutions lying in the interval 
[— 2, 5]. 


FIGURE 3.16 


(RRATIONAL FUNCTION For instance; the graph of f(x) =x, i.e., x’? is the 

portion of the parabola y”? = x, which lies above 

The algebraic functions having at least one term x-axis. its domain and range both are given as [0, 00). 
containing non-integer rational power of x are termed It is shown below. 


as irrational functions of x. 


Graph of Some Basic Irrational Function 


(a) Graph of f0@) = x!?",n EN: Since, f(x) = x!" is 
defined for all x € [0, 00) and generates positive values 
only, therefore, both the domain and range of f(x) must 
be [0, 00). 

Also being inverse function of the function f(x) = x’, 
the graph of f(x) = x!" is the mirror image of the graph 


of fix) = x?” about the line y = x; V x € [0, «). FIGURE 3.18 
Thus, the graphs of f(x) = x'?, fix) = x’... are as 
shown in the Figure 3.17. (b) Graph of {6d =x!""-1; whenn e N 


The function f(x) = x’?"-! is defined for allx € R as the 
odd root of every real number is defined as real number. 
Also we can see that f(x) returns positive values for 
positive input and negative values corresponding to 
negative inputs. Thus, the domain as well and range 
of f(x) is R. 

Also f(x) = x!?"-! being the inverse function 
of f(x) = x-!, the graph of f(x) = x!?"-! is the 
mirror image of the graph of f(x) = x”~' about the 
line y = x V x € R. Consequently the graph of, 
fix) = x8, fx) = x",..., shall be as shown in the 
FIGURE 3.17 following Figure 3.19. 
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FIGURE 3.19 


e.g., Graph of f(x) = x'?. As discussed above, is inverse 
of g(x) = x?. Therefore, the graph of f (x) = x'® is 


image of g(x) about y = x. where domain and and 
range of f(x) is R. Thus, the graph of f(x) = x’? is as 
shown in the Figure 3.20. 


y y =ys 


FIGURE 3.20 
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m@ PIECE-WISE DEFINED FUNCTIONS “", x0 
(b) Signumfunction: Thefunction/(x)= 4 x 

(a) Modulus function or absolute value function: . . . . 0, x=0 

The function f: R > R is said to be modulus function is called a signum function and is denoted by sgn (x). 


or absolute value function if Graph of signum function, 1.e., y = sgn(x) 1s shown. 
Hence, sgn (f (x)) 1s: 


f(x) 
f(x) 
I(x) =5- =-l; f(x) <0 
f(x) 
0 5 f(x) =0 
FIGURE 3.23 
x, if x20 
Kx) = |x| =4 9, if x =0; |x| 1s pronounced as modu- 
—x, if x<0 


lus of x or in brief mod x. 


Note: |x| is also defined as Vx" and max {x, — x}. FIGURE 3.24 
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(c) Greatest integer function: For any real number x, [x]=-2 fe Regs > 
we denote [x], the greatest integer less than or equal to 7 
x, itis also known as integral part of the number x. [x|=-1 for 2<xs-l 
|x] =0 for -l<x<0 
=> [x|=1 for O<x< 1 
ix =o for Laos 2 
|x]=3 for 25x53 


and can be expressed graphically as shown in Figure 


FIGURE 3.30 
1.e., f(x) = [x] =-1 for —-l<x<-2 
[x] =0 for O<x<1 
[x] = 1 for Lave 
[x] =2 for 2<x<3 


The domain of the function is: (— 0, + oo) and the 
range 1s : set of all integers. 


FIGURE 3.31 


(d) Least integer function: It is also called the ceiling of 


x and it is represented by | x]. It is the least integer | (€) Fractional—part function: Since we know that 
x > [x]. the difference between the number x and it’s 


peer na One qualtotbe pumper 1 USOIe | >| integral value [x] is called the fractional part of x and 


= La as Bee is symbolically denoted as {x}. 

€.g., ) 1.5] =2,] 2.9 | =3,] -2.3]=-2, Thus, {x} =x—[x] 

| -0.6]=0,/ 0.25]=1, thus, [x] converts x = (1 +/) e.g., {2.5} =0.5, {-1.9} =-1.9-[-1.9] =-1.9 
ay . +2=0.1=1-(0.9)=1- {1.9} 

into I while | x | converts it into J +1. But when x is an Since fix) = {x}, 


integer [x] =x = | x | . Thus, {x} =x for O<x< 1 
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{x} =x-] for l<x<2 
=> {x} =x-2 for 2<x<3 

fo ae eae for —-l<x<0 

{fx} =x+2 for —2<x<-l 

and can be expressed graphically as shown in 
Figure 3.32: 


FIGURE 3.32 


5. It is a continuous function and increases in first and 
fourth quadrants while decreases in second and third 


m@ TRANSCENDENTAL FUNCTIONS 


quadrants. 
Trigonometric Curves : 
sinx, cos x, tan x, cot x, sec x, cosec x are trigonometric ! 
curves. Their graphs are as follows: | \_ / | 1 
(a) fix) =sin x: Let f(x) = sin x, increases strictly from — 1 -3nl2i—n 3xl2 x 


to 1 as x increases from — 1/2 to 1/2, decreases for x +31 om 4 
changing from 1/2 to 3x/2 and so on, so, the graph of = 
sin x and cosec x will be as shown in the Figure 3.34. 


BS 
ee eee en ns ee ee ee 


—1 


FIGURE 3.35 


(b) f(x) = cosec x: cosec x is reciprocal of sin x. 


Properties: 
1. The domain is R — {nz |n € Z}. 


. Range of cosecx is R - (1, 1). 


FIGURE 3.34 


. Principal domain 1s: [—x/2, 2/2] — {0} 


; . The cosec x is periodic with period 21; n € Z 
Properties: 
er . Itis odd function discontinuous at x = nx 
1. Domain of sin x is R and range is [-1, 1]. 


Nn h WwW N 


. It decreases in first and fourth quadrants while increas- 


- Itis an odd function. es in second and third quadrants. 


(c) f(x) = cos x: As discussed, cosx decreases strictly 


2 
3. sin x 1s periodic function with period 21. 
4. Principal domain 1s [— 7/2, 1/2]. from 1 to — 1 as x increases from O to 2, increases 
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strictly from — 1 to 1 as x increases from x to 2x 3. Principal domain 1s [0, 2] — {2/2} 


and so on. 4. It is discontinuous at x = (2n +1) n/2;n € Z. 


(e) y=tanx: 


FIGURE 3.36 

Properties: , | : 

1. The domain of cos x is R and the range is [—1, 1]. FIGURE 3.38 

2. Principal domain is [0, 7]. . . 

; se ; ; 1. The domain of tan x is R-{(2n+1)z/2} and range R 
3. It 1s an even function, 1.e., symmetric about y-axis. ee ae 
. eee or (— 0, 00). Principal domain is (— 1/2, 1/2). 
4. cos x is periodic with period 27. 2. Iti aie with period 
5. It is continuous function decreases in I* and II" a ee are meer Ae 


quadrant increases in III" and IV" quadrant. 3. It is discontinuous at x = R—{(2n+1)z/2} and it is 


(d) f(x) =seex: sec x is reciprocal of cosx strictly increasing function in its domain. 


(f) y=cotx: cotx 1s reciprocal of tan x. 


| | FIGURE 3.39 
FIGURE 3.37 
1. The domain of f(x) = cot x = R ~ {nm}; Range = R. 
Properties: 2. It is periodic with period x and x = nt, n € Z as as- 


ymptotes. 


. . a 
1. The domain of sec x is R — {( ory nez and | 3, Principal domain is (0, 7). 


range is R-(-1, 1). 4. It is discontinuous at x = nt, n € Z. 


2. The sec x is periodic with period 27. 5. It is strictly decreasing function in its domain 
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‘Exponential Function 


Here, f(x) = a*,a>0,a#1, and x € R, where domain = R, 
range = (0, 00). 


Casel. a>: Here, fix) = y = a* increases with the 
increase in x, 


y=a*,a>1 
FIGURE 3.43 


Case Il. 0<a< 1: Here, f(x) = a* decrease with the 
increase in x, 1.e., f(x) is decreasing function on R. 

‘In general, exponential function increases or decreases 
as (a> 1) or (0 <a< 1) respectively’. 


y 


FIGURE 3.42 y=a" 


That is, f(x) is increasing function on R. 


For example, y = 2*, y = 3*% y = 4%,.... We have; 2* < 3* 


<4*<_.. forx> 1 and 2*>3*>4*>.... for0<x< 1. 


and they can be shown as shown in Figure 3.43.. FIGURE 3.44 
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BR tocarirumic FUNCTION 


If ‘a’ is a positive real number, then the function that 
associates every positive real number to log x. That is, 
y = log x is called the logarithmic function and it is defined 
as the inverse of exponential function to the same base. 

e.g.,.y=log, +x +t 1) 

The domain of the logarithmic function is (0, 0) 

The range of the logarithmic function 1s : (— 0, +00) 


Casel. a> 1: Here, fx) = y = log x increases with 
increase in x,1.e., f(x) is increasing function on R. 

e.g.,y = log.x, y = log,x, y = log,x,... we have; log,x > 
log,x > log,x>.... forx> 1 and log,x < log,x < log,x <.... for 0 
<x <1 and they can be represented as shown in Figure 3.48. 


y 


O} (1,0) 


y=log,x(for a>1) 


FIGURE 3.48 


(1, 0) 


y=log_x (for O<a<1) 
FIGURE 3.49 


Case ll. 0<a<i1: Here, f(x) = log x decreases with 
increase in x, 1.e., f(x) is a decreasing function on R. 

“In general, logarithmic function increases or de- 
creases as (a> 1) or (0 <a <1) respectively” as shown in 
Figure 3.50. 


y=log,x 
y=log,x 
y=log,,x 


y=log,,, ox 
y=log,,x 
y=log,/.X 


FIGURE 3.50 
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(c) tan’x: Its domainis R. Its range is (— 1/2, x/2). It is 
an increasing function. 
It is an odd function, tan“'(—-x) = -tan'x Vxe R. 


m@ INVERSE CIRCULAR FUNCTIONS 


(a) sin’ x: Its domain is [—1, 1]. Its range is [—2/2, 1/2]. 
It is an increasing function. y 


It is an odd function, i.e., sin~'(—x) =— sin-'x V x € [-1, 1] aes y=Xx 


FIGURE 3.54 


(d) cot'x: Its domain is R. Its range is (0, m). It is a 
decreasing function. It is neither an even function nor 
odd function cot'(-—x) = x — cot™lx. 


FIGURE 3.52 


(b) cos? x: Its domain is [-1, 1]. Its range is [0, ]. It is 
a decreasing function. It neither an even function nor 
odd function cos"!\(—x) = x — cos~'x. 


—o0 


FIGURE 3.55 


(e) sec’? x: Its domain is R —(-1, 1). Its range is [0, x] 
— {nx/2}. Itis an increasing function. It neither an even 
FIGURE 3.53 function nor odd function sec7(—x) = x — cot™x. 
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y =sec'x 


014 in2n 


—1 ey = secx 


FIGURE 3.56 
(f) cosec'x: Its domain is R — (-1, 1). Its range is 


[— 2/2, n/2] ~ {0}. It is an decreasing function. It is an 
odd function cosec"!(—x) = — cosec™!x. 


y = cosecx 


FIGURE 3.57 
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(g) y = sin(sin™ x) = cos (cos~! x) =x 
Its domain is [—1, 1]. Its range is [—-1, 1]. It is a 
non-periodic, monotonically increasing, odd function 


¥ 


FIGURE 3.63 
(j) y = sin~/ (sin x): Its domain is R and its range is 
[—1/2, 2/2]. 
mer ea It is a periodic function with period 22. It is an odd 
function. 
FIGURE 3.61 E i 
x; —-—<xs— 
(h) y = cosec (cosec” x) = sec(sec’x)=x: Its domain is 2 2 
R — Cl, 1). Its range is R - (1, 1), | | wees 2228 0 
It is a non-periodic, monotonically increasing, odd Z Z 
function. 3 


= x=1 


FIGURE 3.62 FIGURE 3.64 
(i) y = tan(tan” x) = cot(cot'x) =x (k) y=cos~‘(cos x): Its domain is R. Its range is [0, x]. 
Its domain is R. Its range is R. It is a non-periodic, It is a periodic function with period 27. It is an even 


monotonically increasing, odd function. function. 
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x: O<sx<a y 
- |dn—x: O< 2a -x< mort <x<2n (—1,7/2) y=n/2 


“Bn/2 —2n—3n/2—-" —p/2 10 n/2 1% 3/2 2n 5nd ~* 
FIGURE 3.67 


(n) y=cosec”‘ (cosec x): Itsdomain is R — {nz:n € Z} 
Its range is [— n/2, 2/2] — {0}. It is a periodic function 
FIGURE 3.65 with period 2x. It is an odd function. 


1 1 
x —-—<x<0 VU 0<xs— 
(1) y =tam” (tan x): Its domain is R — {(2” + 1)x/2}. 2 ys 


Its range 1s (—1/2, 1/2) a Oe Sp Ween 
It is a periodic function with period x. 2 2 


It 1s an odd function and monotonically increasing 


function and ‘ ae <X< | 
2 2 


FIGURE 3.68 


(0) y = cot~! (cot x). Its domain is R — {nz}. Its range 
is (0, x). It is a periodic function with period 1. It is 
neither even nor odd function. 


FIGURE 3.66 ie 
= <x+7;-2 <x < Oandsoon. 
(m) y=sec? (secx): Its domain is R — {(2n + 1)x/2} X-min<x<2n 
Its range is [0, 2] — {2/2}. It is a periodic function with y 


period 27. It is an even function. 


Oo e cs O : 
—2n —3n/2 —n —n/2 |O n/2 0 3n/2 2n 


2a —x; 27 -xeE fo,=) u(x forte,2n)-{7=} 
2 2 2 FIGURE 3.69 
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STANDARD CONIC SECTIONS 


Circle 


The general equation of a circle 1s x+y? +2ex+2fy+c=0 


To draw a sketch of a circle, we write the equation in 
2 
the standard form (x + g¥ +QV +f" = (Ve +f? -c| ‘ 


whose centre is (-g, —f) ; and radius r= 9° + f° -c. 


NOTE 


(i) If centre is origin and radius is a, then the equation of circle is x? + y? =a’. 
It is not function in x but it is a relation in x and symmetric in all four quadrants. 


(ii) /f the end points of diameter are (x, y,) and Gy, then the equation of circle is (x — 
x) (x—x) + (y—-y,) (y¥—-y) =9;. 


FIGURE 3.72 


FIGURE 3.73 


}REPRESENTATION AS A FUNCTION 


Clearly, the above equation of circle are not functions rather 
are many—many relations. After converting them 1n to func- 
tions following cases arise that may be worth noticing. 


() y=va?-x? 
Domain: [—a, a]; Range: [0, a]. Even function in x, 
Symmetrical about y-axis. 


FIGURE 3.75 


(iii) x=ya°-y° 
y 
Domain: [0, a], Range: [-a, a] 


(-a,0) 0 (a,0) ; 


FIGURE 3.74 


(ii) y=-Vva?-x? 
Domain: [—a, a], Range: [-a, 0] 
Even function in x, Symmetrical about y-axis. FIGURE 3.76 
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It is not function of x but a relation, symmetric about 
x-axis. 


(iv) x=—Ja°-y’ 


Domain: [-a, 0]; Range: [—a, a]. It is a relation, sym- 
metric about x-axis. 


FIGURE 3.77 


Parabola 


It is the locus of points moving on a plane such that its dis- 
tance from a fixed point is equal to its distance from a fixed 
straight line, point and straight line being on plane of mov- 
ing point. Taking the fixed straight line x = —a, a > 0 and 
fixed point (a, 0), we get the equation of parabola y”= 4ax. 


Nature of curve: 


(a) It passes through (0, 0) 
(b) It is symmetrical about axis of x. (called as axis of 


parabola) 


(c) No part of the curve lies on the negative side of 
axis of x. 


(d) Curve turns at (0, 0) which is called the vertex of 
the curve. 


(ec) The curve extends to infinity. It is not a 
close curve. 


(i) y= dax 


Shape 
wae 
(Right handed parabola) 
FIGURE 3.79 
(ii)  =— 4ax 


(Left handed parabola) 
FIGURE 3.80 
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ae 
De ay 4. y =—-4a(x-h):a,h>0 
y 
" | : : 
Z. (h,0) 
(Upwards parabola) 
FIGURE 3.81 FIGURE 3.86 


5. y =—4a(x+h);a, h>0; where a, h>0 
(iv) x? =— 4ay 


(Downwards parabola) 


FIGURE 3.87 


FIGURE 3.82 : 
6. x° =4a(yt+k),a>0,k>0 


(v) y—ky=4a(x-h);a>0,h,k>0 


y 
, 
(h,k) (0,—k) ; 


0 - FIGURE 3.88 
FIGURE 3.83 7. x° =4a(y-k),a,k>0 
y 
2. y =4a (x—h),;a>0,h>0 
y 
(h,O) 
x (0,k) 
0/(0,0) \Y x 
O 
FIGURE 3.89 
FIGURE 3.84 


8. x° =-4a(y+k).ak>0 
3. y =4a («x + h); a and h are positive 


y 
y 
2 X 
(—-h,0) (0,-k) 
Y \Q} (0,0) : 


FIGURE 3.85 FIGURE 3.90 
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9, x°=-4da(y-k) .a, k>0 We observe that the function y=x' ls symmetrical 
about y-axis. As a rule, if f(x) contains even 
powers of x only, then the curve is symmetric 
about y-axis. 

(0,k) We observe that the function y’ = x is symmetrical 

y about x-axis. As a rule, if a function contains even 

O powers of y only, then the function 1s symmetrical 

about x-axis. 


FIGURE 3.91 
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FIGURE 3.95 
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(iv) x-y=a@ 
(Rectangular hyperbola) 


FIGURE 3.100 


asymptote 


(C,c) 


FIGURE 3.102 
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TEXTUAL EXERCISE-1: (SUBJECTIVE) 


1. Sketch the following curves and show their relative 3. Sketch the curve of the following functions: 
nature on same graph sheet: (a) y=—-4Vx-345, x23 
(a) y=x (b) y=x (b) y=4Vx-34+5, x23 
() y= bel (d) y= ve 
(ce) y=x'3 (c) y=—-4vV3-x4+5, x53 


(d) y=4V3-x45, x<3 


2. Sketch the curve of the following functions: 


(a) y=-v9-x? ,xe[-3,0) 4. Sketch the curve of the following functions: 
2 
(b) y=-v9-x* ,x€ [0,3] (a) J +1=2, xe[-4,0) 
age 16 3 
(c) y=vV9-x’? ,x © [-3,0) z , 
(d) y=vV9-x* ,xexe€ [0,3] (b) — ag ae x €[-4,0) 


3.24 >» Graph Theory 


@:4- 1 a x€[0,4] 


x? y 
en eee 
(¢) 16 3 


. Sketch the curve of the following functions: 


x €[0,4] 


(a) ,f—-1=2, x24 


16 3 
Ix? y 
—,/—-l=-, x24 
0) 16 3 
2 
tie, ei 
(©) 16 35 0 


. Draw the graph of the following functions: 
(i) y = |x -3| + |x + 1] + 2x 

(11) y =x |x| - 2x -3 

. Sketch the graph of the following functions using 
transformation: 

(a) y =cosx + |cos x| 

(b) y=1+log, Vx 

(c) y = log,,x + |log,, x 

. Draw the graph of the following functions: 
(a) y=x?-2|x + 1|-1 

(b) y = |2x° — 3x + |x -l| 

(c) y = — |x° —2x 

. Draw the graph of the following functions: 
(a) y= Al + 0/2 


3a 
cos C — *) 


(b) y= oe 
Sin Xx 
(Cc) y= (2—-x) |x +3] 


Answer Keys 


10. 


11. 


12. 


13. 


14. 


Draw the graph of following functions: 
(a) f (x) = log |x| - log x” 


6) f@= {= x| ‘ cos 4) 


cosx  sinx 


Construct the graph for: 


x-l x<0 


l 
(1) fix) = 1’ x=0 
x xs 
—3<x<-—2 
—2<x<0 


O<x<l 


2x +3; 
x+l1; 
x+2 


(1) fix) = 


Construct the graph of the function: 
(G) fx) = |x- 1] + |x + I 


: 3*;  -l<x<l 
(11) fo) | 


4-x; ls<x<4 


(1) f(x) = [x] + |x - 1]; - 1 <x < 3 (where [.] denotes 
greatest integer function). 
4 2 
; 5 a a | 
IV = 
av) fx) ‘" ae 


Draw the following curves given by implicit relations: 
(a) 16x? + 24xy + 9? -5x-10y +1=0 
(b) 4x7 -4xy + w- 12x + 6y + 9=0 
(c) x*-xy-6y? =6 
(d) xy =a ty) 
(e) ety ty ty ty=1 
Draw the following graphs and find out what will be 
the graph of 
(i) y= sin‘ x, 
(il) y= sin’ x 
Gi) y=sin”x as n>onel 


Gi) y=sin??*Dx as naonel 


2. (a) 


3. (a) X 


(c) x 


GraphTheory < 3.25 


(b) 4 7 


(b) X 


(d) 


(b) 
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5, (a) X (b) 4 . 


(c) z x (d) A ‘ 


< 


aa ii) is 
10 
5 
7. @)} pee See ()) e-49-5 O 5 10 15 20 
2 22|22 2 —5 


—10 
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12. (11) Xx 


3.28 >» Graph Theory 


(iii) 


13. (1) (11) 


24 6 8 10 12 


(iii) a 


11.56 2,63 3.5 


—~25 15 -05 10. .1 1.5 253 3.5 


0.5 —0.5 
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y = limsin?"x 
noo 


y = limsin?"*'x 
now 


t2 x 3n/2 2n 
—1 


For example, graph of y = f(x) +1 is as shown in the 
Figure 3.105 and graph of y = f(x) -1 1s shown in 
Figure 3.106. 


m@ TRANSFORMATION OF GRAPHS 


In this chapter, we shall study the change in the nature 
of graph of the function going through different standard 
transformations. These transformations are very helpful in 
solving questions geometrically. For this purpose we shall 
take the help of graph of a function as shown below. 


FIGURE 3.105 


FIGURE 3.104 


1. Graph of y = f@) +k: Graph of y = fx) + k can be 
obtained by translating graph of f(x) by |A| unit along 
y-axis in the direction same as sign of k, 1.e., upward 
when k > 0 and downward when k < 0. 

This is because each out put of the function is added 
by k. Therefore, each point of graph shifts vertically 
by & unit. FIGURE 3.106 
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y = e* + 11s plotted by shifting the graph of y = e*by 1 unit in upward direction. 


FIGURE 3.108 


Also y = e*— 1 can be plotted by shifting the graph of y = e*downwards by 1 unit. 


ILLUSTRATION 21: Find the number of solutions of equation | + cos x = log, x 


SOLUTION: The number of solutions of the above equation can be found by the number of points of 
intersection of the graphs y = | + cos x and y = log,x 


The graph of y = cos x is shown in Figure 3.110. 


FIGURE 3.110 


The graph of y = 1 + cos x can be obtained by shifting the curve of y = cos x by 1| unit in the 
upward direction. 


1i+c 


FIGURE 3.111 


2. Graph of y = f(x +k): Graph of y = fx + k) can be 
obtained by translating graph of y = f(x) by | k | units 
in the direction opposite to the sign of k along x-axis. 
That is, a addition and subtraction to independent vari- 
able leads to horizontal shift because each output f(x) 
of the original function is obtained by the transformed 
function f(x + k) at the input x — k. 


FIGURE 3.114 
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For example, graph of f(x — 1) 1s as shown 1n the Fig- 
ure 3.114 and that of fx + 1) is shown in Figure 3.115. 
Because if the origin 1s shifted to (1, 0). And in new 
system of axes, f(x+ k) behaves as f(x). 


FIGURE 3.115 
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SOLUTION: We know; y = x*could be plotted as 


yi 


0 


FIGURE 3.116 


Now y = x? + 2x + 1 = (x+1)? would be plotted by shifting y = x? by 1 unit in the left 
direction as shown in the Figure 3.117. Therefore, the vertex of the parabola would be (—1, 0). 


y 
 y=0er1)? 


FIGURE 3.117 


Now y = x? — 2x + 1 = (x — 1) would be plotted by shifting y = x* by 1 unit in the mght 
direction, and hence, the vertex of new parabola lies at (1, 0). 


FIGURE 3.118 


3. Graph of y = A(f(x)): Graph of y = k(f(x)) can be 
obtained by vertically stretching or contracting the 
graph of f(x) depending on the value of k. It is because 
each output of the obtained function becomes k times 


that of the original function. Hence, due to this trans- 
formation no stretching/compression 1s produce along 
x-axis. There are few important facts that are worth 
noticing in this case. 


(1) no change in the domain of the function. 
(11) the behaviour of the function at y = 0 (1.e., x inter- 
sect/roots) remains same as the original function. 
(111) the range of the function may be change. 
The detail of the transformation can be under- 
stood by considering the following two cases as 
described below. 
Casel: When 0 < |k| < 1, compressing the graph of 
f (x), 1.e., f&c) 1s transformed to k times f(x) along 
y-axis towards x-axis. 


1 
e.g., graph of y = as, is shown in the Figure 3.119 


l 
and graph of y = 5 fix) is shown in Figure 3.120. 


FIGURE 3.119 
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Case Il: When |k| > 1, stretching the graph of f(x), 
along y-axis away from x-axis. 

That is, f(x) 1s transformed to k times f(x). 

For example, graph of y = 2 f(x) 1s as shown in the 
Figure 3.121 and graph of y = —2 f(x) is as shown in 
Figure 3.122. 


FIGURE 3.120 


FIGURE 3.122 


ILLUSTRATION 23: Find the number of solutions of (x + 3)?= 2Inx. 


SOLUTION: The number of solutions of the above equation can be found by the number of point of 


intersection of the graphs y = (x + 3)? and y = 2In x. 
Clearly, x > 0 (Domain) 
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FIGURE 3.123 
Clearly, there is no point of intersection, and hence, no solution. 
1 
ILLUSTRATION 24: Draw the graph of {x}, and hence, draw the graphs of 3 {x} and also a , where {x} denotes 


the fractional part of x. 
SOLUTION: 


FIGURE 3.124 


The graph of 3{x} can be drawn by stretching 3 times, the graph of {x} along y-axis, away 
from x-axis. 


1 
The graph of oe can be drawn by compressing to 1/2 times the graph of {x} along y-axis, 


towards x-axis. 


FIGURE 3.126 


4. Graph of y = f(kx): Graph of y = /ftkx) can be 


obtained by compressing or stretching the graph of 
y = fx) along x-axis towards y-axis or away from 
y-axis depending on the value of k& as described below. 
Casel: When |k| > 1, compressing the graph of f(x) 
horizontally towards y-axis. For example, graph of f 
(2x) is shown in Figure 3.127 and graph of f (—2x) is 
shown in Figure 3.128. 


FIGURE 3.128 


Case Il: When 0 < |k| < 1, stretching the graph of 
y =f (x) along x-axis away from y-axis. 

e.g., graph of f(x/2) is shown in Figure 3.129 and graph 
of f(—x/2) 1s shown in Figure 3.130. 
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FIGURE 3.130 


The above effect of horizontal stretching and 
compression towards y-axis 1s due to the fact that 
the transformed function takes up the same values 
for the input x/k, as the original function takes up for 
input x. that is why the domain of function is either 
stretched or compressed as may be the case, whereas 
the range of the function remains unchanged in this 
transformation. This transformation also explains why 
the period of the periodic function f(Ax) becomes 1/|k| 
times the period of f(x). 
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Since domain of function fis (=.=) 


“ f(2x)=> 2xe (=.=) 


FIGURE 3.132 


Since domain of function fis 4 


FIGURE 3.133 


Since domain of function fis (=.=) 
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0°9 


2 


s(2|>3e(4 > xe (n,3n) 


FIGURE 3.134 


For 6()-¥< 4 > xe (-31, -t) 


FIGURE 3.135 


ILLUSTRATION 26: Draw the graph of sin~ ‘(sin x), and hence, draw the graphs of —2(sin' (sin x)) 
and Gin" (sin x)). 


SOLUTION: The graph of sin~ ‘(sin x) is given by 


FIGURE 3.136 


Therefore, the graph of —2(sin™ (sin x)) can be obtained by taking mirror image of the graph 
of sin~'(sin x) about x-axis, and there by, stretching the resulting graph 2 times along y-axis, 
away from the x-axis. 
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FIGURE 3.137 


ee ee : 
Therefore, the graph of ao ‘(sin x)) can be obtained by taking mirror image of the graph 


of sin~'(sin x) about x-axis and thereby compressing the resulting graph 2 times along y-axis, 
towards the x-axis. 


FIGURE 3.138 
ILLUSTRATION 27: Find the number of solutions of sin~! (x — 1) = cos~!x 
SOLUTION: Graph of sin~'x 
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Graph of sin (—x) 


3.140 


Graph of sin-'(-x - 1) 


FIGURE 3.141 


Graph of cos? x 


FIGURE 3.142 


Clearly, the two graphs do not have a point of intersection, and hence, no solution. 


5. Graph ofy=|f(x)|:_ Graph of y = |Ax)| can be obtained of graph above x-axis as it is. Since y = f (x) when 
by reflecting the portion of the graph of f(x) lying below fix) = 0 and y = — f(x) when f(x) < 0. Hence, the graph 
X-aX1S ON x-axis aS a mirror and keeping the portion of y = |f(x)| is as shown in Figure 3.143 and 3.144. 
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FIGURE 3.143 FIGURE 3.144 
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(ii1) Graph of y = |[x]| 


FIGURE 3.149 


FIGURE 3.150 


ILLUSTRATION 29: Draw the graph of f(x) =|||| x | — 1| — 2 |-3|, and hence, find value of ‘k’ (where k is a constant) 
so that the number of solutions of f(x) = & is maximum. 


[: 3.151 


SOLUTION: Graph of y =x 


Graph of y = |x| 


FIGURE 3.152 
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Graph of y = |x| -1 


FIGURE 3.153 


Graph of y =||x| — 1| 


FIGURE 3.154 


Graph of y = ||x| -1 | -2 


Graph of y = ||x| -1 |-2| 


FIGURE 3.156 
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6. Graph of y = f(\x|) : Graph of y = f(x) can be 
obtained by keeping the portion of graph of f(x) on 
right side of y-axis and replacing the portion of the 
graph of y = f(x) on left side of y-axis by the reflection 
of right graph on y-axis. Graph of y = f(|x|) 1s as shown 
in Figure 3.59 and 3.160. 


FIGURE 3.160 


FIGURE 3.159 
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SOLUTION: Graph of y = In |x|: Graph of y = f\x|) 1s obtained by reflecting the mght side graph 
of y = f(x) on y-axis. 


FIGURE 3.161 


FIGURE 3.162 


Graph of sin |x|: 


FIGURE 3.163 


ILLUSTRATION 31: Draw the graph of the function f(x) = tan |x| and show that it is non-periodic in its domain. 
SOLUTION: The graph of tan x is as shown below. 


FIGURE 3.164 
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The graph of tan x for x > 0 is as shown in Figure 3.165. 


FIGURE 3.165 


The graph of tan |x| can be obtained by taking the mirror image of the graph of tan x for 
x > 0 about the y-axis, and hence, the resulting graph of tan |x| is as shown in Figure 3.166. 


FIGURE 3.166 
As is seen in the graph; tan |x| 1s not a periodic function. 


ILLUSTRATION 32: Find the number of solutions of x = S5sin(mx). Also find the number of solutions 


of |x| = 5 sin xx. Hence, or otherwise, prove that the number of solutions of x = 5sin(zx) and 
|x| = 5 sinzx are not equal. 


SOLUTION: The graph of y = 5sin(xx) V x € [—5, 5] is as shown in Figure 3.167. 


FIGURE 3.167 
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Therefore, the number of solutions of x = 5sin(xx) V x € [—5, 5] can be observed as the point 


of intersection of the graph of y = x and y = 5 sin(xx) V x € [-5, 5] drawn in same reference 
frame as shown in Figure 3.168. 


FIGURE 3.168 


It 1s evident from the graph that the equation x = 5 sin(mx) V x e€ [-5, 5] has 11 
solutions. 


Similarly, the number of solutions of |x| = Ssin(xx) V x € [-5, 5] can be observed as the point 
of intersection of the graph of y = |x| and y = 5 sin(xx) simultaneously. 


FIGURE 3.169 


It is evident from the graph |x| = 5sin(1x) V x € [—5, 5] has 10 solutions. 


Thus, proving the fact that the number of solutions of x = S5sin(xx) and |x| = 5 sin xx are not 
equal. 
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7. Graph of y = |f |x|| can be obtained in two steps: Step 2: Using graph of y = flx|, draw the graph 
Step 1: Using graph of y = f(x), draw the graph of y = |Axll. 
of fix]. 


ILLUSTRATION 33: Draw the graph of y = |In|x|| 


SOLUTION: Graph of y = |In|x||: Is obtained by reflecting the portion of graph of y = In |x| below x-axis 
on x-axis as shown in Figure 3.170. 


FIGURE 3.170 
ILLUSTRATION 34: Sketch the graph of y = |x? —5|x| — 6], and hence, find the number of solutions 
of |x? —5|x| —6] = 8. 
SOLUTION: Let f(x) = x? -5x -6 
Graph of f(x) 


FIGURE 3.171 


Graph of /[x| 


FIGURE 3.172 
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Graph of |/[x|| 


FIGURE 3.173 


Drawing y = 8 and y = |/|x|| on the same reference frame, we get 


FIGURE 3.174 


Clearly from the graph, we can say that |x” —5|x| —6| = 8 has 6 solutions. 
l;x21 
ILLUSTRATION 35: If f(x) =42x-1L0<x<1 and g(x) = log, |ax| and h(x) = gix| 
—-1;x<0 


Then find the number of solutions of |/|(x)|| = g(x) when (a, 5) is given by 
1 
a) dl,e) @i) dd, 1/e) an) 10, 


Also, find the points of intersection, 1f possible. 
Also find the number of solutions of |/[x|| = |4@x)| when (a, 5) is given by 
(iv) (1/10, 1/10) (v) (10, 1/10) 

SOLUTION: The graph of f(x) is as shown in Figure 3.175. 

f(x) 


nits oO Nj — 


FIGURE 3.175 
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Now, the graph of /|x| can be obtained by erasing the graph of f(x) on the left hand side 
of the y-axis and taking the mirror image of the graph of the nght hand side of the y-axis 
about y-axis. 


FIGURE 3.176 


Now, the graph of |/|x|| can be obtained by taking the modulus of the graph of /|x|, 1.¢., reflect- 
ing the portion below x-axis on x-axis. 


Hence, the graph of |/|x|| 1s as shown in Figure 3.177. 


FIGURE 3.177 


(i) The number of solutions of |fx|| = g(x), where g(x) = log, |ax| and (a, 5) is given by 
(1, e). Hence, the function g(x) = log |x| 


The number of solutions of |/x|| = g(x) can be seen by drawing both the graphs on the 
same reference plane. 


FIGURE 3.178 


Hence, points of the intersection are x =+e 
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(11) (a, 5) = (1, 1/e) = g(x) = log,, |x| and to find the solution of |/\x|| = log, |x| 


FIGURE 3.179 


Here, we have only two points of intersection lying between (—1, —1/2) and (1/2, 1) 
(1) (a, 5) = (10, 1/10) => g(x) = log,,,,{10 x| 


FIGURE 3.180 


=> g(x) = log,,,, |10x| 
As 1s evident from the graph, only two solutions, one each in (—1/10, 0) and (0, 1/10) 


1 
—x 
10 


a) => 2(x)=logiry 


FIGURE 3.181 


Graph of |h(x)| and |/x|| 


FIGURE 3.182 


1 
A(x) = Wxll => loging |x] =1 
10 
=> 108,19 |— | = +1 
l 1\" l 
—x}=|—] =10o0r— => |x| =100 or 1 
10 10 10 


Hence, 4 solutions x = + 100 andx =+1 
(v) (a, 6) = (10,1/10) 


=> g(x) = log,,,|10 x| “. [AG = Igkxll = Ig@| 


FIGURE 3.183 


Hence, 4 solutions x = + 1, one each in (-1/10, 0) and (0, 1/10) 


ILLUSTRATION 36: Sketch the graph of y = |e*!— 1/4| 
SOLUTION: We know, the graph of y = e* 


FIGURE 3.184 


Now graph of y = e*' 


FIGURE 3.185 
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=> x=+1l000r+1 
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8. Graph of |y|=f(): Graph of | y| =/{x) 1s obtained 


by discarding the portion of graph of f(x) below x-axis 
(. | y | = 0) and reflecting the portion of graph of f(x) 
above x-axis On x-axIS. 


If f(x) < 0, graph of | y | = f(x) would not exist. 

And if f(x) = 0, | y | =f (x) would give y = + f(x). 

Hence, graph of | y | = f (x) would exist only in 

the regions where f(x) is non-negative and will be 

reflected about x-axis only in those regions. Regions 5 
where f(x) < 0 will be neglected. The graph of |y| 


= fix) 1s shown in Figure 3.188 FIGURE 3.188 
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9. Graph of | y | = |f @]|: Graph of | y | = |Ax)| can be (11) Now, take the murror image of the graph of 
obtained by the following two steps: y =|f0)| on x-axis, and hence, we obtain the graph of 


(1) Using graph of f(x), plot the graph of |f(x)]. bl = Vol 


TEXTUAL EXERCISE-2: (SUBJECTIVE) 


1. If a function 1S defined graph of y = f(x), and hence, sketch the curves of the 
x 5; O<x<l following functions: 
f(x) =45 2-x ; l<x<2_ then sketch the (a) y = fl) (b) y=—-f&) 
(x-2)\(x-4);  2<x<4 (c) y=—f-x) (d) y=f(x + 2) 
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(e) y= fx) +3 @) y=f(xt 2) +3 


(@) y-2f@) h) y =f (2x) 

GQ) y= 2 f(x) G) v=|f@)| 

k) y =f (lx) ) y=|Fdx)I 
myafOr7Ol Oype1o- "eo 
©) y=! a (p) y = sen(f(e)) 
@) y =f) () y= fix) 


(s) y = Ax)" 


. Sketch the graph of the following functions using 
transformation: 


(a) y = log (x) (b) y = 2sin x 
(c) y = sin 2x (d) y = sin(|x]) 
(ec) |y| = logx (f) y = log kel 
(g) y = | log x| 
. Sketch the graph of the following functions: 
(a)y=xrt+4 (b) x’ = 4y—6 


()x=1+ V4y-y? (d) y=3t V4x-2° +5 


(ec) y= Vx? -16 (ff) x=1-—y’-4x4+8 
2 
(g) y=sinx + cosx My-3 9— x? 


. Sketch the graph of the following functions: 
(a) fix) = 4sin (3x) 

(b) fix) = In (4x — 5) 

(c) f(x)= 3log, (-2x) — 5 


Sketch the graph of each of the following functions 
starting with the graph of y = vx using suitable 


graphical transformation. 


(a) y=2vx—-3 
(b) y=2Vx+5 


(c) f(x) =24+vVx-3 
(d) f(x) =-v3-2x 


37-1 ifx<0 
(e) y= 
V2x—x? if x>0 


. Sketch the graph of each of the following functions 
starting with the graph of y=~1-—x’ , using suitable 


graphical transformation. 


(a) f(x) =yl-(x/2) 
(b) f(x) =14+3y1-(x-2)°/9 
(c) f(x) =-3+/4-(x-1)? 


10. 


11. 


12; 


13. 


14. 


Sketch the graph of the following functions: 
(i) y=@- 1) 

(ii) y=Vx-8 

(iii) y=V2x+8-5 


Sketch the graph of the following functions: 
(1) y =log, (4 x) 
(11) y = log, , (4 — 2x) 


Sketch the graph of the following functions: 


rn 3*-1, if x<0 
1) y= 

\2x-x? if x>0 
a yap ifx<l 


2+log,, x, if x >1 


The graphs of the curves 

(a) y=x(4-x) 

(b) y = 3x-5 

(c) y=|e + 1]-2 

Through the following successive transformations, 
Find the resulting equations of each curve after the 
transformation 7’, have been exerted. 

(T,) A vertical translation of 2 units up. 

(T,) A reflection about the y-axis. 

(T,) A horizontal translation of 3 unit to the left. 


Draw the following graphs in succession 
(a) y= |1—|1 —xl| 

(b) y=1—|1-[1-o| 

(c) y= 1—I-1-1 - xl 


Draw the graph of the functions: 
(a) yl = log, @/3)| (0) P= [3 — |x -2|| 


Construct the following curves: 


ee ae 

@) x+2 
(ii) jy) +x =-4 
(a1) |x| + |y| =5 


Gv) ly— 4] = |x-| 
Sketch the graph of the following functions: 
(a) y =cos(x — 1) 


(c) y= 2m 
(e) y= x — 2Ix| 


(b) y = sin’*x — 2sin x 
(d) y=[2-|x- Il 
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Asnwer Keys 


y 


y 
2 
VAG 
| A/3 
(h) ACs: () 0/2 . 
4 2 
-» 
y 
y 
(j) | 0) A A (1) 
Ol teas mud, | ae ADU 24 x 
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3. (a) “g_6@4 024681012 (0) 
3 
4 
4 
3 
2 
1 
(C) 12345 67 (d) 
5 
(e) (f) 


10 15 20 oS 10 1520 25 


(h) 


4. (a) 246 81012141618 


(©) —25-20-15-10 -5 \l0 5 10 15 20 
—5 


—10 


3.58 > 


7. (a) 


Graph Theory 


—=~N WwW ABO 


123456 7 8 


—§.6-4-20/ 24 6 8 10:12 


(b) 
-8-6-4-20| 2 4 6 8 10 12 


(d) 


b 
0) az 0} 2 4 681012 141618 


9 10 15 20 25 


8. (4) -90-15-10-5 0 
5 


—10 


9. (i) x 


10. (a) G@) 


(b) @) 


(iii) 
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(b) —40 —30-—20- 


010 20 30 40 


(11) 


(11) 


(iv) 


4-2 \02 4 6 8 10 12 


2 


(iv) 


3.60 >» Graph Theory 


(iv) 


“F4-64-3-2-10 
2 


46 81012 
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(iv) —10-8-6 -4 6 


—20| 2 4 8 10121416 


24 6 & 10 12 


Transformation of Graph Continued 


10. Graph of y = [f &)] where [] denotes the GINT 
function: Itis clear 
that ifn <f(x)<n+ 
l,ne Z, then [f(x)] = 
n. Thus, we would 
first locate all points 
on the graph having 
integer ordinates and 
then draw lines 
parallel to the x-axis 


in the direction of FIGURE 3.195 

increasing ordinate FIGURE 3.194 

from each such point Clearly, it is evident that if at any such point the 
upto the ordinate of next such points. And this process ordinate (output) of the curve decreases on both sides, 
is to be done for all the portion on the curve where f(x) then no projection is drawn from that point in either 
lies between two successive integers. (see in Figures direction. Thus, that point remains an isolated point on 


3.194 and 3.195). the transformed curve. 
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ILLUSTRATION 39: Draw the graph of the following functions: 
[x] for x>0 
[-x] forx <0 


SOLUTION: Graph of y = [|x|]: y= | 


3.196 


ILLUSTRATION 40: Sketch the curve y = [x? — 2] (where [.] denotes GINT function) for |x| < 2 
SOLUTION: The graph of y = x*- 2 could be plotted as shown in Figure 3.197. 


FIGURE 3.197 


Hence, the graph of y = [x?- 2] is as shown in Figure 3.198. 


FIGURE 3.198 


ILLUSTRATION 41: Find the solutions set of the equation [e*] = [sin x] where [.] represents the greatest integer 
function. 


SOLUTION: The graph of y = sin x is as shown in Figure 3.199. 


FIGURE 3.199 


GraphTheory < 3.63 


Hence, the graph of y = [sin x] 1s as shown in Figure 3.200. 


Now, graph of y = e*1s as shown in Figure 3.201. 


Hence, the graph of y = [e*] 1s shown in Figure 3.202. 


Now, plotting the two curves together, we infer that the solutions set of [e*] = [sin x] can be 
pictorially = [sin x]. 


Clearly; the graphs have no point of intersection for x > 0. 
And for x < 0; the two graphs; intersect for [-2”n, — 2nn + x] — {-2nn + 2/2}, wheren Ee N 
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11. Graph of y = f([x]): To obtain the graph of y = points (n, f(m)) excluding right end point, for all 
J([x]), 1t 1s necessary to observe the following facts. n lying 1n the domain of the function. Illustrated 
When x € [0, 1) the value of [x] = 0. given in Figure 3.204. 
=> f([x]) = fO) for all x e [0, 1). Thus, the graph 

becomes y = f(0) V x € [0, 1). 

Similarly f([x]) =/C) for all x € [1, 2). Hence, the 

graph becomes y = f(1) V x € [1, 2). 

In general, f[x]) =f'n) Vx €[nn+1),ne Z.It 

implies that first of all we should locate all such 

points on the graph of y = f(x) having integer 

x-coordinates say (n, f(n)) and then draw a line 

segments of unit length parallel to the x-axis 

projecting rightwards given by y = f(n) through the FIGURE 3.204 
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Hence x € [0, In 2) is a solution set. 

For x € [In 2, 1); e#! = 1, where as [e”] = 2 and x > 1; [e”] € Z and e®! ¢Z and is irrational. 
No more point of intersection. 

Hence, the solution is x € [0, In 2) 


ILLUSTRATION 43: Sketch the curve y = sin [x]; where [] denotes the GINT function and also, suggest whether 
sin [x] 1s a periodic function or not? 


SOLUTION: The curve for y = sin [x]; could be plotted as shown in Figure 3.208. 


FIGURE 3.208 


We know, that sin x 1s periodic with a period of xz, but [x] only takes integral values, hence, 
[x] can never be a multiple of 2, hence, sin [x] 1s not a periodic function. 


ILLUSTRATION 44: Sketch the curve for y = cos[x] and y = [x]?, and hence, find the number of solutions to the 
equation cos|[x] = [x]? where [] denotes the GINT function. 


SOLUTION: The curve y = cos|x] could be plotted as, 


y=cos[x] 


FIGURE 3.209 


And the curve y = [x]* for x € [—2, 2] is given by 


FIGURE 3.210 


Plotting the two graphs together, we can see that the two graphs never intersect each other, 
and hence, the equation cos[x] = [x]? does not have any solution. 
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12. Graph of [y] = fC), where [ ] denotes the GINT 
function: It is clear that [vy] = f(x), would make sense 
only when f (x) is an integer, and if f (x) 1s not an 
integer graph of [vy] = f(x) would not exist. As such 
to obtain the graph of [v] = f(x) first of all we would 
locate those points on graph of f(x) for which ordi- 
nate 1s integer. 

This can be done by considering horizontal lines 
through every integer on y-axis within the range of 
function. 


Now from the point of intersection of horizontal lines 
and the curve we draw one unit vertical line segments, y 
excluding the top end point. 


Suppose f(x,) = 2, then for |v] = f(x) at point (x,, 2), 
we get [y] = 2 consequently y é€ [2, 3), 
That is, {x,,v): v € [2, 3)} 


| IyI=f(%) 


Pega? S 
. . 
* . 
’ . 
’ . 
’ . 
’ . 
’ x . 
’ . 
. . 
’ 
’ . 
’ . 
. . 
’ . 
’ . 
. . 


1.e., we draw a line segment x = x, for y € [2, 3) and 
so on. Therefore, the graph of y = fx) and [y] = f(x) 
are as shown 1n Figures 3.213 and 3.214, respectively. 

FIGURE 3.214 
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ILLUSTRATION 46: Draw the graph of [y] = sine. 


SOLUTION: The graph of y = sin™x is as shown in Figure 3.215. 


FIGURE 3.215 


Hence, the graph of [y] = sin'x is as shown in Figure 3.216. 


FIGURE 3.216 
13. Graph of [y] = [/@)], where [|] denotes the GINT Step I. Draw the graph of y = [f(x)] as discussed 
function: The graph of [y] = [/(x)] can be plotted by the earlier. 


following two simple steps. Step II. Apply [] ony. 
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ILLUSTRATION 47: Draw the curve [y]| = [sin x] where [| represents the GINT function. 


SOLUTION: The graph of y = sin x is as shown in Figure 3.217. 


FIGURE 3.217 


The graph of y = [sin x] 1s as shown in Figure 3.218. 


FIGURE 3.218 


The graph of [y] = [sin x] 1s as shown in Figure 3.219. 
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ILLUSTRATION 48: Draw the curve for [y] = [27] 


SOLUTION: The graph of y = 2% 1s as shown in Figure 3.220. 


FIGURE 3.220 


Therefore, the graph of y = [2*] must be as shown in Figure 3.221. 


FIGURE 3.221 


When x < 0 => [y]=0 => ye [0,1) 
When x € [0,1) => [y]= => ye [1,2) 
When x ¢ [1, log,3) => [y]=2 => ye [2,3) 
x € [log,3, 2) => [y]=3 => ye [3,4) 


consequently the graph of [y] = [2*] should be as shown in Figure 3.222. 


FIGURE 3.222 
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14. Graph of y = f({x}); where {x} represents the Graph of f(x) from [0,1) as in Figure 3.224. 
fractional part of x: We are well aware of the fact 
that {x} 1s a periodic function with a fundamental 
period of 1. Therefore, the graph of f(x — [x]) or 
JS(Xx}) can be obtained from the graph of f(x) by us- 
ing the following mentioned method, Retain only 
the part of the graph of f(x) for the values of x lying 
between interval [0, 1). Now, since {x} 1s periodic, 
hence, the graph of f{x} can be obtained by repeat- 
ing the retained portion of graph in the interval 
[O, 1) (taking periodicity 1). The resultant obtained 


function 1s a graph for y = f({x}).Graph of f(x) as FIGURE 3.224 
in Figure 3.223. 


Graph of f{x} can be obtained by repeating the part of 
graph in the interval [0, 1) (taking periodicity 1). 
Hence, the graph of f{x} 1s as shown in Figure 3.225. 


FIGURE 3.223 
FIGURE 3.225 


15. Graph of y = {f(x)}: Plot the horizontal lines y = 0, 1 put these portions on x-axis transforming them verti- 
and for all the integral values of y. Now cut the points cally. We need to do the above mentioned step because 
of graphs for which fx) € [n,n +1);n € W — {O}, {f(x)} must lie in [0, 1). 
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ILLUSTRATION 50: Draw the graph of y = f(x) where f(x) = x’. 
Also draw the graph of y = {f{x)} = {x’}. 
SOLUTION: The graph of y = x? for x € [-2, 2] is given as in Figure 3.228. 


FIGURE 3.228 


The graph of y = {x?} for x € [-2, 2] is given as in Figure 3.229. 


FIGURE 3.229 
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) ee ee 
ILLUSTRATION 51: Draw the graph of y = f{x) where f(x) =—sin” sin (= | 
‘4 


Also draw the graph of y = {f{(x)}. 


SOLUTION: 


FIGURE 3.230 


(2 
The graph of y= {2 sin sin{ (* 


FIGURE 3.231 


SJ 
ILLUSTRATION 52: Find the number of solutions of {sin =) = apr: 


Where {x} and [] represents the fractional part and the greatest integer function respectively 
SOLUTION: The graph of y = sin x 1s as shown in Figure 3.232. 


The graph of y= sin is as shown in Figure 3.233. 


FIGURE 3.233 
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The graph of y= {sin a, is as Shown 1n Figure 3.234. 


FIGURE 3.234 


The graph of y = 2* 1s as shown 1n Figure 3.235. 


FIGURE 3.235 


x 


2 
Now, y= al = 2** for all real values of x, which is a periodic function with a fundamental 


period of 1. 
Its graph can be plotted using the graph of y = 2 for x € [0, 1). 
Hence, the graph of y = 2 is as shown in Figure 3.236. 


FIGURE 3.236 


x 


As is evident from the graphs y ~ >bT 


is always greater than or equal to 1 whereas 


y= {sin x} is always less than 1. Hence, the two graphs never intersect each other and 


thereby, number of solutions is zero. 
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16. Graph of {y} = f(x) where {x} represents the fraction- Retaining only that part of the graph and deleting the 
al part: To obtain the graph of {y}= f(x), retain only the rest of the graph, we obtain the graph of {y} = f(x) as 
portion of the graph for which y € [0, 1) and ignore all shown in Figure 3.239. 


the parts of the curve for which y obtains other values of 
ix). Graph of y = f(r) as shown in Figure 3.237. 


FIGURE 3.237 
Highlighting the graph of y = f(x) for which y ¢€ [0, 1). FIGURE 3.239 


Graph of y = {f{x}} 


To sketch the graph of y = {f{x}}, we follow the given 
algorithm. 


Step 1: Draw the graph of y = f{x} 


Step 2: Then apply the { } on f{x}, and hence, we obtain 
FIGURE 3.238 the graph of {/{x}} 


TEXTUAL EXERCISE-3: (SUBJECTIVE) 


1. Draw the graphs of the following functions involving 
greatest integer functions: 
(1) y = [x/2] — (x/2) 
(i) y = [2x] 
(1) y = 2[|x|] 
(iv) y = {2x} 
(v) y {x} 
(vi) y = [1/[hx|]] 
(vi) y= [e*] Inx 
function is defined as 
x O<x<l 
l<x<2 
2<x<4 


2. If a 

y(x) =5 2-x then sketch the 
(x —2)(x-4) 

following functions: 

(a) y = [Ax)] 

(0) y = Ax) 

(c) [y] = fx) 

(d) y = flix} 


Answer Keys 
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(ce) v= thx)} 
Cf) y=thtxs3 
(g) W3=f&) 
3. Draw the graph of the following functions 
(i) y = 2f{x}? — 5{x} +3 
(11) y = [sin x — cos x| 
(1) y = [sin x + cos x] 


(iv) y=cot (4 — n(x}] 


4. Draw the graphs of following functions involving 
greatest integer functions: 
(a) y = sin(x — [x]) 
(b) y = sgn (x -[x]) 
(c) y= [x] +[-x] 
(d) y = [[sin x]] 
(e) y = [sin |x|] 
(f) y = |[sinx ]| 
(g) y = sin[x]- cos[x] 


(11) 


X 


Sl2, 2 
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(v1) 


—3/2 -1 -1/2 |0 1/2 


(vil) Xx 


2. (a) (b) 


GraphTheory < 3.77 


(g) 0 3 x 


oe 


(111) Sr “Sn SS ~X 


Z 4 4 


= = TT 3r/2 2n 5x/2 
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INEQUALITY (iv) Ry ={(%y): f(%y) 20, x,y € R}, ie, the points ly- 
a ing on the curve f(x, y) = 0 or outside of curve f(x, y) = 0. 
Linear Equation and Inequality (v) R,={(x,y): f(x ¥)<0, x,yeR} ie, the points ly- 


: ; ; . ing on the curve f(x, y) = 0 or inside of curve f(x, y) = 0. 
Method of tracing the region represented by inequality 


Each curve f(x, y) = 0, categories the points of the entire x-y 
plane into following five set of points. 


(Gi) R,={(x,y): f(x,y)=0,x,yeR}, ie, the points 
lying on the curve f(x, y) = 0 

(i) R, ={(x,y): f(x,y)>0,x,yeER}, ie, the points 
lying outside of curve f(x, y) = 0. 


(iii) R, = {(x, ¥) f(x, y)<0, x, ye R} ie., the points 
lying inside of f(x, y) = 0. FIGURE 3.243 


NOTE 


We must observe the difference between the regions R,andR,, In region R, the curve f(x,y) = 0 is shown by dotted lines 
so as to represent the fact that the points lying on f(x, y) = 0 do not satisfy the curve f(x, y) > 0 whereas, in region R, 
the curve f(x, y) = 0 is shown by bold lines so as to represent the fact that the points lying on f(x, y) = O satisfies 
the curve f(x, y)= 0. Also the graphs R, and R. differ in the same way. 


PP Atcorrum 


To identify the region represented by a given inequality 
Ix, y) 2 0. 


Step I: Consider the equality and draw the curve using the 
symmetry and other concepts of curve sketching and trans- 
formation of graphs. 


Step Il: Consider any points (a, 8) not lying on the curve 
preferably (0, 0) {or point on coordinate axis} and deter- 
mine the sign of f(a, B). 
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Step Ill: If f(a, B)> 0, then f(x, y) = 0 represents the region 
containing (a, B). If Ka, B) < 0, then the region which does 
not contain point (a, B) will be represented by inequality 


f(x,y) >0. 


Similarly, we can identify the region represented by a 
given inequality f(x, y) < 0. For example, The inequality 
(x-a) +(y-by <7’ represents the interior or a circle. 


The inequality (x—a)’+(y—b)’ >r’ represents the 
exterior of a circle. (1.e., region lying outside the circle). 

We take the independent variables along x-axis and 
dependent variables along the y-axis in the cartesian co- 
ordinate system. 
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ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


Plot the region which satisfies the equation [x? + y*] — 2 sgn (x? + y’) = 0. 


As is obvious from the expression [x? + y”] — 2 sgn (x? + y”), we understand that the required 
graph will be symmetric about x-axis as well as y-axis. 


0;x=y=0 
Also sgn (x? + y?) = 


¥ 


1; otherwise 


Casel: when x = y = 0, then the above equation is satis- 
fied, and hence, (0,0) is a point on the required graph. 


Case Il: When x, y are not simultaneously zero [x* + y’| 
— 2 sgn(x? + y*) = 0. 
> [Pt+y¥]=2 => @+We[2, 3) 


> (2 ) <x +y'< (v3) ; which will represent a cir- 


| FIGURE 3.245 
cular ring. 


Hence, the overall graph will be as shown in Figure 3.245. 
Plot the region which satisfies the equation [x?] + [y”] = 1 


Obviously [x] or [y’] can never be negative, and hence, [x] or [y*] can never take value 
greater than 1 for the given equation to be satisfied. 
Also observe that [x?] + [y?] = 1 will be symmetric about x-axis as well as about y-axis, 
Now when [x*] = 0; [y”] =1 
=> When x’ € [0,1);y’ € [1, 2). In the first quadrant. 
> xe [0,1);ye [1], V2) and vice-versa, i.e., x € [1, ¥2) and y e€ [0, 1) 

The graph in the I* quadrant will be as shown below. 


y 


V2 


O 142 


FIGURE 3.246 FIGURE 3.247 
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ILLUSTRATION 58: Plot the region which satisfies the equation (|x| — ly|)(c —y) < 4 


SOLUTION: Casel: x,y>0O .. XK-yy<4-2<x-y<2 


and the graphs can be plotted as shown in Figure 3.248. 


: 3.248 


Casell: x,y<O0 -. (X)-0))@-y)<4 


7 A _ 


FIGURE 3.249 


- [| _ 


FIGURE 3.250 


Caselv: Ifx>0andy<0O; then we get «@-(Cy7)) *#-y)<4>x*-y’<4 


FIGURE 3.251 
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Hence, the graph of (|x| — |y|) & —y) < 4 will be given as in Figure 3.252. 


FIGURE 3.252 


ILLUSTRATION 59: Without using calculus, find the area of the region covered by |x + y| + |x— yl< 4 and x* + y’> 4y. 


SOLUTION: First of all, let us try to plot the region satisfying |x + y| + |x -—y| < 4 
Now; we observe that if f(x, y) = |x + y| + |x -y| 


Then f(-x, -y) = | -yl + | +yl=[e + yl t+ ie = fe, y) noel) 
Also f(y, x) = ly + x| + ly -—x| =f&x, y) eo Z) 
And f(-x, y) = |e + y| + |e —y| = ft, y) 3) 
And fix, -y) = |x —y| + |x + yl = fx, y) ... (4) 


Equations (1), (2), (3) and (4) respectively indicates the symmetry of the graph of f(x, y) = |x + y| 
+ |x —y| about origin, about the line y = x, about y-axis and about x-axis, respectively. 

Hence, we draw the required graph in the first quadrant only and that too below, the line y = x; 
In this region ; we have x, y>0 andy <x 

> kt+yti[e-ypl=2x<4>5x<2 


FIGURE 3.253 FIGURE 3.254 
Hence, using symmetry, the overall graph will be a square of length 4 units with centre at 
origin as shown 1n Figure 3.254. 
Now; x7+ y24y > x*+(y-2)2 4, which will represent the outside area of the circle of 
radius 2 and its boundary having centre at (0,2). 


The common area bounded by the two inequalities will be shown by the shaded region in 
the Figure 3.255. 


: C 
(-2,-2) (0-2) (2,2) 


FIGURE 3.255 FIGURE 3.256 


ILLUSTRATION 60: 


SOLUTION: 
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‘. Required area (area of region ABCD O) = (area of square ABCD) — (area of semi-circle AOD) 
= (16 — 22) square units. 
Sketch the region bounded by 9 < x? + y*<3 (|x| + |y| 


The graph of x* + y* > 9 will be as shown belo 
We observe the graph is a circle with centre at 
origin and hence, symmetric about both the axes. 
Now consider x? + y’< (|x| + |y|) 

Here, also we observe that f(x, y) = f(-x, -— y) 
= fix, -y) =f, y) = fo, x) 

Hence, the graph is symmetric about both 
the axes first of all we plot the curve x? + ” 
< 3 (|x| + |y|) only in first quadrant. 

=> (x*-3x + 9/4) + G7 - 3y + 9/4) < 9/2 


=> (x — 3/2)? + (y— 3/2? < (3/N2) which is a 
circle with centre at (3/2, 3/2) and radius 


V2 FIGURE 3.257 


FIGURE 3.258 


Therefore, the curve x? + y*< 3 (|x| + |y|) for x, y € R will be as shown in Figure 3.259. 


FIGURE 3.259 


Now plotting the two curves together on the same reference plane, we shade the region satisfying 
9<x?+y? <3 (x| + ly). 
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Now; to find the area, we find the shaded area in the first quadrant only 


Area of curve (ADBCA) = (area of semi-circle ABCA) — y 
(area of arc ABDA) 


: (0,3) 
(+) N 
_ _\v2 , 
a (area of quarter circle OADBO -— area of 
3,0 
AOAB) = 
9 ] 9 
— 2 _{ Exay ——xX 9| = —. Hence, total shaded area 
4 \4 2 2 


= 4x A =18 square units. 


ILLUSTRATION 61: ||x| — |y|| + |x —y| < 4 FIGURE 3.260 


SOLUTION: We observe that f(x, y) = ftv, x) 
Hence, the graph is symmetric about y = x 


Also, f (-x, -y) = fix, y) 

And hence the graph is symmetric about origin. Hence, we need to plot the curve in the first 
quadrant (below y = x) and also in the second quadrant and using that, we can plot the com- 
plete graph. 

Casel: Forx,y>QOandy<x 


Ix—y| + |x-yl|s4 > x-y<2 


(2,0) 


FIGURE 3.261 
Case ll: Ifx<0O and y= 0 (second quadrant) and y + x >0,1¢e.,y>-x 
Then |x| — [y|| +|x-—y| <4 
=> |xr-ylt+|xe-y| <4 => x+y t+ ly—x| <4 
> xtyty-x<4>2y<4 > ys2 


FIGURE 3.262 
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Caselli: Ifx<Oandy=>0 andy +x<0O,1e., y <—x then ||x|— |y|| + |x-y| <4 
=> |x-ylt+ly—x<4 => |Ix+yl+ly—-x| <4 
> x-yty-x<4 => 2x<4>5x2>-2 


FIGURE 3.263 
And using the above three figures, we can draw the required region 


FIGURE 3.264 
ILLUSTRATION 62: 3?! |y| + 3#4< 1, 3[x| <1; 


1 

3 
As we observe, f(x, y) =f (x, -y) = fx, -y) = fi, y) 
Hence, the graph is symmetric about both the axis. 


a 
SOLUTION: Now 3" p|+—s1 > a*([o|+ )s1 = piss" 


i eae Z 
For x, y > 0; we have ae > ys3*-(1/3) 
Graph of y = 3* and y = 3~* — (1/3) are shown in Figure 3.265. 


FIGURE 3.265 


For x € [0, 1/3] ; we represent y < 3* —1/3 by the shaded region. 
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TEXTUAL EXERCISE-4: (SUBJECTIVE) 


1. Sketch the region represented by following linear 


inequations: 

(a) y>x (b) y<-x 
(c) y2|x-1| (d) x>|y—-1| 
(e) |x-y|s2 (f) ke +y|23 


(g) |x|-|y|21 (h) |x|+ly|<2 
(i) |x—-2)+]|y +123 


Answer Keys 


1. (a) 


2. Sketch the curve of y = [x + y]?. Hence, find the area 


of the region represented by [x + y]? = 4 and lying in 
the first quadrant. 


. Sketch the following graphs: 


G@) y S[xHx-(/2)] @) [x] +P] =1 
Gu) [x] -[y] =1 Gv) [x][y] = 1 
(v) [y] = [x] (vi) [x + 1] =[y + 2] 


. Sketch on x —y plane: [|x? — 2|]? + [ly +1]]? =0 


1234567 ¥ 
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— 


X; area = 5/2 
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(iii) 


(v1) 


GRAPHS OF RECIPROCAL FUNCTION 


In order to draw the graph of reciprocal of a function f(x), 
it is necessary to keep in mind the following facts relating 


the output f(x) and 


3. fix) and 
4. 


l 
f(x) 
is not defined when f(x) = 0. As it tends to + « 


l 
f(x) | 
whenever f(x) approaches to O respectively from 
positive/negative side. 
Therefore, the lines x = a, where f(x) = O (e., @ is 


root of f(x)) are tangents to the curve at + 00 


known as vertical asymptote of the function 


x 
. If lim f(x) =k, then y = 1/k will be the horizontal 


asymptote of the function 1//(x). 
l 


meet each other whenever f(x) = + 1. 


f(x) 
The output of the function f(x) and FO) have same 


sign, 1.e., if f(x) is positive/negative in an interval J; 
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then Il/f(x) 1s 
interval. 


also positive/negative in _ that 


. As the function f(x) and 1l/f(x) have opposite 


monotonicity, therefore, as and when f(x) increases/ 
decreases, the reciprocal function 1/f(x) decreases/ 
increases, respectively. Therefore, if f(x) is small/big 


in magnitude at a point x,, then is big/small in 
magnitude at that point. Ix 
Therefore, to obtain an approximate sketch of the func- 


tion 1/f(x), we should follow the algorithm given below: 


Step 1: Draw the graph of f(x) and locate its roots 
(say a, B etc.) as well as the points where it takes the 
value +1 (say y, 6 etc.). 


Step 2: Draw the vertical asymptotes x = a, x = f etc. 


Step 3: From the points on f(x) (say (y,1)), draw the 
curve 1/f(x), taking care of its monotonicity, so that it 
approaches to the neighbouring asymptotes. 


1 ass 

Step4: Find the lim Foy’ (say itis ‘k’). Then y = 1/k 
XIN xX 

will be the horizontal asymptote of the function 1//(x). 
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JADDITION OF GRAPHS 


AS we 


already know that the addition of two functions, 


fix) and g(x), 1.e., vy = f(x) + g(x) 1s defined for those values 
of x which lie in the domain of both the functions. 

For the construction of the graph y = f(x) + g(x), 
we follow the algorithm given below. 


Step 7: 
axes. 


We draw the graph of f(x) and g(x) on the same 


Step 2: At any x, lying in the common domain, we draw 
vertical arrows on the two functions, hence, getting the 
values of f(x,) and g(x,). 


Step 3: We now draw a vertical arrow at the same x, with 
a height equal to f(x,) + g(x,). 


Step 4: To get the value of y = f(x) + g(x) at several other 
values of x, we repeat the steps (2) and (3) for different val- 
ues of x lying in the common domain, and thereby, joining 
these points by a smooth curve, we get the desired curve. 
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Graph of y, = {x} 


Adding the heights h, and h,; g, and g,; k, and k, obtained on the two different graphs, for 
some point x in the common domain, we get 


Graph of y = [x] +{x} 


FIGURE 3.273 


ILLUSTRATION 66: Using addition of graphs, draw the graphs of y = x + sin x. 
SOLUTION: The graph of y = x is as shown in Figure 3.274. 


FIGURE 3.274 


The graph of y = sin x is as shown in Figure 3.275. 


y 
y = sinx 
X 


FIGURE 3.275 
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Hence, the graph of y = x + sin x 1s as shown in Figure 3.276. 


FIGURE 3.276 


ILLUSTRATION 67: Draw the graphs of y = e* and y = e~, and hence, draw the graph of y = e* + e~* and also the 
graph of y = e*-—e™. 


SOLUTION: The graph of y = e” is as shown in Figure 3.277. 


FIGURE 3.277 


The graph of y = e* is as shown in Figure 3.278. 


FIGURE 3.278 


The graph of y = —e~* is as shown in Figure 3.279. 


FIGURE 3.279 
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The graph of y = e* + e*1s as shown in Figure 3.280. 


FIGURE 3.280 


The graph of y = e* — e* 1s as shown in Figure 3.281. 


FIGURE 3.281 


ILLUSTRATION 68: Draw the graph of f(x) = x’ and g(x) = 1/x, and hence, h(x) = f(x) + g(x). 


SOLUTION: The graph of y = x’ is as shown in Figure 3.282. 


FIGURE 3.282 


The graph of y = 1/x is as shown in Figure 3.283. 


FIGURE 3.283 
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The graph of y = x* + 1/x is as shown in Figure 3.284. 


FIGURE 3.284 


ILLUSTRATION 69: Draw the graph of f(x) = sin[x] and g(x) = [sin[x]], and hence, A(x) = fx) + g(x) for 
x € [0, 2z]. 


SOLUTION: We already know, the graph of f(x) = sin[x] 1s as shown in Figure 3.285. 


FIGURE 3.285 


Also, the graph of g(x) = [sin[x]] 1s as shown in Figure 3.286. 


FIGURE 3.286 


Now, the function h(x) = f(x) + g(x) = sin[x] + [sin[x]] and its graph 1s as shown in Figure 3.287. 


FIGURE 3.287 


{MULTIPLICATION OF GRAPHS 


As we already know that the multiplication of two func- 
tions, f(x) and g(x), 1.e., y = f(x). g(x) 1s defined for those 
values of x which lie in the domain of both the functions. 
For the construction of the graph y = f(x). g(x), we follow 
the algorithm given below. 


Step 1: 
aXes. 


We draw the graph of f(x) and g(x) on the same 


is not very easy to plot these graphs. 


: SPECIAL CASE OF ENVELOPED GRAPHS 


When one of the functions 1s a trigonometric function like 
sin x, cos x, |sin x|, etc. 
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Step 2: At any x, lying in the common domain, we draw 
vertical arrows on the two functions, hence, getting the 
values of f(x,) and g(x,). 


Step 3: We now draw a vertical arrow at the same x, with 
a height equal to f(x,). 2(x,). 


Step 4: To get the value of y = f(x). g(x) at several other 
values of x, we repeat the steps (2) and (3) for different 
values of x lying in the common domain and thereby, joining 
these points by a smooth curve, we get the desired curve. 


That 1s, we wish to draw functions like 
y = fix) sin x, y = fix) cos x, y = f(x) |sinx|, etc. 
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FIGURE 3.288 


Now, creating an envelope whose boundaries are given by y = + x, we get the envelope as 


FIGURE 3.289 


Now, as discussed earlier, the graph of y = x sin x will be contained in/on the graph y = + x. 
Hence, the graph of y = x sin x will be as shown in Figure 3.290. 


¢ 
x ¢ 
s ¢ 


FIGURE 3.290 


ILLUSTRATION 71: Construct the graph of the functions y = (1.1) sin x. 
SOLUTION: The graph of y = (1.1)"1s as shown in Figure 3.291 
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Hence, the envelope will be formed by y =+ (1.1, and its graph will be shown in Figure 3.292. 


FIGURE 3.292 


Now, as discussed earlier, the graph of y = (1.1) sin x will be contained in/on the graph 
y =+(1.1¥. Hence, the graph of y = (1.1) sin x 1s as shown in Figure 3.293. 


has 


FIGURE 3.293 


2 
ILLUSTRATION 72: Construct the graph of the functions y = (=| COs xX. 


2 
SOLUTION: The graph of y= (=| is as shown in Figure 3.294. 


\[Zz 


FIGURE 3.294 
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f(x) + (x) +| £0) — 8) 
2 


m@ MAXIMUM AND MINIMUM FUNCTIONS Max { f(x), 2(x)} = = f(x) 


Maximum/minimum function of a given group of | V x where f(x) = g(x) and g(x) V x where f(x) < g(x) 
functions 1s that function which takes up the largest . f (x) + g(x) -| f (x) — g(x)| 
value/least value in the common domain. In order to Min. (f(%), 8003 = 2 7 


select maxima/minimum function out of a group of given | V x where f(x) => g(x) and f(x) V x where f(x) < g(x) 
Above definition can also be extended to group of more 


than two functions. 


g(x) 


functions we can use the following definition: 
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ILLUSTRATION 73: Let h(x) = max. {x, x*}.Then wnite the equivalent definition of f(x). 
SOLUTION: Given f(x) =x and g(x) = x’ and sketching their graphs as shown in Figure 3.297. 
In order to find the maximum value of two functions 
x’?;x<Oorx2>1 
x; O0<x<l 


fix) and g(x), we get h(x) -| 


y 
y=max{x,x?} * 


a a ba? 
fi Y=Xe 
X'« 6 >X 
vt 
y 
FIGURE 3.297 


ILLUSTRATION 74: Sketch the graph of the following functions: 
(a) y = max.(sin x, cos x); Vxe cas (b) y = max. {tan x, cot x} 
2 


, 3 : 
SOLUTION: (a) To sketch the graph of y = max {sin x, cosx} VxeE 2, draw the graph of y = sin x 


and y = cos x in described domain and obtaining their points of intersections, 


32 a 52 var 
1.€., X =———,—,—— and considering the upper boundary for maximum function, we get 


FIGURE 3.298 
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(b) y = max {tan x, cot x}. Of course the given function 1s periodic with period x as both 
tan x and cot x are periodic with period 1. 


Thus, sketching y = tan x and y = cot x both, we get 
1 
cot x; re(0<x<4) 
1 1 
tan x; re[Zcx<3| 
3 and then it repeats periodically with period x. 
cot Xx; re(Z<x<%] 
2 4 


Pieaal 
tanx; XE re ed 


it nn er 
It is worth noticing that at x = a ne Z, the given function is not defined. 


3.299 


ILLUSTRATION 75: Plot the curve y = max {|x| + ly, 3|x| — ly|} 
SOLUTION: Casel: If |x| + |y| >3 |x| — |p|, then 2\p| > 2Ix] 
= |p| 2 |x| and the corresponding region could be plotted as shown in Figure 3.300. 


FIGURE 3.300 
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And in that region, we have y = |x| + |y| 
Casel: y>0 
=> p= |x Fy > |x| =-0>2x=0 
Casellz: y<O0 => |yl=y => ye|x|-y 


| 


> y= 2 not possible in the given region. 


The curve y = |x| + |y| 1s non-negative infinite segment of y-axis. 
y 


FIGURE 3.301 
Case Il: When |x| + |y| <3|x|- ly) > 2\y| <2\x] => |p| < |x| 
y, 


lylsix| 


FIGURE 3.302 
And in this region, we must equate y = 3|x| — ly}. 


Casell: (a)wheny=>0 > y=3|x|-y > 2y=3\x| > eee 
2 


Which is impossible for |x| > 0 as [y| < |x| 
Thus, the only point satisfying y =3|x| —|y| and y = 01s (0, 0) 
Caselil (b) Wheny<0 > y=3|x|-G) > 3\x/=0 > x=0 
=> |x| =0, but |y|<|x]| > |y|<0,impossibleasy<O0 > |y|>0 
Thus, the given shaded region could have no point satisfying the inequalities 


Hence,the graph of y = max {|x| + |y|, 3|x| —ly|} 1s shown in Figure 3.300, 1.e., non-negative 
infinite segment of y-axis. 
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TEXTUAL EXERCISE-S: (SUBJECTIVE) 


1. 


Sketch the graph of the following functions: 


ee oe, Whe “io 
w aree ae XZ 
Construct the graph of the following functions: 
| 7 jx —2| 
= i) v= 
Ory Bry 
ll) y=2- 
(Qu) y x1] 


Draw the graph of following functions: 
(i) y = max {2-—x,2 +x, 5} 
(11) y — Max {|x|, x ~~ Al, Dim Ix =2\} 


l 
(iii) y= min et (a+e") 
ee | 


Construct the graph of the following functions: 


4 

x +4 

a) y= 
XxX 


(11) sec x + Sie 
ll = i a a 
‘ x” 2 2 


i 


(111) ae = eee 
i x 2 2 


. Sketch the graph of the following function: 


(a) y = |x| cos’x 


3sin 7x 
(b) y= = 
(c) y= J-x sin (=| 


. Sketch the following curves and show their relative 


nature on same graph sheet: 


. 1 
a) y=— and y=—> 
x 


x? 
4s ; 
11 = —, an = — 
beng =3) a) 
x-1 
a pyet=! 
a aT ae a aes, 


7. Using general concept of curve sketching draw the 


following curves: 


2 
x - 2x 
@) Ira Og 
j= 
Cc — 
» ue oe) 


8. Sketch the following: 
(i) y = max (x, 1 —x) 
(1) y = max (|x|, |x — 1]) 
(111) y = max (x, x?) 
(iv) y = max (sin x, cos x) 
(v) y = min(sin x, cos x) 


Answer Kyes 
y 
| A: 
IQ) 730-25 15-10 t 
10 
15 
y 
0 
5 
4.) 59-45-10 5 10 1520. * 
iii) 
=a 2 2/4 6 8 
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(v1) y = max(x, x’) 
(vil) y = min(x, x’) 
(x11) y = max (|x — 1], |x], |x + 1) 
(xiv) y = min ([x — 1], |x|, |e + 1)) 
(xv) y = min (|sin x], |cos x|, 1/2) 
(Xv1) y = max (sin x, cos x, 1/2) 
(xvll) y = max (x — [x], -x — [-x]) 
(xvi) f(r) = min (x — [x], —« — [-x]) 
(xix) y = min(|x| + ly], |x] — [y]) 
(xx) y = max (|x| + [y|, |x| — ||) 
(xxl) y = max (|x|, [y|) 
(xxi) min (|x|, [y|) = 1 


~20-15-10 —5 ig 10 15 20 


—10 
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(11) 


4. (i) (ii) 


5. (a) 


(cy -I2-10-8 -6 =4 = 
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(111) 1408-642 


1/2 


8. (i) ane x (ii) 


(iii) (iv) 
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(v1) 


(v11) 


(viii) 5 x 


(ax) (x) 


(x1) (xii) 
2 -3/2_4 472 | 12 1 3/2 2 5/2 3 


(XIV) 


(XV) x 


SKETCHING OF NON-STANDARD CURVES 


The analysis and sketching of functions by elementary meth- 
ods and transformation of standard curves has been already 
considered in chapter functions. Now we will carry out more 
profound and comprehensive study of various properties of 
function using the knowledge of differential calculus and ex- 
plain the shape of its graph with the help of monotonicity 
convexity, concavity and extrema of the function. 


To plot unknown curves the following investigations 


will be of immense help: 


1. 


(a) 


Find the domain of the function and if possible range 
of the function. 


. By putting y = 01n the equation of the given curve, find 


points where the curve crosses the x-axis. Similarly 
by putting x = O in the equation of the given curve 
we can find points where the curve crosses the y-axis. 
1.e., the roots of the function are abscissa of point of 
intersection with x-axis and the value of function at 
x = 01s the point of intersection with y-axis. 


. Test the periodicity of the function, if the function 


1s periodic. 1.e., 1f fix + T) = fx) for real and finite 
positive constant 7, then graph of f(x) 1s repeated 
throughout the domain after interval of length 7. 


“Ss MMETRY/MONOTONICITY/CURVATURE 


f(x,y) = f(%, y), 1e., even w.rt x, so, symmetric 


about y-axis. If all the powers of x in equation of the 


(Xv1) 


(b) 


(C) 


(d) 
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given curve are even, then it 1s symmetric about y-ax- 
1s, €.g., x” = day 1s symmetric about y-axis. 

ST (%,-y) = f(x, y), 1e., even w.rt y, so, symmetric 
about x-axis. If all the powers of y in equation of the 
given curve are even, then it is symmetric about x-axis. 
That is, the shape of the curve above x-axis, 1s exactly 
identical to its shape below x-axis e.g., y? = 4ax is 
symmetric about x-axis. 


t(-x,-y) = f(x,y), 1.e., symmetry about origin. If 
by putting — x for x and — y for y the equation of curve 
remains same, then it is symmetric in opposite 
quadrants.e.g.,x>r=cCj x+y =a’. 

S(x,y) = f(y,X) 1.e., symmetry about line y = x. If 
the equation of a given curve remains unaltered by 
interchanging x and y then it 1s symmetric about the 
line y = x which passes through the origin and makes 
an angle of 45° with positive direction of x-axis. 
f(a-x)= f(a+x) => symmetry about line x = a. 
f(x) = fQa-x) => symmetry about line x = a. 


. Test the function for continuity, find out the 


discontinuities and their character. 


. Test the monotonicity of the function, 1.e., find the 


., a 
points at which = = 0. At these points the tangent to 
x 


the curve 1s parallel to x-axis. Find the interval in 


d 
which ey > 0. In this interval, the function is ou 
y 


x 
tonically increasing and the interval in which re <0. 
x 


In this interval, the function is monotonically decreas- 
z 


d d 
ing. Put aa O and check the sign of Z 
dx? d 


> at the 
x 
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points so obtained to find the points of maxima and 
minima. 

If fis a continuous function over the interval (a, 5) 
then local maxima or minima, if they exists, must 
occur at values of x, called critical values, such that 
Sf'(x) = 0 or f’(x) does not exists (1.e., not defined). 


. Find the second derivative of the function and test the 
curvature of function, 1.e., point at which the function 


2 *y 
> 0 and concave down de <0. 
x 


is concave u 
Pde 
. Find the points of inflexion on its graph of the 
function, compute the values of the function and of 
its derivative at these points. Find the intervals of 
convexity/concavity of the graph of the function. 


. Find the limit of function at the end point of the 
domain (if domain is open interval) and find the 
asymptotes of the function. 


11. 


. If the point (0, 0) satisfies the equation of the curve, 


then it passes through the origin and in such case to 
find the equations of the tangents at the origin, equate 
the lowest degree term to zero. e.g., y7 = 4ax passes 
through the origin. The lowest degree term in the 
equation is 4ax. Equating 4ax to zero, we get x = 0. 
So, x = 0, 1.e., y-axis 1s tangent at the origin to y” = 4ax. 
Find the value of y in terms of x from the equation 
of the curve and find the value of x for which y is 
imaginary. Similarly, find the value of x in terms of y 
and determine the values of y for which x is imaginary. 
The curve does not exists for these values of x and y. 


. Graph the function using the results of this 


investigation. If it 1s necessary to specify certain 
regions of the curve, calculate the coordinates of 
several additional points (in particular, x-intercepts 
and y-intercepts). With the above information the 
function can be sketched conveniently. 
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d d’ a 
oY 29653 and 4 =2 .. minimum at x = 3/2 (as x >0) 
ax ax dx 

y. 


f(x)=(x-1)(x-2) 


Concave up 
when x < x, 


Concave up 
when x > x, 


X=X, 
FIGURE 3.306 


(11) Increase when x > 3/2 and decreases when x < 3/2 


(iv) Concave upwards for x > 3/2 or x < 3/2 
ILLUSTRATION 79: Sketch the graph for the function: y = |x + 3 | + 1). 
(x+3)(x+]); x>-3 
—(x +3)(x +]); x<-3 
=> x=-1,-3 wheny=0 (4) 
dy | 2x+4; x>-3 =| 2; x>-3 


SOLUTION: Here, y=|x+3|(«+1)= 


one dx ‘bab x<-3 0° ae 


Increasing when x < —3 or x > —2 and Decreasing when —3< x < —2 


—2; x<-3 


Local maximum at x = —3 and local minimum at x = —2 


Concave down when x < —3 and concave up when x > —3 


Concave down 
Xx=-3 


FIGURE 3.307 


x+1 
ILLUSTRATION 80: Sketch the graph for f(x) =— 13 
x 
+1 
SOLUTION: Here y = 5 
x +3 


=> x=-l, wheny=0 
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y= 1/3, whenx=0 
dy —x" —2x+3 _ —&+3)(x-)) 
dx  (x°+3/ (x? +3) 
= Increasing when, — 3 <x <1 
Decreasing when, x <- 3 orx> 1 


2 3 2 gy_ 
en dy _ 2 +3x° —9x-3) 


dx? (x? +3) 
d*y 1 d* 1 
Minimum at x = —3 as; ud =— >0 and Maximum at x = 1 as; Z =-—<0 
dx” 36 dx 4 
y 


1/2 | maximum 


FIGURE 3.308 


ILLUSTRATION 81: Plot the curves of the following functions and also indicate their extrema. 


(a) f(x)= ox! —x° —9x° +7 (b) fix) = x(x + 13 @ - 37 


SOLUTION: (a) The given function is a polynomial function, and hence, it is defined and differentiable 
over the entire number scale. Therefore, the critical points can be obtained by equating the 
derivative f'(x) = 3x° — 3x? — 18x = 3x(x + 2) (x — 3) to zero. We find the critical points to 
be x, = —2, x, = 0, x, = 3 (they should always be arranged in an increasing order). Let us 
now investigate the sign of the derivative in the neighbourhood of each of these points. 
Since there are no critical points to the left of the point x = —2, the derivative at all the 
points x < —2 has one and the same sign; it is negative. Analogously, in the interval (—2, 
0) the derivative is positive, in the interval (0, 3) it 1s negative, at x > 3 it 1s positive. 


1 
Hence, at the points x, = —2 and x, = 3. We have minima f(-2) = —9 and f(3) = 40 a? and 


at the point x, = 0, maximum = f(0) = 7. Hence, the graph will be as given in Figure 3.309. 


FIGURE 3.309 


(b) The critical points are the roots of the derivative /'(x), since the function is defined and 
differentiable throughout the number scale. 
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file) = Gc + 130 — 3? + 3x + 1)? Oe — 3% + Ix + 1)? (x — 3) 
= 3(x + 1)? (x — 3) (2x? — 3x — 1) 


Equating this expression to zero, we find the critical points. 


rook, ge) asd x3 


4 4 +? 
Let us tabulate the signs of the derivative in the intervals between the critical points. 


Intervals X<X, X,<xX<X, X,<X<X, X,<X<X, x,<x 


Sign of f(x) - - + - bs 


As is seen from the table, there is no extremum at the point x, = —1, there is a minimum 


32417 3417 
4 


ra a maximum at the point x = and a minimum at the 


at the point x = 


point x = 3. 


FIGURE 3.310 


ILLUSTRATION 82: Investigate and graph the following functions y = yx x41. 


SOLUTION: The function is defined and continuous over the entire number scale and is negative 
everywhere, since Ux < x41. 


The graph has neither vertical, nor inclined asymptotes, since the order of magnitude 
of y is less than unity as x > oo. Determine the horizontal asymptote: 


—l 
lim y = lim (3/x —3/x+1) = tim ———___________ = 0 
x—>-beo Jim ( x—>+t0 3 x? + 3fx(x+1) + 3h +1) 


Hence, the straight line y = 0 is the horizontal asymptote of the graph. 

1 1 Hx+1y —Yx? ; ae 
SS SF BECOMES: Zero: 4 e 
34x? 38(x41? 38x? (x41) 


: ae. fee ; = _ 
point x, = “2 and infinite at the points x, = —1, x, = 0. 


Le o\.4 19 1 -2| {x+* 2 | 
The second derivative y"= 3{-2) -3{- —_t ________+ does 


aL 3) ¥F 34 3 ftp 93/[x(x +P 


not vanish and is infinite at the same points x, = —1, x, = 0. Compile a table 


The first derivative y'= 
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ILLUSTRATION 83: 


SOLUTION: 


vertical tangent 


With the aid of this table, and of the asymptote y = 0, construct the graph of the function as 
shown below. 


FIGURE 3.311 


Investigate and graph the following functions y = x’e!*: 


The function is defined positive and continuous on each of the intervals (—o, 0) and (0, 0). 
The point x = 0 1s a discontinuity. 


x—>0ot £—>+00 ma x 


1 t 
1 
Since im y= lim x’e* = lim <= where (+=2), 
1 


The straight line x = 0 is a vertical asymptote. But im y= lim x7e* =0. 


There are no inclined asymptotes since the function y = x’e!” has the second order of 
smallness with respect to x as x —> +oo. 
Let us find the extrema of the function, for which purpose we evaluate the derivative 
y' = 2xe!* — e!* = 2e!* (x — 1/2), whence we find the only critical point x = 1/2 
Since for x ~ 0 
2 ] 
y"(x) = 2e"* -—e!* +e =e" (2x? -2x +1) >0 
x x x 
On each of the intervals of the domain of definition, the graph of the function is concave 


upwards, and at the point x = 1/2 the function has a minimum. 
1 1 
= 5) = ru = 1.84; f(-1) =e" = 0.37, f(l) =e = 2.72. 


From the information obtained we can sketch the graph as Figure 3.312. 
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FIGURE 3.312 


2 


ILLUSTRATION 84: Investigate and graph the following functions y = arc a ae 
+X 


SOLUTION: The function is defined and continuous throughout the number scale, since at 
1-x? 


1+x’ 


any X; <1 


Since the function is even, we may confine ourselves to the investigation of the function 
at x > 0. 


As the function is continuous, the graph has no vertical asymptotes, but it has a horizontal 
asymptote. 


lim =arcsin(—l) =-— 


1 2K + x*)— 2x(1= 2°) 1 


4x 
The first derivative y’= ——$—$——— x ———.—— 1s nega- 
" d-x) (+x) 2|x| daxy 
(l+xy 


tive for x > 0, therefore, the function decreases. The derivative is non-existent at the point 


x = 0. By virtue of the symmetry of the graph about the y-axis, there will be a maximum at 


the point y(0) => 
Notice that at the point x = 0 the right derivative is equal to —1, and the left one is +1 
— 4 —4 
The second derivative = y"(x) = = >0 for allx > 0 and ela >O0Vx<0. 
(1+ x") (1+ x’) 


Hence, in the interval (— 0, 0) and (0, 0) the graph of the function is concave upwards. Also 
note that the curve intersects with the x-axis at the points x = +1. 


Taking into consideration the results of the investigation, construct the graph of the function 
as is shown in Figure 3.313. 


FIGURE 3.313 
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ILLUSTRATION 85: Draw the graph of ex In (ex),where x > 0 


SOLUTION: Step 1: y =exlInex=0 


=> X=-— 1s the roots of function ex (In ex) 
€ 


1 
Step 2: y= ejr tes Inex|=0 
ex 


=> e(it+Iinex)=0 > Inex=-1 > ex=e't> X=Z 
e 
e e 
Next, y"=—.e=— => y">O0Vx>0 
ex x 


= f(x) has minima at — andy, = @. 
€ e e 


1 l 
Further y'>OVx>-— > => f{x) increases andy'<O0OVO0<x<—> => /f\x) decreases. 
e e 


Step 3: (a) limexinex=0 


a 
(b) limex inex = lime au (= form|=0 = lim—*4 -0 


1 CO x—>00 7 I 
x x 


With these information we can draw the graph of ex In (ex) as follows: 


y 


FIGURE 3.314 


In( ex 
ILLUSTRATION 86: Draw the graph of f(x)= ne) where x > 0 
ex 


SOLUTION: Step 1: Domain of the fx) is (0,0) 


fx) =0==% 


ex 
= Root of equation is 1/e 


Step 2: f'(x)= a) =0 
ex 


=> x = 1 1s the critical point. 


Clearly, f'(x) > 0 when x < 1 and f'(x) < 
betes te I) FIGURE 3.315 
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TEXTUAL EXERCISE-6: (SUBJECTIVE) 


1. Draw the graph of the following functions: (c) y? = x (Semi-cubical curve) 
2 2 (d) y=x*-x?® 
(a) y= x41 ae sin 2x 
; (ec) y= + COS x. 
©) 2x d) 5 le oP 
Cc ed — 
y x? =i y x? = 4 


5. Sketch the curves 


2. Sketch the curve (a) y= (x-1) & —- 2) (x —- 3). 


(a) ie @ = x2/3)3/2 
(b) y = («- 1) x” (b) y= 1+x?-— x* 
(c) 23 of ys — qs 2 


(c) y=@t1) @- 2) 


3. Sketch the curves 2 
x -x x ox (d) p= = > 
+ 2 2 
@ y= (i) y= aoe 
2 2 (e) y= exlogex 
igs = Gye I 
Bg aa yy oe ee og ex 
4. Sketch the curves = 
(a) y = 2 sinx + cos 2x (g) y=x" 
(b) y = e&* (Gaussian curve) (hy yx’ = &— 1) @— 2) @— 3) 
Answer Keys 


(b) 
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(c) —8 -6 -4 -2 


3. (a) 


—14-12-10 -4-2 


x (d) 
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(by = 


—10/ 12 3 4 


(b) 


(d) 
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So far in this topic, we are done with all basic curves and 
various geometric transformations over them. As of now we 
have also learned tracing of simple curves having expression 
as an explicit function of x. But there are some known 
curves f(x, vy) = 0, with implicit nature as well, e.g., f(x, y) = 
*x? + ary” — a’b? = 0; g(x, y) = bx’? —- a’y’ — ab? = 0 or 
h(x, y) = x4? + 2x*y? + y? — 1 = 0. Indeed these curves 


b 
have two branches for instance f(x,y): y=+—Va’-x’ , 
a 


g(x,y): yatta and A(x,y):y=H 
a 


14x70 
More generally speaking an equation F(x, y) = 0 can be 
solved for y in terms of x so as to generate y = f(x), where k 
=], 2, ..., n. These n functions obtained are termed as n 
branches of curve F(x, y) = 0. 


Consider any branch say y = f(x), if both domain (D ) and 
range (K,) are finite sets, then it is called finite branch func- 
tion, for instance both branches of ellipse f(x, y) = O and if 
atleast one of D,or R,comes out to be infinite set, then it is 


f f 
known as infinite branch function, e.g., both the branches 


b ] 
g(x,y): y=t—vx"—a" and h(x, y): y=+——>. It is 
a x 


so because as a point P(x, y) on an infinite branch curve 
moves away from origin either x or y or both tend to infinity. 


Definition 


A straight line at a finite distance from origin 1s said to 
be an asymptote (Rectilinear asymptote) of an infinite 
branch function y = f(x) of some curve, if the perpendicular 
distance of any variable point P(x, y) on the curve from 
the line tends to zero when x or y or both tend to infinity 
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(1.e., 1t tends to meet the given curve at infinity) as shown in 
Figures 3.316 and 3.317. 


Asymptote 7 


FIGURE 3.319 


If it is neither parallel to x-axis nor to y-axis, then it is 
called as oblique asymptote. 
For instance the straight line y = O is a horizontal 


asymptote to the curve y = 5 


1+x 


FIGURE 3.317 


Mathematically 


Let y = f(x) be a curve and let (x, y) be a point on it. 
d FIGURE 3.320 
Tangent at (x, y) is given by Y-y= acs —x) 

x 


; b 
The lines y=+—x are pair of asymptotes of 
a 


_ dy dy 2 2 
y= 2x4 yx) ... (1) hyperbola cae | 
ab 
Now , if asymptotes exists, then x — 0 
d d 
=> a an y = “®) — finite limit say m and c. 
dx dx 


d d 
Say, Sym and y-x > 
ax ax 


Equation (1) reduces to y = mx + c 1s an asymptote 
of equation. 
In Figure (3.318) asymptote is parallel to x-axis and is 
called a honzontal asymptote 


FIGURE 3.322 
FIGURE 3.318 


The line x = 0 is vertical asymptote and y = 0 is horizontal 


In Figure (3.319) asymptote is parallel to y-axis and is 


l 
asymptote of y=—> y=0; x are asymptotes of y = cot x. 
called a vertical asymptote. ymp y woe ee 4 
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y = cot'x 


FIGURE 3.323 


“HORIZONTAL ASYMPTOTE 
(ASYMPTOTES PARALLEL TO X-AXIS) 


Consider y = B be a line parallel to the x-axis, and P be any 
point on the curve f(x, y) = 0, also PN be the perpendicular 
from P ony =f. Then PN=|y—- B |. If PN — 0 as P tends to 
infinity along the curve, then y = B is an asymptote. This 
means that y = B is an asymptote provided that, as P tends 
to infinity along the curve, y — B and x — » (for at least one 
co-ordinate of P must tend to infinity in order that P may 
tends to infinity). This means that in order to find the 
asymptotes parallel to the x-axis, we have to look for those 


real numbers 'B' such that lim f (x,8)=0. 


FIGURE 3.324 


Let y = f(x) be a given curve, then horizontal asymptote 


is/are given by y= Lt f(x) and y= Lt F(x). 
3x-5 
For example: Consider the function /(x) = _——— 
2x? +3 
3x_5 
3x—-5 x x 
Then Lt f(x) = Lt —— = Lt —— 
xn x0 2x? a 3 x0 5 3 
Tag: 
x 
(dividing each numerator and denominator by x) 
Lt a och PEGS tp 
x30 743 OD x>- XO ID x? 453 
x’ 
3x-5 


I 
C 


‘ 37-5 . x<0 

= t a a a ee, 

9-91 1 1943/9? => x? =|x|=-x 
3-5/x 3 


= C$ ———_<== = - — 


3 
The two horizontal asymptotes are y= i) 


3 
y =——~. It is as shown in Figure 3.325. 
J2 : 


FIGURE 3.325 


PROCEDURE TO FIND HORIZONTAL 
‘ASYM PTOTE TO ALGEBRAIC CURVE 


Let F(x, y) = 0 be a rational algebraic curve of degree n. 
Arranging F(x, y) in descending powers of x, the equation 
F(x, y) = 0 can be written as 


x? gy (y) +x? 'g, (vy) +x? *g,(y)t...=0 


where p <n, and g,(¥),2,(¥),2 (9)... 
mials in y. 

Dividing (1) throughout by x, 1.e., highest power term 
of x, the equation can be re-written as 

gly) + U/x)g,) + /?)g,(y) + .... = 0 ele) 

Taking limits as x — ©, and replacing lim y = B, yields 
g, (B) = 0 so that B is a root of g, (B) = 0 

higt be Dee ore are the roots of g, (B) = 0, then y = B,, 
Y= Py — De am are the asymptotes parallel to the x-axis. 
Therefore, the joint equation of the asymptotes parallel to 
the x-axis 1s 

(—B,) (v-B,) @-B,) ... = 0 

1e., g (vy) = 0. Consequently since g,(y)is the co- 
efficient of the highest power of x in F(x, vy), we have the 
following rule for finding asymptotes parallel to the x-axis. 


(1) 


are polyno- 


Algorithm 


1. If the coefficient of term containing highest power 
of x is constant, then there will be no asymptote paral- 
lel to x-axis. 


2. For finding the asymptotes parallel to x-axis put the 
coefficient of term containing highest power of x equal 
to zero. 
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VERTICAL ASYMPTOTES 
{ASYMPTOTES PARALLEL TO Y-AXIS) 


Consider x = « be a line parallel to the y-axis, and P be any 
point on the curve F(x, y) = 0, also PN be the perpendicular 
from P onx =a. Then PN = |x -— al]. If PN — 0 as P tends to 
infinity along the curve, then x = a is an asymptote. This 
means that x = a is an asymptote provided that as P tends to 
infinity along the curve, x — a, and y — o (for at least one 
co-ordinate of P must tend to infinity in order that P may 
tends to infinity). This means that in order to find the 
asymptotes parallel to the y-axis, we have to look for those 


real numbers « which are such that lim F(a, y)=0. 
yr 


FIGURE 3.326 


To find the vertical asymptotes of the infinite branch 
function y = f(x) of the curve F(x, y) = 0, express x in terms 
of y, 1.e., x = g(y) and vertical asymptotes can be obtained by 
applying limit y — o and y — -o on g(y), Le, 
i ts) and x= tee g(y) give us vertical asymp- 


totes. Any curve y = f(x) can have any number (or infinite 
number) of vertical asymptotes, as a function can be many 
one, and hence, y — + » can occur at infinitely many 
inputs x. 

e.g., y = tan x has infinitely many vertical asymptotes 


at x = Qn+1)>; n€ Z as shown Figure 3.327. 


FIGURE 3.327 
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] 1 
Vertical asymptotes are given by x= Lt|5+—| and x= Lt |5+— |}. 
yo y yoo y 


1.e.,x=5 andx>5 when y — 0; x <5 when y — -o. Graphically as shown in Figure 3.328. 
y 


ol 1234 15 


x 
"A y=0 (Horizontal 
asymptote) 


: x=5 (Vertical 
: asymptote) 


FIGURE 3.328 


x—>-beo 


3x-4 3x-4 3-4/ 
(ii) y= > , horizontal asymptotes are given by y= Lt — = = ule | =3 
=> y=31s the only horizontal asymptote and y > 0 > (3x —- 4) (x + 2) > 0 
> xE -2,-2U( $0] andy<0> xe 2,4) 
Now, y > © forx +2 -O0>x—--2 


x = —2 1s the only vertical asymptote, when x — —2-; y — +co and when x — —2*; y — -00 
Graphically shown in Figure 3.329. 


1 1 
li = . For honzontal asymptotes, y= Lt = 0 
we x(x — 2) ene YS ote x(x — 2) 


y = 01s the only horizontal asymptote and y 
<0 for x e€ (0, 2). 


IY Nee re ea y=3 (horizontal 
y — 0* for x — +00, Also y — —00 as x — 0* asymptote) 


and y > o asx > 0 
and y — «© asx — 2'and y > -~ asx > 2° 


: eu 
x = 0 and x = 2 are to vertical asymptotes. 


—2 
Graphically shown in Figure 3.330. x=—2 (vertical 
asymptote) ! 
y : 
\ FIGURE 3.329 
2 
! x 
a x=0 (horizontal 
asymptote) 
y=0 (vertical 3 
asymptote) ' -y=2 (vertical 


asymptote) 


FIGURE 3.330 


GraphTheory < 3.123 


d >ROCEDURE TO FIND VERTICAL |Cimkes Aes ne Pree are the root of f,(x)=0, then 
iASYMPTOTE X= ,,X =A,,X =Qy...... are the asymptotes parallel to the 


x-axis, Therefore, the joint equation of the asymptotes 
parallel to the x-axis is 


Let fix, y) = 0 be a rational algebraic curve of degree n. 
Arranging F(x, y) in descending powers of y, the 
equation F(x, y) = 0 can be written as (x— a, )(x— a )(X- 05). = 

y* fo (x)t ys, (x)+y? "PS, (x)+...=0 ... (1) Le., fy(x)= 0. Consequently since fy (x) is the co- 


where p < n and f, (x), f(x), f, (*),-.-are polynomials inx. | efficient of the highest power of y in F(y, x), we have the 


Diidine CD) taroushoueby ye hichest power tenn following rule for finding asymptotes parallel to the y-axis. 


of y, the equation can be re-written as (i) Ifthe coefficient of term containing highest power of 
f, (x) +(1 / yf (x) +(1 ly ve (x) +..=0  ...(2) ae pea then there will be no asymptote parallel 

. coat Y-axis. 
Taking limits as y—> ©, and replacing lim x = a, (11) Equating the coefficient of term containing highest 
yields fo (a) =0 so that ais arootof f\(x)=0. power of y equal to zero gives us vertical asymptotes. 


ILLUSTRATION 89: Find the vertical asymptotes to the curves 


G) xy*-S5xy+6y=0 Gi) 3y?-Sxyt+2y=0 (Gn) xy’ + 3xy-yx =0 


SOLUTION: (i) Given curve is x*y* — 5xy + 6y = 0. Coefficient of highest power of y, 1.e., of y” 1s x? 

Vertical asymptotes are given by x7=0 => x =O (y-axis) 

(11) Given curve is 3y” — 5xy + 2y = 0. Coefficient of highest power of y (1.e., y”) 1s 3, 
which is constant. Thus, there is no asymptote parallel to y-axis. 

(41) Given curve is x*y? + 3xy — y*x = 0 or y* (x? — x) + 3xy = 0 
Coefficient of highest power of y (.e., y”) is x* —x 
Vertical asymptotes are given by x* — x = 0 

=> x(x?-1)=0 > x=0,x=-l,x=1 
There are three vertical asymptotes, namely x = 0, x =—1 and x = 1. 


OS eek: ’ 
tOBLIQUE ASYMPTOTES 


y=mxtc [0% 


Let y = f(x) be a given infinite branch function of some 
curve F(x, y) = 0 and P (x, y) be any variable point on it, 
then equation of tangent to curve at point P(x, y) will be 


d d 
y-y=“(x-x) or Y=yt2x-x 
dx dx 
dy dy 
Or r-2x4[y 2) pis (1) FIGURE 3.331 


There exists an oblique asymptote for the given 
curve, as x, y — ©, slope of tangent (m) should 


Procedure to Find Oblique Asymptotes 


be finite and also y-intercept should be finite d d 
. Step 7: Obtain ms and find m= Lt (2 
dy dy ax x>0\ dy 
> m=Lt}—] and c=Lt|] y-x— yon 
yon \ ax yo aX dy 
Step 2: Also find c= Lt ( y- “2 
the straight line y = mx + c obtained is indeed the anes dx 


required oblique asymptote. Step 3: Consequently y= mx + c gives us oblique asymptote. 
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ILLUSTRATION 90: Find the asymptotes to the given curves: 
Z 
G) y=5x-— (ii) 2y =3Vx2 +4 
x 


2 
SOLUTION: (i) Equation of curve is y=5x-— or xy =5x’ -2 
x 


For horizontal asymptote: 


Since the coefficient of x? 


, .e., 5 1s a non-zero constant, so, there is no asymptote 
parallel to x-axis. 


For vertical asymptote: 


Put coefficient of y, 1.e., x equals to zero, 1.e., x = O (y-axis) 1s the only vertical asymptote. 
For oblique Asymptote: 


9) 2 
y=s5x-—- => ve =D 
x Xx 
a) 2 
m= 11(2)=11(5+2)=5 and e- a :®)~ ui[y-x(5+3)] 
x00 ax x—>o xX dx Xx 
yo yn ets yom 
>c=Lt [y-5x-2) = ur -(242)- Lt (-) =0 
ae x BONN ae are, AN 


y=5x+0ory=5x 
The straight lines x = 0, y = 5x are the asymptotes to the curve. 
(ii) Given curve 2y = 3Vx7 +4 or 4 =902?+4) => 4y? = 9x? + 36 


= There is no asymptote parallel to coordinate axis as coefficient of x? and ” are non-zero 
constant. 


3 3(1 1 d 3 
NOW. Y= x+4 > #3") (2x) > ae a 


dx 2\2) Jena dx ax 44 

3x 3 x 3 1 3 

Asx >o m= Lt ——_ = Lt —————. = Lt -_——— = — 

PSD 4 oe =o 2 SM+4lx? 2 
ives Ve ——— es 3 


= —— and 
COC ae are dg a) a 2 


1 
c= Lt [y-»%) = Lt 3 irei-w | = Lt : =0 
you ax x0 2 [244 x—>00 x? +4 


x—>0 yon 
3 3 
y= “5h 0 and y= al O,1e, y= a are the only asymptotes to the given curve. 


m ANOTHER METHODTOFIND OBLIQUE y = mx + c in F(x, y) = 0 to obtain a polynomial in 

x. Substituting the highest power of x equal to zero 

ASYMPTOTE FOR SECOND DEGREE CURVE gives us the possible slopes and second highest 

Let F(x, y) = 0 be the given curve, and the straight power of x equal to zero gives us the possible values of 
line y = mx + c be the oblique asymptote(s). Put | ” es 


ILLUSTRATION 91: Find the asymptotes of the curve y= 
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By” —Ix 4-4 
a 


SOLUTION: Given equation is xy = 3x? — 2x + 4 or 3x? -xy-2x+4=0 


Horizontal asymptote: 
parallel to x-axis. 


Vertical asymptote: 

Oblique asymptote: 
3x? —x (mx +c)-2x+4=0 

=> x(3-m)-(2+c)xt+4=0 


As coefficient of x? = 3 (non-zero constant) there is no asymptote 


Coefficient of y 1s x = 0 (y-axis) 1s only vertical asymptote. 


Let y = mx + c be the oblique asymptote. 


slope of asymptote 1s given by 3 — m = 0 and y-intercept is given by 2 +c =0 


> m=3,c=-2 


y = 3x —2 1s the only oblique asymptote to the given curve. 


REMARKS 


1. A curve of n-degree in x and y can't have more than n-asymptotes. 


2. Fora given value of x, the values of y for different branches of the curve f(x, y) = 0 will be different. Therefore, we 


may get several different values of m and correspondingly several different values of lim (y = mx) . This shows that 


a curve may have more than one asymptote. 


3. The above method determines not only oblique asymptotes but also horizontal asymptotes. It does not, however, 


determine the vertical asymptote. 


m@ METHODTO FIND OBLIQUE ASYMPTOTES 
FOR ALGEBRAIC CURVES OF ANY DEGREE 


Let the equation of a rational algebraic curve of degree ‘n’ 
in x and y be of the form 

(GQ TGV Pay Fai POY Oe ex yy 
TeV. rae Oe = Ce de Vk ind ey) 
k=O 

beg PH goss 

Where H, is a homogeneous 
degree rin x, y 

Therefore, we can write H_ = x’ > (y/x), where 9 1s a 
polynomial of degree at the most r in y/x. 


eas ewes aes 5 a, 
polynomial of 


Consequently equation (1) can be written in the form 


x", =) +x" "6 =) +x" ) ++ 
X X mS 
we Lae 
«(2}+4{2) 0 see) 


Dividing (2) throughout by x”, we have 


(jo ‘ 


On taking limits of both sides of (3) as x > o, 


y ym , we have equation 


x 
(a,+amt+am’+....+am")+ 
I/x(b, + bm + bm? +... + bm") + 
eC Cn Cm) Fn 0 
1.€., d (m) = 0 ... (4) 
Here, @, (m) denotes the polynomial of degree n in 


‘m’ by which we determines the (possible) slopes of the 
asymptotes . 


If we determine the polynomial ofdegreen—linmby 9, , 
(m) , the polynomial of degree n—2 in ‘m’ by 9, (m) and so 
on. Following algorithm helps to determine asymptotes of an 
algebraic curve. 
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StepI: Putting > (7m) = 0, gives us at most n real roots m,, 3 ie Z 
m,,M,, ....m,,1.€., Slope of asymptotes. peated ait "(m) rr asi rd "-2(M)+@,_,(m) = 0, 


Step Il: Now to find y-intercept ‘c’ corresponding to a 
given slope m,( = m) we use 
cp, '(m)+¢,_,(m)=0, if m is a non-repeated root, 


if m is a root thrice repeated and so on. 


Step Ill: Asymptotes are given by y = mx + c 


ah "(m) arts ,1(M)+¢@,_,(m) = 0, if m is a root twice re- 


SY MPTOTE BY EXPANSION 


A B C 
If the equation of the curve is of the form y = mx + c+ —+—+-3 + , then y = mx + c will be an asymptote of 
ae” BO 


the given curve. 


STHE POSITION OF THE CURVE WITH 


(a) The curve lies above the asymptote if 


(i) A #0 and A and x have same signs. 
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(i) A40,B>0 
Gi) A=0, B=0, C #0 and C and x have same signs. 
(b) The curve lies below the asymptote if 
(i) A #0 and@ and x have opposite signs. 
ai) A=0,B<0 
au) A =0, B =0, C #0 and C and x have opposite 
signs. 


3.128 > GraphTheory 


Since both A and B are negative. 


The curve lies above the asymptote for x < 0 because x and A are of same sign. 


And the curve lies below the asymptote for x > 0 since x and A are opposite sign. 


1 
The curve lies above asymptote y = c -5| for x <0 


and the curve lies below asymptote y= [ 5 | for x > 0, 


‘SINGULAR POINTS (MULTIPLE POINTS) 


Introduction 


We know that there are many relations which are multiple 
valued (one—many ) that is why their equations are of the 
form F(x, y) = 0 (and not of the form y = f(x). An equation 
of the form F(x, y) = 0 may sometimes be not solvable so 
as to yield y = f(x), for it may give rise to several values of 
y corresponding to a single value of x, and these different 
values of y give rise to different branches of the curve. 


Definition 


A point on a curve is said to be a multiple point of order r, 
if r branches of the curve pass through this point. If P is the 
multiple point of order r, then there will be r tangents at P, 
one of each of the r branches. These r tangents may be real, 
imaginary, distinct, coincident. 


oouste POINTS 


A point on a curve is said to be a double point of the curve, 
if two branches of the curve pass through this point. Double 
points have two tangents, they may be real, imaginary, 
distinct or coincident. 
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FIGURE 3.332 


Types of Double Points 


(a) Node: If the two branches of a curve through the 
double point and the tangents to them at the point are 


real and distinct, then the double point is called a node. 
For instance, y7 = (x — 2) (c — 5). The curve has two 
branches given by analytic equation y = + Ix ss 5| Vx = 2. 
The point (2, 0) and (5, 0) is common to both. The 
graph of this curve is as shown in figure 3.333 indeed 
the two branches have different tangents at the point 
(5, 0), therefore, this point shall be called as Node. 


y 


FIGURE 3.333 


(b) Cusp: Ifthe two branches of the curve pass through the 
double point and the tangent to them at the point are real 
and coincident, then the double point is called cusp. 

The graph of a continuous function y = f(x) has a cusp 
at a point x = c if the concavity is same on the both 


side of c and either 


FIGURE 3.334 


1. lim f’(x)=0 and lim f'(x)=-0 


2. lim f’(x)=— and lim f"(x)= 
A cusp can either be local maximum (1) or a local minima 
as in (2). 


For instance, the curves described by equation y” (2a — 
x) =x’, also has two functional branches given by functional 


x — 
formulae y = aah ae ; having origin as common point 
a-Xx 


to both the branches. The graph of this curve is as shown in 
the figure given below. Clearly, both the branches of the 
curve have a common tangent there, namely y = 0. Thus, the 
origin is a cusp here. 
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Single cusp of 
the first kind 


FIGURE 3.335 


(c) Isolated point: If there are no real point on the curve 
in the neighborhood of a point P, then it is called an 
isolated or a conjugate point. e.g., vy? = x(x + a)’, a>0 
has two functional branches given by functional for- 
mulae y= +|x +a|./x ; The graph of this curve 1s as 
shown in figure. Here the points (—a, 0) and (0,0) are 
common to both the branches. Tangent at (—a, 0) 1s 
imaginary with joint equation as y* + (x + a)? =0) since 
there is no other point on the curve 1n a any neighbor- 
hood of (—-a, 0).Whereas the tangents to both the 
branches at (0, 0) are vertical (the slope of tangent at 
this point does not exits finitely). 


FIGURE 3.336 


WWECESSARY CONDITIONS FOR THE 


td 


fs 


FEXISTENCE OF DOUBLE POINTS 


Let (x, y) be a point on the given curve f(x, y) = 0. The 
necessary and sufficient conditions for (x, y) to be double 


F 9, F <0 at (x, y). 


- 0, 
points are f a By 
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and ey” i.e., f,, are not all zero then, 
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(i) Double point = will be a node if 


ary (ar ay ; 
(2 4 - ax? | ay ° 
Of I, daly 2 0 
(ii) The double point will be an isolated point if 
ts = deeds ws 0 
The double point will be a cusp if i. —fady =9 
Here, f., =f, =f, = if at (x, y) then it will be a 
multiple point of order greater than 2. 


(iii) 


As we have understood that if two branches of a curve pass 
through a point and the tangents are coincident it is known 
as cusp. Therefore, normal to the branches at a cusp would 
also be coincident. Cusp can be classified as below. 


(a) Single cusp of first species: If the branches of the 
curve lie on the same side of the common normal, then 
the cusp 1s called a single cusp. But if the branches of 
the curve lie on the both sides of common tangents, 
then the cusp is called as single cusp of first kind. 
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Single cusp of 
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(b) Single cusp of second species: 


(c) 


(b) 


If the branches of 
the curve lie on the same side of the common normal, 
but the branches of the curve also lie on the same sides 
of common tangents, then the cusp is known as single 
cusp of second kind. 


Normal 
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FIGURE 3.339 


Double cusp of first species: A curve is said to have 
a double cusp of the first kind at a point if both the 
branches of the curve extend to both the sides of the 
normal at the point and lie on opposite sides of the 
tangent at that point as shown in Figure 3.340. 
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FIGURE 3.340 


Double cusp of second species: A curve is said to 
have a double cusp of the second kind at a point if 
both the branches of the curve extend to both sides of 
the normal but are on the same side of the tangent as 
shown in Figure 3.341. 


REMARKS 


(c) Point of Oscu-inflexion: 
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FIGURE 3.341 


A curve is said to have a 
point of oscu-inflexion if there is a cusp of the first 
kind on one side of the normal and a cusp of the second 
kind on the other side of the normal. In such a case the 
point is also a point of inflexion, as the name suggests. 
In figure we have shown a point of oscu-inflexion in 
which the curve has a cusp of the first kind on the right 
of the normal and a cusp of the second species on the 
left of the normal. We can also have a point of oscu- 
inflexion in which there is a cusp of the first species on 
the left of the normal and a cusp of the second species 
on the right of the normal see Figures 3.342 and 3.343. 


y 


Normal 
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FIGURE 3.343 


From the above discussion it is obvious that the origin is a multiple point if and only if f(x, y) does not contain any 
constant term and terms of degree one. 


1. The equations of the tangents at the origin to the curve x* + y* = a’xy are x = 0, y=0, so that the origin is a node. 
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2. The equation of the tangents at the origin to the curve x* + y* + 2x? = x? + 2xy + y’ is x* + 2xy + y*=0, 
i.e., (x + y)? = 0. Since the tangents are coincident, the origin is a cusp. 

3. The equation of the tangents at the origin to the curve (x? + y’) (x — a) + b*x’ = 0. Since the tangents are imaginary 
(y = xix), therefore, the origin is a conjugate point on the curve. 


4. The equation of the tangents at the origin to the curve 3x* + y* + 3y(x’ — y’) = Ois y (x* -y’) = 0. Since there are three 
tangents at the origin, namely y = 0, x t y= 0, therefore, the origin is a triple point on the curve. 


ILLUSTRATION 96: Show that the origin is a single cusp of the first species on the curve (y — 2x”)? = x’. 


SOLUTION: It is obvious that (0, 0) is a point on the curve. The equation of the tangents at (0, 0) are given 
by y* = 0, showing that (0, 0) is a cusp. 
Since the left hand side can never be negative, it follows that x can never be negative, 
1.e., the curve lies entirely to the nght of the normal at the cusp (.e., x = 0). This implies 
that the origin is a single cusp. 
Writing the equation of the curve as y = 2x? + x*”. 
We find that for every positive value of x there are two values of y. Since x*” > x? for small 
positive values of x, therefore, for every small positive value of x, the two values of y are of 
opposite sign. Hence, the cusp is of first species. 


ILLUSTRATION 97: Find the position and nature of the cusp on the curve y? + 3x* = 4x*yp + x. 


SOLUTION: Writing the equation of the curve as f{x, y) = y? + 3x‘ - 4x*y — x° =0 
We have f. = 12x? — 8xy — 5x*. 


f, = 2y — 4x? 
Solving the equations f(x, y) = 0, f = 0, J, = 9 together, we find that (0, 0) is the only multiple 
point. 


Equating to zero the lowest degree terms, we find that y = 0 is a cuspidal tangent. 

Solving f(x, y) = 0, as a quadratic in y, we have y = 2x? +x°V(1 + x). «2 (Gl) 
From (1), we find that for each small positive value of x, there are two values of y which are 
both positive (because 2x? > xV(1 + x)) 

Again, for every numerically small but negative value of x, there are two values of y which 
are both positive. 

Thus, in the neighborhood of the origin, the curve lies on both sides of the y-axis, but entirely 
above the x-axis (which is the cuspidal tangent). 

Hence, the origin is a double cusp of the second species. 


ILLUSTRATION 98: Compute the area of this figure contained between the curve, xy* = 8 — 4x and its asymptote. 


g y 
SOLUTION: x = - 
4+y dy 
; 8 28 2 | dx 
> A=2| ety = 73 tan | =4nx 
>» 4t+y 2 2 Io (2,0) 
Xx 
ILLUSTRATION 99: Sketch the graph of the following functions: O 
2 1 
(a) YG (b) y=xt—, xER—{0} 
x +1 x 


(c) y=2x’ -log|x|, x #0 
FIGURE 3.344 
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SOLUTION: (a) 


(b 


‘ue 


(Cc) 


Given function is y=— 
x +1 

Clearly the domain of the function is (—co. 0) and the y 
range is (0, 0). 

It has no roots and at x = 0 , y = 2 which means ue) 
intersects the y-axis at (0, 2). Since it is even function 
w.r.t x, therefore, the graph will be symmetric about 0 X 
y-axis. As we know that f (x) = x* + 1 is a parabola 

opening upwards with vertex (0, 2) and it increases FIGURE 3.345 


for x > O and decreases for all x < 0. 


2 
So, the given function y=-5 7 will increase for all x < O and decrease for x > 0. 


x 
Also lim f(x) =0, so, x-axis is the horizontal asymptote. 
x—>oo 


Clearly the function does not exist at x = 0, and therefore, discontinuous at x = 0. 


1 pe | 
y=1-—=75 > y=0 > x=-1,1 
x x 
Also is undefined at x = 0. But y at x = 01s also undefined, therefore, x = 0 is not a critical 


point. Therefore, only critical points are the stationary points x = —1, 1. 


We now use the second derivative test to decide the nature of extrema if they exist. 
2 , ' 

y= z= => yy" atx =-lis—2<Oand y” atx=1lis2>0 
x 


Clearly y" is positive for x > O (so, function is concave up) 
and negative for x < 0 (so function is concave down). 
Hence, x = —1 1s a point of local maximum and x = 1 isa 
point of local minimum . Now there are two consecutive 
extrema , maximum at x = —1 and minimum at x = 1. Also, 
y atx = —] 1s—2 and atx = 1 1s 2. 


The value of y at a point of local maximum is less than the 
value of y at a point of local minimum. FIGURE 3.346 


If minimum value > maximum value at two consecutive extrema, there must be a 
discontinuity between them. 


Clearly y is not defined at x = 0 as log O is undefined 


dx x x x 
Since, y is not defined at x = 0, x = 0 is not a critical point 


dy | i 
though i is undefined at x = 0. The only critical points are 
Xx 


d 
x =-1/2 and 1/2 where adds 0. 
dx 


d’ 1 
Now —2=4+—>0 atx --1/2 and 1/2 
dx x 


y has local minima at both points x = —1/2 and x = 1/2 shows 
an illusion that two minima occur consecutively but note that 
there is a discontinuity at x = 0 between them. 


FIGURE 3.347 


3x 
ILLUSTRATION 100: Find the asymptotes of the following curves y = hie 
xX —— 
SOLUTION: The curve has a vertical asymptote x = 1 


xo 


since lim y= lim (2x + 3 = —00 
xo 
lim y = im{ +3 = 00 
x1" xl" \ x-—] 
Find the inclined asymptotes: 


x—>-boo xX x—>-boo x =] 


m= lim = lim (2 +3)=3 


: 3x 
c= lim (y — mx) = lim (2% 3x33] =3 


x—>-keo x- 


Thus, the straight line y = 3x + 3 is an inclined asymptote as 
shown in the figure. 


ILLUSTRATION 101: Find the asymptotes of the following curves y=~V1+x? +2x. 
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FIGURE 3.348 


SOLUTION: The curve has no vertical asymptotes, since the function is continuous everywhere. Let us 
look for inclined asymptotes. The limits will be different as x —> + o and x —-> + o, therefore, 


we have to consider two cases separately. 


Find the right asymptote (as x —> +00): 


[1 
[> re ee 
k, = lim Vi+% +2% _ lim 1 *——_ = 3 


x—>+00 x x—>+o 1 
b, = lim (Vi+x? +2x-33] = lim Nite? -x 
ar 
= lim 73? =90 
eer Age hy 


Thus, as x —> + o the curve has an asymptote y = 3x. 


Find the left asymptote (as x —> +o0): 


l 
—+1+2x 
V1+x? +2 ean 
k, = lim S——* ** = tim —1* —___ = 1 
x—>—00 X x—>—00 XxX 
1 
b, = lim Vi+x? +2x—x = hm————-= 0 
saa 7? 4x" —x 


Since both summands (v 1+x’ and (-2)] in the denomi- 


nator are positive at x <0, and so, the curve has an asymp- 
tote y = x, as x + —0o. 


FIGURE 3.349 
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TEXTUAL EXERCISE-7: (SUBJECTIVE) 


1. 


i 


Show the curve y = e!* has a vertical and horizontal 
asymptote. 


Find the asymptote of the curve x’ y+xy* =a? . 


Show the the 
xy(x° ~y’) +x" +y —1=0 cut at 8 points. 


asymptote of curve 


Find the asymptote of the curve y° =x7(x-a) . 


For the curve y’ =x° +2x*; show 


(i) The curve lies above the asymptote y = x + 2/5 
ifx <0. 

(ii) The curve lies below the asymptote y = x + 2/5 
if x > 0. 


Show the curve y = e!*has a vertical and horizontal 
asymptote. 


Find the asymptote to the curve y = x + 1/x and then 
sketch. 


Sketch the curve 

(a) y (a+ x) =x’ (a-x) 
(b) yx? = x? —@? 

(c) ye? — 1) = (@x-1) 

(d) x° + y = 3ax’ (a> 0). 
©) Y@-1)=x2-4 

CO Cie OC ae © oar: 

(2) -1)G-)=y+x 
h) Y-N)Et+h=y~+x 
Sketch the curve 

(a) y= (1-2)? 


(b) y= 


—_— 
=x.) 


(c) y=2x-—] + ees 


eee (el 
(d) yo =x (2**) 


Answer Keys 


1. y = e!* has two asymptotes x = 0 andy = 1. 


2. 


The asymptotes are x =0, y =0,x +,y =0 


4. y = x-—a/3 1s the only asymptote of the given curve. 


8a° 
ee eae 
COs x 
(f) y= 
cos2x 
(g) y= 8x2 — x! 
x-1 
h) ~ =— 
() y x+1 


. Sketch the graph of the following functions: 


2/3 


(a) y=x 

2 
(b) yea 
©) yao 

‘ a 
(d) ya 
(h) y=x" 


. Investigate and graph the following functions: 


(a) y=x°—3x*4+3x°-5 


2x° 
b = 
(b) y 25 

l-x° 
CVs 

Xx 
(d) y=x+4lIn (x* -1) 
(e) y=xe" 

4 

Gy yalax =— 

I 2 
(g) y=—t+4x 

Xx 

x 
(b= 


Sl 
Gi) ya¥x? Jy? -4 
3 -4x 


(j) y=x' In(x+2); y=x°e 
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(g) 


(c) Ag 5 243 2 12345 6 (d) 
i, 
3 
Yi 
¥ 


(h) ip 2 25 8 38 4 


-6 


4 


-2 


-4 


¥! 
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(k) 
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MULTIPLE-CHOICE QUESTIONS 


SECTION—I 


=> xt+2y+1=Oandx+2y+7=0 
In region R,: (0, — 3) lies and |x + 2y + 4| = 2; 


OBJECTIVE-TYPE SOLVED EXAMPLES 


1. Find the area enclosed by max (|x + 2y + 4|, |y — 2x|) y—2x |= 3 
=3 => |y-2x|>)x+2y+4| 
(a) 42 sq units (b) 7.2 sq units => |y—2x|=3 => (y-2x)=+3 
(c) 33 sq units (d) None of these From above we can conclude that 


AB: x + 2y+7=0 in region R, 


Solution: (b) BC: — 2x + y= -3 = 0 in region R, 


To find the area enclosed by max{|x + 2y + 4], ly — 2x|} 


CD: x + 2y+1=0 in region R, 
= 3, first of all let us observe where 
DA: -— 2x + y = 3 in region R, and A 
lx + 2y + 4| = ly - 2x| 


> x+2y+4=+(y—- 2x) (=F ).8-(2 4) ;C=(1,- pp{ 22) 


> 3xt2yt4=0 00 2 eee (i) + 2 5 
=> y-3y-4=0 wnat) Clearly, AB L BC; CD L DA; BC LCD 


Lines (i) and (ii) are Pe each other with = ABCD isa rectangle. 


: F ; ‘ 2 2 
their point of intersection at 55 Js shown below. Neweo= ( I -1) i | 2 6 


2 2 
5 5 5S V5 


2 
=> ABCD isa rectangle having its area = (— = 
Sq. units = 7.2 units. 


2. Find two values of 9 in the interval (0, 2) satistying the 
equation (l-cot®) (1 + cot@) cosec? @ + pret) 
Also, find the total number of roots of the equation 


(a) 2/6, 52/6, 4 (b) 2/3, 27/3, 4 
(c) 2/6, 52/6, 6 (d) None of these 
In region R,; (0, 0) lies and |x + 2y + 4| = 4 at (0, 0); 
lv — 2x| = 0 at (0, 0) Solution: (a) Here (1-cot?0) (1 + cot?0)+ uae | 
fai ase gulaes et eae Putting cot?09 = x; we get, (1 — x) (1 + x) + 2* =0 
ia ae ae > 1-+2=0 3 2-2-1 


=> xt2y+4=+3 

=> xt+2y+7=Oandx+2y+1=0 

In region R,: (— 2, 0) lies, [x + 2y + 4] = 2 at (2, 0) 
and |y — 2x| = 4 at (-2, 0) 


By observation, we can get x = 3 as one of the 
roots of the above equation. 

(. 2°? =8 and 37-1 = 8) 
Now we have been asked two values of 9 in the 


=> |y-2x|=3 => y-k=43 interval. 
In region R,: (0, 5) lies and |x + 2y + 4| =| 6| = 6; |v — 2x 2S ete es pals 
=? => 0=7/6 or 5x/6 


=> |Ixt+2y+4>ly-2x]) ale +2y+4|=3 


Now, sketching the curves y = 2* and y = x?-— 1 on 
=> xt2y+4=23 


the same axis, we get 


Here, we see that one value of x 1s negative whereas 
the other two are positive. 

Now cot’0 = x will not be satisfied for any values of 6 
for negative value of x. 

Whereas cot?0 = x will have two value of 0 lying 
between (0,7) for every positive value of x. 

Hence, total 4 solutions. 

. Find the number of points of intersection of the graphs 
of (x- 1) +yv-9=0 and |y| = [In(|x| -1)| 

(a) 4 (b) 6 

(c) 7 (d) None of these 

Solution: (c) The graph of y = In |x| 1s as shown 
below. 
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Now (« — 1) + y= 9 will be a circle with centre 
at (1,0) and radius = 3. 
Plotting the two curves on the same axis, we get 


Hence, with the help of the diagram, we can see that 
the number of points of intersection of the two curves 
is 7. 


. Find the all possible value of ‘a’ for which 


|cos 2x| = |x — 1/4| + a does not have any real solution. 


(a) =| (b) oA | 


6 6 
(©) [HEF (4) [E+ 


Solution: (c) We would need to consider the 
limiting case when the graphs of y = |cos 2x| and 
y = |x—12/4| + a touch each other. 


If A is the point of contact, then at point A, the slopes 
a 


of the two curves are the same. 
+a 
4 


Considering the case when x > 2/4 and x < 2/2, then 
lcos 2x| = — cos2x and |x —1/4| = x — 1/4 


d d 1 
=> re 2x)) = ae (+-4) +| 


Hence, F (cos 2x|) a a: ( x 
ax dx 


=> 2sin2x = 1 > s1n 2x = 1/2 

=> sin 2x = sin 1/6 > 2x = nn + (-1)" 2/6 
Now x € (n/4, 1/2) 

=> 2¢( =x | => 2x =1n- 1/6 = 52/6 

=> x =5n/12 


Now since the point A also lies on y = x— 1/4 + a; 
hence, we have 
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> cos = Tg 
\3 5a a ee 
— =—-— > ——=—+a 
2 12 4 2 6 
V3 2 33-2 
=> a=—-— > a= 
2 6 6 
33 - 
If a> 7 . , then the given equation will not 


have any solutions. 
Thus, the required set of value of ‘a’ is given 


- a 


6 


5. Find the number of points of intersection of the curves 


given by y = In |cos x| and y = —x (x —32/2) in (-3, 6) 


(a) 2 (b) 3 
(c) 4 (d) None of these 


Solution: (c) The number of points of intersection 
can be found out by drawing the two curves simulta- 
neously. 


As 1s evident from the graph the two curve intersect 
at 4 points. 


. Which of the following statemenf#(s) is/are true for 

the function f(x) = (x — 1)? « — 3) + 1 defined on the 

interval [0, 3]. 

(a) Range of f(x) 1s [-2, 0] 

(b) The absolute maximum is achieved at two 
different points. 

(c) The absolute minimum 1s not achieved. 


(d) The values of ‘a’ for which f(x) = a has 3 distinct 


> 
roots is given by (-$.1] 


Solution: (b,d) f(x) =(«—- 1)? @-3)+1 
Ff) = 2 — 1) &— 3) + @— 1)? 
 f@)=0>x=1 or 7/3 
f'(x) = 8x — 7) +3 — 1) = 6x —10 = 2(3x — 5) 


I Oleg = 262) 
TOs = 22) 4 
x = | is a point maxima and x = 7/3 is a point of 


= 
minima and f(x)|_, = 1, fx)|_,, = 7/3 = v7 


Checking at end point of the interval, we have 
Kx), = —2 and f(x)|_, = | 

Hence, the graph of y = f(x) will be given as 
shown below. 


From the diagram we can see that range of f(x) 1s 
ea 
Hence, option (a) is incorrect. 
The absolute maximum 1s achieved at two different 
point (x = 1, and 3) so, option (b) 1s correct. 
The absolute minimum is achieved at x = 0, so, 
option (c) 1s incorrect. 

— 5 
And f(x) = a has 3 distinct root for a € (-$.1] 
Hence, option (d) is correct. 


5x° —35x+50_ 


#5 
2 9 
7. Given f(x) = = ~3x—-35 be a function, 
—; = 5 
17 


then which of the following statement(s) 1s/are correct ? 
(a) f(x) 1s continuous every where except for x = 5 
(b) Ax) 1s an increasing function on 


Gane 


(c) fix) has exactly two vertical asymptotes 
(d) fx) has only one horizontal asymptote 


(X= 2)(4=5) | 


(xt TXa—5) 
Solution: (d): /(x)= x + 7)\(x—5) 
15 
7 a 
Se aie 
= (2x +7) 
oe 
17 


Obviously f(x) is not defined for x = —7/2. Hence x = 
—7/2 will be a vertical asymptote. Also x = —7/2 will 
be a point of discontinuity. Hence, option (a) 1s incor- 
rect. The graph of f(x) is as shown below 


y 


—30 -20 -10 


—1/2 


As is evident from the graph f(x) is an increasing 


a 7 ; 
function at every point in (x, 2) and at every point 


7 
(<0 , but for x, € (—o,-2] x, E (7.2) 
2 2 2 


=> f(x,) > fx,) for x, <x, 


=> f(x) is an increasing function on 


Laake) 


Hence option (b) is incorrect. 
Also x = -7/2 1s the only vertical asymptote, hence, 
option (c) 1s incorrect 


gee Qxy + Ty = Sx— 10 
= => — — 
z 2x+7 tee Se 
=> 2xy—5x =-7Ty-lO> x(5-2y)=7y + 10 
+] 7x +1 
aD 0 ee ne x+10 
5-2y a=20 


So, f'(x) is not defined on x = 5/2 
=> f(x) does not achieve 5/2 
Hence, x = 5/2 is the only horizontal asymptote. 


Hence, option (d) is correct. 


8. If the graph of y = f(x) is shown as below 
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Given /f(x)= BOY where p(x) and g(x) are qua- 


q(x) 


dratic expressions. Also known that f(x) is a rational 
function with f(2) = (5) = 0; then which of the follow- 
ing represents the approximate graph of y = f(x). 

y 


(b) 


(d) 


10 20 30 40 


Solution: (a) As 1s evident from the graph of y = f(x) 
The graph of f(x) has vertical asymptote at x = -4 
and x = 10 
Hence, the graph of f(x) is not defined at x = -4 and 
atx = 10. 
Hence, g(x) = a(x + 4) (x - 10); a € R ~ {0} 
Also given f(2) = f(5) = 0 
=> p(x) = b«&-2)(x-5) Vb Ee R~ {0} 

Hence, f(x) = raee) = pe) _ 2) _ 5) 

q(x) a(x+4)(x-10) 


Now, using the graph of y = /'(x), we need to find 


b 
the sign of — 
a 


If b/a is positive, then Wavy curve of f(x) will be 
shown as below. 
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Also x ~ +0 => f(x) > 1 

Clearly fGc) will have a point of local maxima in the 
interval x = (2,5) 

Hence, for a point c € (2, 5); we have f(c) = 0 and 
f(c)> 0. 

and f(c*) < 0 and this can be verified from the graph. 
Hence, b/a is positive. 

Therefore, we need not consider the case when 'b/a' 
is negative. 

Now approximate graph of y = f(x) can be obtained by 
(x-2)(x-5) 

(x+4)(x-10) 

And the graph will be given as shown below. 


taking f(x) = 


y 


Which is same as 1n option (a). 


- If fx) 1S a function defined as 
x+6 if x<-2 
f(x) =4Xx° if -2<x<2. Then which of the 


(x-4) if x>2 
following statement(s) is/are correct: 
(a) f(x) is continuous atx € R. 
(b) The function is non-differentiable at exactly 3 
points. 
(c) f(x) changes its sign exactly 4 times. 


(d) f(x) has exactly two local minima and two local 
maxima. 


Solution: (a,c, d) The graph of y = f(x) is as shown 
below 


10. 


As is evident from the graph f(x) is continuous at each 
x € R, so, option (a) is correct. 

The function f(x) 1s non-differentiable at x = —2, 2. 
Hence, option (6) is incorrect. 

f'(x) changes its sign at x = -2,x =0,x = 2, andx =4 
Hence, option (c) is correct. 

fix) has local minima at x = 0 and x = 4 

Also f(x) has local maxima at x = —2 and x = 2 
Therefore, option (d) 1s correct. 

Find 


the area bounded by the _ curves 
Vlx-y] = xty and x? +? = 25 
252 252 
a) —— b) —— 
(a) ©) 
252 252 
aaa d —— = Ss 
(= ae 
Solution: (c) From the inequality we have x + y>0 
> y2-x 
Casel. y2>x 


Considering region R,; we have |x —y| = y—x 


Now the inequality lx- y 2 Jxty 

=> Vy-x2Jxty 

= Vex 2X Ty 

Case I: 

Considering Region R,;, we have |x — y| = x —y 
we have Jx-y > Jxty 

=> xX=-yexry => y<s0 


The region that satisfy ull = y| >/x+y is shown 


as below 


=> -2x2>0>x<0 
Yee 


45° 


45° 


11. 


The area bounded by the two curves is as shown 
below. 


1x5? a2 
4 4 


Shaded area = 


Find the region on the x-y plane which satisfies 
exactly 3 out of the 4 following inequalities: 
GQ) ke +yl+hk-yls3 G) |x| <2 


(iii) y2>Vx°-2x+1 (iv) |p| <2 


(a) 8 (b) 9 
(c) 7 (d) None of these 


Solution: (b) As already known the inequality 
Ix + y| + le —y| < 3 1s plotted as shown below. 


y 


y=3/2 


x=-3/2 


and the graph of |x| < 2 1s plotted as shown below. 


“4 


Ix||s 2 


| = 2 “= 2 


Also y>vx°—-2x+1 => y2\|x-]| and its graph is 


shown as below. 
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lyls2 


Hence, the region satisfying exactly 3 out of the 4 
above mentioned inequalities 1s shown in figure below. 


2 (-1,2) (2,2) 


y=x-1 


Now, we need to find the area of the shaded region in 
the figure shown above. 
Area = area (ABHEID) + area (HJKGICH) 
= [area (ABCD) — area (EHCYJ)] + [area (EFG) 
— area (EHCT) — area /FK)| 
Now area (ABCD) = 9 square units 


| 0 
372: 1i2 
Area (EHCT) =e 342: 342 au square units 
=liz 372 
| 0 


1/3 
Area (EFG) = 5 
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12. 


13. 


14. 


Area (JFK) = 1/2 square units 


7 pl 
Required Area = | 9-— |+| 4-—-—— |=9 square 
4 4 2 
units 


The curve y = f(x) is symmetric about the lines 
(10% — 1)x + 2(10%)y + (104 + 1) = O and 2(10%x + 
(1 — 10*)y + [1 —3(10%)) = 0. If (5, 6) lies on the curve, 
then which of the following points always lies on f(x): 
(a) (11, -1]) (D): {-35.=8) 

(c) (6, 5) (d) (10°, 3 x 10°) 


Solution: (b) Solving both the straight lines 
together, by observing coefficients carefully, we get 
(1, —1) 1s the point of intersection and both the straight 
lines are perpendicular. If y = f(x) is symmetric about 
two perpendicular lines then it is also symmetric about 
their point of intersection. Applying the fact y = f(x) 
is symmetric about the point (1, —1), and therefore, 
image of (5, 6) in (1, —1) say (a@,f) also lies on y = f(x). 
Thus, a + 5=2 and B + 6=-2 

=> a =-3 and B =-8. Consequently (—3, -8) always 
lies on the curve y = f(x). 


If the equation |x? — 5x + 6|—Ax + 7A = 0 has exactly 
3 solutions, then i is equal to 


(a) -7+V23 (b) -9+4/5 

(27 a4 8 (d) -9-45 

Solution: (b) -—x? + 5x — 6 = Ax — 7A must have 
equal roots 

= Oke ye € (2,3) 


> hel, 1) > 4--944 5 


(2,0) ((5-2/2),0 
(3,0) 


The graph of y = f(x) 1s shown, then the number of 
solutions of f{(x)) = 2 will be 


(a) | (b) 2 
(c) 3 (d) 4 


(1/2,0) (3,0) 


15. 


16. 


Solution: (c) Let f(x) =1t 

=> ft) =2, so, t =-3, 1/2, 3 
Now, f(x) = -3 > no solution 
fix) = 1/2 > 2 solutions 
fix) = 3 — | solution. 


The number of real roots of the polynomial equation 
x8 + x°+ 4x? -2x +4=0i1s 

(a) O (b) 2 

(c) 4 (d) None of these 
Solution:(a) Givenequationisx® + x°+4x?-2x +4=0 
=> x84+ 79+ 4x?+4=2x 

=> PC + 14+ 4e7%4+ 1) = 2e 

=> (x? + 1) Go + 4) = 2x 


Now range of L.H.S. [4, 0) whereas range of 
R.H.S. [-l, 1]. 
Clearly, no real solutions 


Number of real values of x satisfying the equation 
fulx|) = x — [x + 1]; where f(x) 1s defined as 
max(sint); O<tsx; VxeE[0,z] 
S(X)=5_, 1S 
min(l+sint); z<t<x; Vxe[z,27] 


equal to ([] 1s greatest integer function) 


(a) 3 
(c) 2 


(b) Infinitely many 
(d) None of these 


Solution: (d) The graph of f(x) is as shown below 


X 
Sn/2 2n 


Hence, the graph of f|x| will be as shown below. 


17. 


Now let g(x) =x —- [x + 1] =x-—- [x] —1= {x}- 1 
Graph of {x} 1s as shown below. 


Now as is evident from the graph y = f(|x|) 1s always 
greater than or equal to 0, whereas g(x) is always less 
than 0. 

Hence, the two graphs never intersect each other, and 
hence, no real value of x satisfies f(|x|) = x-[x + l] 


If {x} denotes the fractional part of x, then find 
the number of real solutions of the equation 
(x — 3) {x} = {x} -1 Vx>—-4 

(a) 16 solutions (b) o solutions 
(c) 5 solutions (d) None of these 

Solution: (c) The graph of y = {x} — 1 1s as given 
below. 


The graph of y = (x — 3) {x} is as given below. 


18. 


19. The 


GraphTheory < 3.147 


Sketching the two curves in the same frame of refer- 
ence, we get 


4 
3 
Z 
ee 
40666(ies 
-3 
-4 


As is evident from the graph, we have 6 solutions. 


A function f : R — R 1s defined such that 


2 sin’ (= 5} O0<x<l 
1 


f(x)= 3{x}; I<xso and 2/0) = 1, the 


x? —8x +15; reo 


number of real solution of equation 2f(|x|) = | is 
(a) 9 (b) 8 
(c) Il (d) None of these 


Solution: (c) Graph of y = /|x| 1s as shown in the 


| 
figure. We can see that f(0) = 3? 


l 
y= 5 cuts the graph at 11 distinct, points therefore, 


and therefore, line 


the equation 2f(|x|) = 1 has 11 distinct solutions. 


ordered 


number of 
satisfying the following two curves simultaneously 


pairs (x, y) 


|y|= ssin( 2) and |y| = log,, |x*| is equal to 
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(a) 18 (b) 17 

(c) 16 (d) None of these 
Solution: (a) *. ))| =log,,|10°| = 3 

=> y=+33 and |y|= 3sin( 2) 


=> ye [-3, 3] 
= No point of intersection after x = 10 and before 
x =—-10. 


SECTION—II 


SUBJECTIVE-TYPE SOLVED EXAMPLES 


. Investigate and graph the following functions 


1. 
Ps Ra 


Solution: The function is defined and continuous 
throughout the number scale and has a period 27. 
Therefore, in investigating we may confine ourselves 
to the interval [0, 27). The graph of the function has 
no asymptote by virtue of continuity and periodicity. 
Find the first derivative y' = cos2x — sinx. 

Now, y' = 0 


5a 3a 
> xX =>, %=—, 3 =— 
6 6 2 
Evaluate the second derivative; y’’ = — 2sin 2x — 
COS x. 


On the interval [0, 27], it has four roots 
32 


1 nie. 
xX, =>,xX, =a + are sin 4 ; 3D 


2 
3 2) 
.= 2a —arce sin} — 
4 


The results of the above investigations enable us to 
construct the graph of the function as shown below. 


y 


one | 
+sin'— 
T+S 


sin 
2n—Sin 4 


2. Plot the curve y = max {x?- y, .x} 


Solution: when x?’-y>x 
Le., fory<x-x 


Now y = x?-x 


y = x°-x 


Now for the region representing y < x” — x, max 
2 


x 
> y=xX-y> ars 


=> xe(-0,0]U[2,0) 


{x =; x} =x = 
x? 
> —<y7'-x 
2 
In region y < (x? — x) 


2 
> y= *_ will be as shown below. 
2 


> X 


a Vee ax se ae ae 

=> x-2x<0 => £26 (0,2) 

The corresponding graph in region y > x” — x, will be 
shown below by thick curve shown below. 


And for the region satisfying y > x?— x 


=> max {x?-y,x} =x, theny =x 
Hence, the graph of y = max {x’— y, x} will be as 
shown by thick curve given below. 


> X 


2-1 


3. Find the number of point of intersection of the graphs 


lv| = |x|? -— 2|x| — 3] and |y| = 2 cos x/2 


x 
Solution: Y¥=7 cos{ >) 


Y 
4 
15 
——K i at bas 
lv] =m cos x/2 
i] 
Tl 
—T 15 *X 
—T 


Now sketching the two curves together, we get 


Y  lyl=lIxl’-2)x|-3| 


Clearly, the two curves intersect at 12 points 


x 
. Find the number of solutions of = = 7; where [x] 
x 
denotes the greatest integer function and {x} denotes 
the fractional part of x 


Solution: Clearly, x can’t be an integer 


(uw fx} =OVxeE Z) 
=> [x] = 7{x} 


-3 
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OC ye O 


Now, clearly there are only 6 point of intersection, 
and hence, only 6 values of x which satisfy the above 
equation, as A(O, 0) corresponds to x = 0 € Z. 
Now, these solutions can be found out diagram 
magically 

a,=1+1/7, a, = 4+4/7 

Qs= 2521) a= Or OF) 

GH 373) a= OF OM 
Aliter, [x] =x -— {x}, then [x] = 7{x} 
=> x— {x} =7{x} 
=> x =8 {x} 


As shown in the diagram above, there are 6 number 
of solutions. 

Since, 0 < {x} < 1 

Now, [x] = 7{x} € (0, 7) 

=> 0< [x] <7 
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If [x] = 1, then {x} = 1/7 
=> x = [x] + {x} = 1141/7 = 8/7 
Similarly when [x] = 2; {x} = 2/7 > x =2 +2/7 
[x] = 3; {x} = 3/7 > x =3 + 3/7 
[x] = 4; {x} =4/7 > x =44+4/7 
[x] =5; {x} = V7 > x =54+5/7 
[x] =6; {7} =6/7 > x =6+6/7 


2 
. Sketch the function y= Zs 
1+x 


Solution: Step 7: Domain of function is (—co, «) 
f(O) = 2 and function is symmetrical about y-axis. 
dy 43x’-1) 
dx? tx’)? 


d —4 
Step 2: ae eee | 


=> f(x) =0 atx =0 and f"(x) =O at x=+ 


tal 


1 1 
=> f'(x) is concave downwards for xe (-—.. | 
BB 
d 
and 7 > 0 where x <0 (y increasing), 


d 
- <0 when x > 0 (y decreasing) and 
x 


Point x = 0 1s point of maxima. 
Step 3: lim y =0, so, graph of the function is 
x>=ro 


6. Trace the curve (x? — a’) (V?- B*) =a bY? 


Solution: 1. The curve is symmetrical about both 

the axes. 

2. Origin is a point on the curve, the tangents at the 
origin being b*x” + a’*y’ = 0. Since the tangents at 
the origin are imaginary, therefore, the origin is a 
conjugate point. The curve does not meet the axes 
at any other point. 

b*x? 

3. Re-writingthe equationintheform y=+ ane 
we find that |x| > a. Similarly it can be seen that 
\v| > 6. Therefore, no portion of the graph (except 
the conjugate point (0, 0)) lies in the region 
bounded by the lines x =4+a,y=+). 


4. The linesx =+a,y =+ 5 are the asymptotes of the 
curve. The portion of the curve lying in the first 
quadrant is above the asymptote y = 5, and on the 
right of the asymptote x = a. 

5. Since 2x (” -b’) + 2y (dy/dx) (x? -a’) = 0, 
therefore, if x > 0, y > 0, then dy/dx < 0. Therefore, 
in the first quadrant, y decreases as x increases. 
Alsoy > +o asx — a, andy > basx — +o. 

6. The portion or the graph lying in the first quadrant 
can now be drawn. 

By using symmetries, the graph can be completed. 
The graph is as shown in the figure given below. 


7. Find the interval in which all the roots of the equa- 


tion x’— 40x + 76 + 68{x} = 0 lie in the interval ({x} 
represents fractional part of x). 


Solution: Let f(x) =x?- 40x + 76 and g(x) =-68 {x} 

Now -68 < g(x) <0. Now f(x) = 0 

=> x-40x+76=0 => x =2, 38; and f(x) =-68 

=> x’?-40x + 76 =-68 

=> x-40x + 144=0> x =4, 36. 

Thus, fix) € [-68, 0] for x € [2, 4] U [36, 38) 

“. fix) = g(x) will have all its roots in the interval 
[2, 38) and the roots of fix) = g(x) can not lie 
beyond the roots of f(x) = 0 and fix) = 68. Thus, 
the required interval 1s [2, 4] U [36, 38). 


. Using the first derivative, find the extrema of the 


following functions /(x) = 33) x? — x? 


Solution: The function is defined and continuous 
throughout the number scale. 


l 
Let us find the derivative: f'(x) =2 * — 7 


Ux 
From the equation f(x) = 0, we find the roots of the 
derivative x = +1. 


Furthermore, the derivative goes to infinity at the 
point x = 0. Thus, the critical points are x, =—I, x, =0, 
x, = |. The results of investigating the sign neighbor- 
hood of these points are given in figure. 

+ 


—1 0 WSS 


The investigation shows that the function has two 
maxima: f—1) = 2, 1) =2 and a minimum (0) = 0. 


. Using the second derivative, find out the character of the 
extrema of the following functions y = 2sinx + cos 2x 
Solution: Since the function is a periodic one, we 
may confine ourselves to the interval [0, 27]. Find the 
first and second derivatives: y' = 2cosx — 2sin 2x = 
2cosx (1 — 2sinx); y’’ = —2 sinx — 4 cos 2x. 

From the equation 2cosx( | — 2 sinx) = 0, determine 
the critical points on the interval [0, 27]; x, = 2/6, 
LIZ, 6 = STO. Xe Si 

Now, find the sign of the second derivative at each 
critical point: 

y" (r/6) = — 3 < 0; hence, we have a maximum 
M(n/6) = 3/2 at the point x, = 2/6 

y" (a/2) = 2 > 0; hence, we have a minimum 
M(n/2) = | at the point x, = 2/2 

y" (5n/6) = -3 < 0; hence, we have a maximum 
ySn/6) = 3/2 at the point x, = 52/6 

y" GBx/2) = 6 > 0; hence, we have a minimum 
y3n/2) = —3 at the point x, = 32/2 as shown in the 
figure given below. 


y 


2|X1xX,%3 X, 2n y=3/2 


1 


10. Find the asymptotes of the following curves y = xe*: 


Solution: The curve has a vertical asymptote x = 0, 
; 7 Soa, le 
since lim y= lim xe* = lim —=-+00 
x—0* x—0* pada t 


x 


11. 
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Find the inclined asymptotes: 
l 
m= lim += lim e* =e° =1 and 
xi 5 6 xo 
~ ex —] e—] 
c= lim ie -*] = lim = lim =] 
x tn x +0 1/7 x I/x=z30 7 


Thus, the straight line y = x + | will be an inclined 
asymptote of the curve as shown in the figure 


Find the asymptotes of the following curves 


y=vl4+x rine 

x 
Solution: The curve has no vertical asymptotes; 
since it 1s continuous at x # O and in the neighbour- 
hood of the point x = 0 the function is bounded. 


Let us find the inclined asymptotes. We have 


| x | i++ sint 
x x 


m= lim —= lim =+10=0 


x>+0o x x—>+0 x 


Then ¢ = lim(y—mx) = lim |x| eee re 
x>+0 X—+0 xX X 


l; as x— +0 
—l; asx—-o 


Thus, the curve has two horizontal asymptotes: y = +1 
and y = —1 (as shown in the figure). The same result 
can be obtained proceeding from symmetry about the 
origin and keeping in mind that the function y 1s odd. 


12. Trace the curve y?(x — a) =x? (x + a), a> 0. 


Solution: |. The curve is symmetrical with respect 


to the x-axis. 
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2. The curve meets the x-axis at the points given 
by x = 0, and x = —a, 1.e., at (O, 0) and (-a, 0). It 
does not meet the y-axis except at the origin. The 
tangents at (0, 0) are given by x? + y’= 0. Since 
the tangents at (0, 0) are imaginary, therefore, (0, 
O) is a conjugate point. The tangent at (—a, 0) can 
be easily seen to be the line x + a = 0. 

3. If-a<x<aandx#0, then y’ <0, so that no part 
of the graph except the origin lies in the region 
bounded by the ordinates x =+ a. 

4. The asymptotes can be easily seen to be the lines x 
=a, y =+(x + a). The two branches of the curve 
are y = +x [(x + a(x — a)]!”. 

For the branch y = x[(x + a)/(x — a)]!” , we have 
Vox ra ally tx: 

So that if x > 0, then the curve is above the line y 
=x +a, and if x <0, then the curve is below y = 
x + a. Similarly, it can be seen that if x > 0, then 
the curve is below y = -x — a, and if x < 0, then 
the curve is above y =—x — a. Also, if x > 0, then 
the curve is to the right of x = a 

The graph of the curve can now be easily seen to 
be as is shown in the figure given below. 


13. Sketch the graph of the curve y?= (x —2) (x —5)’. 


Solution: 
to the x-axis 


1. The curve is symmetrical with respect 


2. Ifx <2, then y’ <0, so, no portion of the curve lies 
to the left to the ordinate x = 2. 

3. The graph meets the x-axis at the points x = 2 and 
x = 5. It does not meet the y-axis. The tangents at 
(2, 0) is the line x = 2. The tangents at (5, 0) are 
the lines y = +V¥3(x — 5). This can be seen by shift- 
ing the origin to (5,0) by the transformation x = X 
+ 5, y = Y. The equation of the curve transforms to 
Y* = X’(X + 3). Equating to zero the lowest degree 


terms, the tangents are given by Y* = 3X7, 1e., y= 
3(x — 5)*]. Since there are two distinct tangents at 
(5, 0), therefore, it 1s a node. 

4. There are no asymptotes. 

5. Asx -~t+a,y—+0 
The graph can now be easily seen to be as in 
the figure shown below: 


14. Find the asymptotes of the following curves 


y -Znfe-2)] 
2 3x) 


Solution: The function is defined and continuous at 


l l 
e-—>0.1ie,atx<Oand x>—. 
3x 3e 


Since the function is continuous at every point of the 
domain of definition, vertical asymptotes can exist 
only on finite boundaries of the domain of definition. 


ae. ] 
As x > 0°, we have lim y= lim ** in e-— 
x70" x—0- y. 3x 


_1,,_ In(e+z) 


2 270 4 


] 
= 0 ; Putting c = “=| 
3x 


1.e., the straight line x = 0 1s not a vertical asymptote. 


1 + 
As x =) , we have 


oe a: ( 1 
lim y=— lim xln| e-— |=—c 
Hy ® 

3e 3e 
1.e., the line x = 1/(3e) is a vertical asymptote. 
Now let us find the inclined asymptotes 


eae = tan Inf e- =) _3 
x>t0O 2 x>+0 3x 2 


c= lim[y—mx] = lim sfin(e-)-1 
xt 2 x40 3x 


3x | 
Hence, the straight line y= ror is an inclined 
e 


asymptote as shown in the figure given below: 


15. Investigate and graph the following functions 


y = x° — 3x4 + 3x? — 5: 


Solution: The function is defined and continuous 

throughout the number scale, therefore, the curve has 

no vertical asymptote. The function is even, since 

fi-x) = f(x). Consequently, its graph is symmetric 

about the y-axis, and therefore, it is sufficient to inves- 

tigate the function only on the interval [0, 00). 

There are no inclined asymptotes, since as x > o the 

quantity y turns out to be an infinitely large quantity 

of the sixth order with respect to x. 

Investigate the first derivatives y' = 6x° — 12x? + 6x = 

6x(x* — 2x? + 1) = 6x(x? — 1)’; the critical points are: 

LHL, x=); x= 

Since in the interval [0, 00) the derivative y' > 0, the 

function increases. 

Investigate the second derivative y" = 30x‘ — 36x” + 6 

= 6(5x* — 6x? + 1) 

The positive roots of the second derivative 
| 


=e ls 
Js’? 


Using the results of the investigation and taking into 
consideration the symmetry principle, we construct 
the graph of the function. As is seen from the graph, 
the function has roots x = + a, where a ~ 1.6 


XxX, = 


16. Investigate and graph the following functions 


y=xt+In@’-1) 
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Solution: The function is defined and continuous at 
all values of x for which x? — 1 >0 or |x| > 1, 1e., on 
two intervals (—co, —1) and (1, +00) 

We seek the vertical asymptotes: 


lim y = lim | x+In(x? -1)|=-0 
x>-T 


x29-T 
lim y = lim| x +In(x? -1) ]=-00 
x->1* x>1* 


Thus, the curve has two vertical asymptotes: x = —1 
and x = +1. 
Find inclined asymptotes: 


+ n(x? -1 
x0 x x0 x 
2 — 
= lim fn =1 and 
xXx—>to x 


c= lim [y—x]= lim In(x? -1) =o 


x0 


Hence, the curve has neither inclined nor horizontal 
asymptotes. 


ee 2x . ee 
Since the derivative y'=1+— , exists and is finite 
xX — 


at all points of the domain of definition of 
the function, only the zeros of the derivative. 
a a -V2;x,=- 1 +72 

can be critical points. At the point x, =— 1 + V2 the 
function is not defined; hence, there is only one critical 
point x, =— 1 —- V2 belonging to the interval (—co, -1). 
In the interval (1, ©) derivative y' > O, and 
hence, the function increases. The second derivative 


2(x° +1 
"= Bec ee) <0, hence, the curve is convex 
(x° —1) 
upwards everywhere, and at the point x, = —1 — V2 ® 


—2.41 the function has a maximum y(—! — V2)x—-1- 
V2 + In(2 + 2V2) » -0.84. 

To plot the graph in the interval (1, 0), where there 
are no characteristics points, we choose the following 
additional points x = 2; y = 2 + In3 + 3.10 and x = 1.2; 
y=1.2 + In 0.44 x 0.38. 

The graph of the function 1s shown below. 
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ye fo 


17. Find the asymptotes of the curve y= ————— and 
x 
hence, sketch. 
x? +2x- 
Solution: Here, the curve y= could be 


written as x° +2x— yx-1=0 
(1) No asymptote parallel to x-axis 
(11) Asymptote parallel to y-axis > x = 0 
(111) Oblique asymptote 
Let y = mx + c be oblique asymptote 
x’ +2x—x(mx+c)-1=0 
x? —mx’? +2x-cx-1=0 
=> x (l—-m)+x(2-c)-1=0 
For oblique asymptote equate the highest power 
and second highest power of x to zero. 
i.e., Coefficient of x» =0 > m= 1 
Coefficient of x = 0 
ie SZ 
y =x + 21s oblique asymptote to y =x—- I/x + 2 
(iv) Neither symmetric about axis nor about origin 
(v) Domain is R — {0} 
(vi) Range is R 
d ] d 
wit) ~=14— 3 “50 forallx e R- {0} 
ax x dx 


2 


d’y 
dx? 
= when x > 0, curve is concave down. 


2 
(vii) =-—; > 0 forx <0 and <0 forx>0 
x 
when x < 0, curve is concave up. 


From the above information, we can plot the curve 
y =x-1/e + 2 as shown below: 


¥ 


y=(x?+2x—1 )/x 
increasing 
& concave up 


increasing 
& Concave down 


asymptote 
x=0 


x *x<-l 
18% Let fx) = dx¢]1  s-lsx<2 © and 
e eS) l-x r22 
g(x) = 3x -y>2> then find fog(x) and gof(x) 


Solution: The graph of f(x) is as shown below. 


Clearly; fx) <2 Vx € R~ (1,2) and fx) >2VxeE 
(1, 2) 

The graph of g(x) is as shown below. 

Clearly g(x) < 0 is not satisfied for any value of (x) 


Now 0 < g(x) <2 > x € [0, 2) and g(x) = 2 
>xeR~(C, 2) 
To find fog (x), 1.¢., (g(x) 


8 (x); g(x)<-l 
= 4 2(x) +1; —-l< g(x) <20r0< g(x) <2 
I-g(x), g(x) 22 


— Jedtl; xe(-2,2) 

7 if g(x); xe R~ (-2,2)or(-~,-2]U[2, 0) 
Also for x € (—2,2) ; g(x) = |x| 

for x € (—00,—2] ; g(x) = |x| 

and for x = 2 ; g(x) = |x| 

and for x € (2,0); g(x) = 3x 


1-|x| 3x € (-00,-2] 

Ix|+1 5x e(—2,2) 
=> f(g(x))= 

1-|x|  ;x=2 


I-3x  ;xe(2,0) 
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The graph of f(g(x)) will be as shown below y' = 0 for points of local maximum/minima. 
=> 3x°-10x+4=0 
oe 10+ V100-—48 — 1047.2 
6 6 


= 2.86 or 0.47 


d’y 


5 = 
xX 


6x —10 => f'(2.86) = + ve 


sae al = x = 2.86 is a point of local minima and local mini- 
mum value is f(2.86) = -6.06 and /" (0.47) = —ve 
=> x = 0.47 1s a point of local maxima and local 
maximum value is f(0.47) = 0.88 


To find gof(x) os ee 4 
Step 4: limy=limx | 1—— |} 1-— |= 
f®) es : SOS2 a sxeR~(1,2 rn x x) x 
BUX) = = 
Bf); S()>2— |(3F@)sx€ (1,2) ee ae f1-2}(1-4) — 
Also for x <- 1; f(x) =x eae x x 
for x € [-l, 1]; f&) =x + 1 Thus, from the above information, the graph of the 
for x € (1, 2); fx) =x+ 1 function can be drawn as follow: 
and for x > 2; f(x) =1-x 
|x| ee 
lx+]| ; xe[-1,]] 
3(x+1) ; xe(I,2) 
ie ave 


The graph of g(f(x)) will be as shown below 


20. Graph y = (x — 1) (x—-3) 


Solution: Step1: y=0 

=> x= 1,x =3 are roots of function where graphs cuts 
x-axis, f(0) = 1) (3)? =-9 

= graph cuts y-axis at pt (0,9) 


Step 2: = = 2(x-1)(x -3)+(x-3)° =0 
Xx 


19. Graph the function y = 5 oi = 5x? + 4x = (x — 3) (2x ye ~3) =(0 


Solution: Step 1: Factorize the function, if pos- => (x-3)(3x-5)=0 


. = 3 = 2 + ole . 
sible, y = x° — Sx°+ 4x = Critical points are x = 3, — 


=x (x?-5x + 4) 3 

= x(x?-x + 4- 4x) d° 

ee = BF = (4-3) + Bx-5) =6x—14 
Step 2: y=O0>xx- 1)(x- 4) =0 Py 
=> x=Oorx=lorx=4 Now, =+ve ; hence, local minima at x = 3 
= The function intersects the x-axis at the ax” },_, 

three point andy. =0 


1e.,x =Oorx =1orx =4. ; 5 
Step 3: Find points of local maximum/minima Also, | =-—ve , hence, local maxima at x = 3 
y =3x°- 10x + 4 x=2 
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21. 


Step 3: lim(x-1)(x-3)° = +00 
and lim (x -1)(x -3)? =-00 


From the above informations, we can easily draw the 
graph as shown below. 


Trace the curve y” = (x —1) (x —2) (x -4) 


Solution: 
xX-aXx1S 


1. The curve is symmetrical about the 


2. The curve meets the x-axis at the points (1, 0), (2, 
O) and (4, 0). The curve does not meet the y-axis 
as y*(0) <0. 

3. When x <1, y’<0, no part of the graph lies to the 
left of the line x = 1. In particular, no part of the 
graph lies in the second and the third quadrants. 
Also, If 2 <x <4, y <0, so, no part of the graph lies 
in the region bounded by the lines x = 2 and x = 4. 

4. The equations of the tangents at the points 
(1, 0), (2, 0) and (4, 0) are x = 1 , x = 2 and 
x = 4, respectively. 

5. There are no multiple points. 


= 


There are no asymptotes. 
7. Since y vanishes at x = | and x = 2, therefore, 
y’ must have a maximum for some values of 
x lying between | and 2. 


2 
In fact, uA ae 3x? — 14x + 14, so that 
d(y’) 
ae = 0 when x = 3(7+v7) 


1 1 
Let x, =5(7-v7).x, =a (77) 
Then | <x, <2, and2<x,>4 


Also y*is a maximum when x = x, 
The portion of graph between x = | and x = 211s, 
therefore, an oval. 


8. When x takes values greater than 4, y? keeps on 


increasing. For large values of x, y? *x°, and lim 
xn 


y — +. The graph of the curve can now be eas- 
ily seen to be as is shown in the figure given 
below. 


22. Trace the curve y = x? (x -3a),a>0 


Solution: 
symmetry 


1. The curve does not possess any 


2. Ifx<3a, then y <0 In particular, no portion of the 
graph lies in the second quadrant 

3. The curve meets the x-axis at points given by 
x = 0, 3a,1e., at (0, 0), 3a, 0).It meets the y-axis 
only at the origin 

4. The tangents at the origin is the line y = 0. Since 
y < 0 for small values of x, therefore, it follows 
that the shape of the graph in the neighborhood of 
the origin is as shown 1n figure 


6(x-a) 


5S. dy/dx = 3x (x — 2a) and zt = 
x 

Since dy/dx > 0 when x < 0, therefore, y is 
increasing in (—co, 0] and concave upwards for x > a 
Since dy/dx <0 in [0, 2a], therefore, y 1s decreasing 
in [0, 2a] and concave downwards for x < a 
Again, since dy/dx > 0 if x > 2a, therefore, y is 
increasing 1n (2a, ©). 
Also, y has a maximum at (0, 0) and a minimum 
at (2a, -4a°) and x = ais a point of inflexion. 

6. y-wasx—>-woandy>+oasx>+o0 

7. There are no asymptotes 
The graph of the curve can now be seen to be as 
shown in figure. 


23. 


24. 


Sketch the graph of y? = x? (4 — x’) 


Solution: 
(—00,00) 


Step 1: (a) Domain of given relation 1s 


(b) Roots of equation x” (4 — x”) = 0 are x = O and 
x=+2 

(c) We can observe that since f(x) contains only even 
power terms of x and y, hence, graph will be 
symmetrical about x as well as y-axis. 


Se) = J) 
Step 2: 2 2 = x*(-2x)+(4-—x7)2x 


= 2x (0° +4 — x’) = 2x (4 - 2x’) 
—2x(2—x’) 


x? (4—x’) 


dx Jx?(4-x°) 


fory <0 


So, critical points are x = + V2,x =0,x =+42 

Curve has local minima at x = —2, 0, 2 for y > 0 
Via 7 0; Wises 0; Wie 0 

Curve has maxima at x = + V2 for y>0 

and (), =~ 4, ), = 42 — 4 


Step 3: lim f(x) =0 


So, the graph of f(x) will be as shown below: 
Y 


Draw the graph of y? = x°—x 
Solution: Stepil: y=x-x=x(x’-1) 


yox@-D@t) 
= Roots of this equation arex =0,x = 


“=; yotVy? —x 


lx =-l 


d 
Step 2: 2y=3x 
ax 


23. 
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dy +(3x’-1 
ce GLa Critical points are x = as sl 
dx Wx* -x 3° 
dy/dx does 
not exist 
F(x) (+) (-) 
13-1 41N3 1 


Domain of relation is [—1, 0] U [1, ©) 


| 
Point x = B is of maxima and y= Vx —x 


l 
increasing in x €| —l,-—~/V[l,) and decreasin 
° | dl : 


in *s - 
ae 


= Ofory=+Vx° -x 


x -x =00 


(¥),-0 =(y),. ] =(y),-. 
Step 3: lim 


So, graph of y” = x* — x will be as shown below. 


Plot the points on x-y plane which satisfy the follow- 
ing equations. 

GQ) y=xly| 

Gu) x— |x| =y—|y 


(1) y—|y| + x + |x| = 
(iv) |2x + 3y| + [2x — 3p] = 10 


Solution: 
Case I: 
>xeéeR 
Case ll: y>0O 

> xy=yroxe=l 
Case II: y<0O 
x(-y)=y>x=-1 


(i) y=x\y| 
y=0 
= Entire x-axis 
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Thus, the graph of y = x|y| is as shown below: 


¥ 
—1 
x 
1 


Gi) y— [yl +x + |x| =0 
Casel: y20;x20 
=> |y| =yand|xj=- > 2x =0>x=0 


y 
+. 


Case ll: y20;x<0O 
=> |y| =y and |x| =-x 


=> 0=0 
Y 
am 4 


Case HII: y<0;x20 
ly| =—y and |x| = x 
=> Zr lx = OS y= 


Y 
ae X 


Case lV: y<0; x<0O 
=> |y| =—y and |x| =-x 
=> 2y=O0>y=0 => Noreason 


Hence, the overall graph is as shown figure: 


(1) x — |x| = y—ly| 

Casel: x >Oandy>0 

=> 0:> 0 

=> Entire Ist quadrant including positive x and y-axis. 


Case lI: x>Oandy<0O 
=O] 2) 

>y=0 

= Noregion 

Case IT; x<QOandy2=0 
= 26> 0 

>x=0 

= No region 

Case IV: x<Oandy<0O 
= 202) > =V 


Hence, the overall graph will be as shown below 


26. A: 


(iv) |2x + 3y| + |2x — 3y| = 10 


Let R, be the region defined by 2x + 3y 20 
and 2x — 3y => 0 

Similarly R, : 2x + 3y <0 and 2x —3y <0 
R, : 2x + 3y <0 and 2x —3y 20 

R, : 2x + 3y 20 and 2x —3y < 0 

Case I: Considering region R,; we have 
2x + 3y + 2x—3y = 10 

=> 4x=10 => x=5/2 

Case II: Considering region R,, we have 
—2x —3y—2x + 3y = 10 

=> —-4x = 10 => x=-5/2 

Case III: Considering region R,, we have 
—2x — 3y + 2x — 3y = 10 


=> -6y = 10 => y=-5/3 
Case III: Considering region R,; we get 2x + 3y — 
2x + 3y = 10 => y=5/3 

¥ 


Assertions and reason 


The number of real roots of the equation 

See AL ea) 16:2. 

R: If k > 1 and f g be real valued functions such 
that fix) + g(x) > 0, then Kh + k= 2 will have 
x = a as solution if f(a) = g(a) 

(a) A 1s true, R 1s a correct explanation for A 

(b) A is true, R is true but R is not a correct explana- 
tion for A 

(c) Ais true, R 1s false 

(d) Ais false, R is true 
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f(x) 4 fe 
2 

=> kK + k8 > 2. Equally holds when f(x) = g(x) = 0. 
By above reason, | + cos rx = | — |x| = 0 


Solution: (a) > (eee) >1 


=> cos nx =-l,|x]=1—> x=! are two solutions 


Comprehension Passage 


A: 


Lis 


28. 


29. 


Let the lines represented by the equation x’j” — x” — y’ 
+ 1 = 0 form a square ABCD. A point 'P' is taken on 
the same plane of square such that atleast two sides of 
all the triangles PAB, PBC, PCD and PDA are equal. 


The number of possible positions of the point 'P' is. 
(a) 7 (b) 5 
(c) 17 (d) 9 


Solution: (d) x«y-x-y+1=0 

=> rvy?-1)-1967-1]1=0 

> VW-De-ND)=0> y=tl,x=+1 

= ABCD square is obtained bounded by x = +1 and 
y=. 

Clearly 8 possible points will be the intersection of the 

circle (with centre at vertex and radius as side of the 

square) and the line which is perpendicular bisector 

of the sides. Centre of square will be one such point. 

Thus, total 9 such points will be there. 


For all the possible position of point 'P’. How many of 
the given triangles have all the three sides equals 

(a) 0 (b) 4 

(c) 8 (d) 5 


Solution: (c) Clearly for all the different position of 
'P' except origin there will be one equilateral triangle. 


One of the possible position of the 'P' such that atleast 
one of the given triangle is equilateral 1s given by 

(a) (0, 0) (b) (-V3 + 1, 0) 

(c) (0, V3 — 2) (d) (V3 + 1, ¥3-1) 
Solution: (b) Different positions of P except origin 
will be (0, -V¥3 — 1), (0, ¥3 — 1), (V3 -1, 0), (-V3 - 1, 
0), (0, ¥3 + 1), (0, V3 + 1), (V3 + 1, 0) and (-V3 + 1, 0) 
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TUTORIAL EXERCISE 


SECTION—III 


ONLY ONE CORRECT ANSWER 


. The number of real solutions of the equation e* + x = 
O 1s: 

(a) 2 (b) | 

(c) 3 (d) None of these 

. The number of real solutions of the equation 
logy x = |x|,0<a<l,1s 

(a) | (b) 2 

(c) 3 (d) None of these 

. If high voltage (440 V) current is applied on the field 
which is given by the graph y + |y| — x — |x| =0. On 
which of the following curve Mr. Calculus can move 
so that he remains safe? 


(a) x° (b) sgn (-e*) 
(c) log,, x (d) |m + |x|| Gn > 3) 
. The graph of the function 
| 2 
f(Qx= (EEE) will lie on 
l+x 


(a) 1 and 2™ quadrant (b) 274 and 34 quadrant 

(c) 3% and 4" quadrant (d) None of these 

. If xc) + 6 — x’| = |xx)| + [4 — x7] + 2, then f(x) is 
necessarily non-negative in 

(c) [-V6, V6] (d) None of these 

. Which one of the following graphs best represents the 
{(x, y) € R*: vtys 25,y2>-—x}? 


(a) 


(b) 


10. 


11. 


12. 


(C) 


(d) 


. The graph of the relation x* + y’ = 1 is symmetric with 


respect to 
(a) the x-axis 
(c) the origin 


(b) the y-axis 
(d) the line y =x 


. The number of solutions of the equation [x]? + [x + 3] 


= 4 1s: where [x] denotes greatest integer function 
(a) Two (b) Four 
(c) Infinite (d) None of these 


. The number of solutions of the equation; sin x = e™: 


(a) one solution (b) two solutions 


(c) three solutions (d) infinite solution 


Let fx) = max {tan x, cot x}. Then number of roots of 


the equation f(x) = V3 in (0, 27) 1s 


(a) 2 (b) 4 

(c) O (d) None of these 

The number of solutions of the equation, sin x = = 
are 

(a) 3 (b) 6 

(c) 7 (d) 10 

Number of solutions of 5"! = |3 —|x|| is 

(a) 0 (b) 2 


(c) 4 (d) infinite 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


How many roots does the following equation posses, 
x’ — 2x — log, |l-x|=3? 

(a) 2 (b) 3 

(c) 4 (d) 5 


The equation e** + e*— 2e = 0 has 
(a) no real root in the interval [0, 1] 
(b) at least one real root in [0, 1] 
(c) two real roots in [0, 1] 

(d) none of these 


The set of real value(s) of p for which the equation, |2x + 
3| + [2x — 3| = px + 6 has more than two solutions 1s: 


(a) [0, 4} (b) (4, 4) 

(c) R—{4,-4,0} — (d) {0} 

Number of solutions of sin x/2 + 2x x =x? + x7 is 

(a) 0 (b) | 

(c) 2 (d) None of these 

The number of solutions of the equation 2 cos 


(e*) = 5*+ S* are 
(a) no solutions 
(c) two solution 


(b) one solution 
(d) infinitely many solutions 


l 
The graph of the curve y =— and y = px intersects at 
x 


(a) one point for any value of p 
(b) two points for any values of p 
(c) two points for p = 0 

(d) None of these 


The general solution of |sin x| = cos x; n € Z 1s given by 


a a 
na +— 2nz +— 
(a) ri (b) A 


1 1 
nz +— d) nz -— 

(Cc) Fi (d) A 

The equation ||x — 2| + al = 4 can have four distinct 

real solutions for x if a belongs to the interval 

(a) (—co,-4) (b) (—«,0) 

(c) [4,00) (d) None of these 
x for 0<x<l 

Let f,(x) = 91 for x>I1 and f(x) = fC) for 
0 for otherwise 

all x f(x) = —f,(x) for all x fx) = fx) for all x 

Which of the following 1s necessarily true? 

(a) f,0¢) = f,@x); for all x 

(b) f, («) =—f,C-*); for all x 

(c) f,(-*) = f,(x); for all x 

(d) f(x) + f,@&) = 0; for all x 
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22. The number of solutions of the equation x? — 2 [x] =0 
([.] denotes greatest integer function) 1s 

(b) two 

(d) infinity 


(a) one 
(c) four 


23. Which of the following represents the graph f(x) = sgn 
({[x + 1]) where [ ] denotes the GINT function. 


24. Suppose f is defined from R — [-l,l] as 


| 
x)= 
T(x) ee 
the statement which does not hold is 


where R is the set of real number. Then 


(a) fis many—one and onto 
(b) fincrease for x < O and decrease for x < 0 
(c) minimum value is attained 
(d) maximum value is not attained even though fis 
bounded 
25. The graph of function y = f(x) is as shown in the figure 
given below. 


will be best 


Then the graph of the function 
represented by 


(a) 
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26. 


27. 


28. 


1 


A 


x< 
— 


(b) 


(d) None of these 


Which of the following best represents graph of 
fix) = cot! (4— x’)? 
Y 


(a) 
m/2 
X 
Bs 
T 
(b) 
m/2 
X 
i 
™ 
(c) 
m/2 
0 X 
¥ 
TT 
m/2 
(d) x 


Let [x] = greatest integer < x and {x} = x — [x]. 
If f(x) = {x} [x], then fic) = | for: 

(a) no value of x 

(b) infinite number of values of x 

(c) one value of x 

(d) None of these 


The number of roots of the equation x sin x = l, 
x € [-2x, 0) U (0, 27] 1s 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


(a) 2 
(c) 4 


(b) 3 

(d) 0 

The number of points (x, y), where the curves |y| = In 
jx| and (« — 1)? + y? - 4 = 0 cut each other is 

(a) 2 (b) 3 

(c) | (d) 6 


The number of solutions of equation 2°* = |sin x, 
when x € [0, 27] 1s 
(a) 4 
(c) 0 


(b) 3 
(d) 2 


The number of solutions of the equation sin x = |ln|x|| 1s 


(a) infinite (b) 8 

(c) 6 (d) 0 

The number of roots of the equation 
1 + log,(1 — x) = 2* is 

(a) O (b) | 

(c) 2 (d) infinitely many 

Number of roots of |sin|x|| = x + |x| in [—42, 27] is 
(a) 2 (b) 3 

(c) 4 (d) 5 


The equation 3*! + 5*! = 12 has 
(a) No solution (b) one solution 
(c) two solution (d) None of these 


The number of solution of the equation cos 
[x] = 2°", x € [0, 27] 

(a) | (b) 2 

(c) 3 (d) 4 

The number of real roots of the equation 
x>+x+3+2sinx =0,x € [-1, 7] 

(a) 2 (b) 4 

(c) 6 (d) None of these 


The total number of real roots of the equation 
Ic —x? — 1] = |2x —3 — x] 18 

(a) 0 (b) | 

(c) 2 (d) infinitely many 


The equation =1 has 


I-|x-2| 
(a) one real solution (b) two real solution 


(c) three real solutions (d) no real solution 


The graph of the function f: R — R defined by 


fy - FS 
es 


(a) 1* quadrant 


may lie in 


(b) 2™¢ quadrant 


(c) 3% quadrant (d) Each of 4" quadrant 


40. 


41. 


42. 


43. 


44. 


1. 


The number of solutions of the equation 
tan 4x = cos x; forO<x<T7is 

(a) | (b) 2 

(c) 5 (d) 8 


The number of real solutions of the equation log, . |x| 
= 2|x| 1s 

(a) | (b) 2 

(c) O (d) None of these 

Let fx) = max {1 + sin x, 1,1 —cosx},x € [0, 2x] and 
g(x) = max £1, |x— 1|}; x € R, then 

(a) gO)) =! (b) (MU) =! 

(c) f(g(1)) =1 (d) f(g(0)) =sin | 

If f:. R > R,g: R > R be two given functions, then 
2 min{f{x) — g(x), 0} equals 

(a) f(x) + g@&) 4e(x) fo) 

(b) flx) + g(x) + Ig) SO) 

(c) fix) — g(x) +e) SO)! 

(d) fx) — g(x) —Ig(x) fx)| 

If the graph of y = f(x) is as shown in the figure 
below, then answer the questions that follow: 


45. 


46. 


47. 
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(i) Find f-2) 

(a) 5/2 (b) 7/2 

(c) 3 (d) None of these 
(11) The domain of the function f(x) 

(a) [33H Sb). [=3=1)- [1 ,.5) 

(c) [-3,-1] U [1, 5](d) None of these 
(111) The range of the function f(x) 

(a) [-3, -l] U [1, 4](®) [-3,-I] y [1 -4+) 

(c) [-3,-l1) U C1, 4](d) None of these 


Find the area bounded by the following inequalities: 
GQ) x-2y<4,2x+y>5,y>x,x<6,y<8 


(a) 313 (b) 337 
a _—_ ——— 
12 12 
(c) 2 (d) None of these 


Gi) 4x +y<s53;x-4y>9y<—~t+ 1x20; 
x] <3, | <3 
7 
Bee 
(a) 3 
(c) | 
The number of solutions of the equation [x]? + [x + 3] 
= 4 is (where [x] denotes greatest integer function) 
(a) two (b) four 
(c) infinite (d) None of these 


9 
by. 
(b) 3 
(d) None of these 


The number of solutions of the equation x” — 2 — [x] = 
O ([.] denotes greatest integer function) 1s 

(b) two 

(d) infinity 


(a) one 
(c) three 


48. The number of real solutions of equation max 
(x? — 4x) = lis 
(a) | (b) 2 
(c) 3 (d) infinitely many solution 
SECTION-IV 


MORE THAN ONE ANSWER CORRECT 


The graph of the function y = f(x) 1s as shown in the 
figure. Then which one of the following graphs is 
correct? 


(a) [y| = sgn (f(x)) 
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(b) |y| = sgn (—f{\x1)) (a) fix) = g(x) has exactly 3 real roots 
4 (b) fix) = g(x) has exactly 2 real roots 
(c) y = g(x) has one point of discontinuity 
(d) y = f(x) has 3 points of non-differentiability 


5. Let ? + y)y— ax? =0 and Xe? + y?) = a@(x’?-y’), a¥1 
be two curves; then which of the following statements 
is/are correct? 

(a) The two curves intersect at atmost two distinct 
points. 

(b) The two curves intersect at 3 distinct points for 
exactly one particular value of ‘a’. 

(c) The two curves intersect at 3 distinct points for 
ae R~[-l, 1]. 

(d) The curves (x? + y”)y— ax? = 0 has exactly 1 cusp. 


6. Consider two curves 
C,: LO0O(x? + y’?) = a’x’*y’ and C,: y = (a’—x°)!” 
Which of the following statements is/are correct? 
(a) C, and C, intersect in 3 distinct points for exactly 
2 values of ‘a’. 


(b) C, and C, intersect in 4 distinct points for infinite 


2. The equation 2|x| — | = 3|sin zx| has fe 
values of ‘a’. 


(a) 4 solutions 


ae ogee as (c) C, and C, intersect in 2 distinct points for infinite 
(b) no solution lies in [2, 0) 


values of ‘a’. 
(c) © poo — (d) Exactly 2 of the above 3 statements are 
(d) two solution lies in (0, 1/2) correct. 


3. Let f(x) = x7 + 3x + 5 and g(x) = |x — Al, then which 
of the following statements is/are correct? 


(a) fix) = g(x) has exactly one root for exactly two (a) sin” (+ | =cos ! (+ | has 1 real root 
distinct values of ‘k’. x x 


7. Which of the following statement(s) is/are correct? 


(b) fix) = g(x) has no real root for k € (-3, 1). (b) sin”! + = tan”! =| has | real root 
(c) fix) = g(x) has two real roots for k > 5. x 
(d) None of these (c) sin” (+ = cosec | + has 2 real roots 
=) x x 
A epoeies ll Side =e ee 
x—2 (d) sin”! 2 = cot” - has | real root 
then which of the following statements is/are correct x x 


SECTION-V 


ASSERTION AND REASON TYPE 2. A: y = (x) is a +ve valued function x e R; 
I. f(x)x= [, f(xtk)dx 
1. A: f(x) = ax’ + 2x*— bx +c is symmetric about the line R: The graph of f(x + k) is obtained by shifting the 
x=1, thenat+2b=8 graph of f(x) by |A| unit horizontally in direction 
R: An odd degree polynomial can never be symmet- opposite to sign of k. 
ric about any vertical line every quadratic polyno- 3. A: fix) = xt — 4x3 + 4x2 + & — 1 has no real root 


mial is symmetric about its axis. k €(1, 0) 


R: graph of y = g(x) + c can be obtained by vertical 
scaling of graph of y = g(x) by |c| unit upwards if 
c > 0 and downward if c < 0. 


Let f. R — R defined by f(x) = cos x[x], where tx] 
denotes the greatest integer function less than or equal 
to x. 

A: f(x) is a periodic function. 
R: [x] is a periodic function. 
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. Let g: R > R defined by g(x) = {e*}, where {x} 


denotes fractional part function. 
A: g(x) is periodic function. 
R: {x} is periodic function. 


. A: The function f(x) = tan 3] where [x] is the 


greatest integer function, is a periodic. 


R: g(x) = [x] is a periodic. 


SECTION-VI 


COMPREHENSION PASSAGE 


: The diagram given below represents graph of a func- 
tion f(x). Observe its properties carefully and based on 
it answer the following questions: 


. |/c)| 1s an increasing function in the interval 


(a) (2, 3) (b) CI, 3) 
(c) (0, 2) (d) None of these 


. f(x)| 1s non-differentiable at x = (in the interval 


(-I, 3)) 


(a) 3 and 2 (b) | and 2 
(c) O and 2 (d) None of these 
» fx) 1s 


(a) increasing function 

(b) a decreasing function 
(c) a constant function 

(d) positive V x € Domain 


1 
» 2(x)= 5 Whe) + f(x))) is a constant function in the 


interval 
(a) [-1, 3] (b) [0, 3] 
(c) [-l, 2] (d) None of these 


l 
. A(X)= 5 (\fx)| — ftx)) 1s a constant function in the 


interval 


(a) [-l, 2] 
(c) [1, 3) 


(b) [-1, 1] v [2, 3) 
(d) None of these 


: c= {2 is 


x 
(a) an increasing function 
(b) a decreasing function 
(c) a constant function 
(d) None of these 


: Consider a rational function (f(x) by 
(x? —1)(x -3) 
x) = 
IO) x(x +2) 
. Which of the following is a horizontal asymptote of 
y = fix)? 
(a) y=2 (b) y= 1 
(c) y=-l (d) None of these 
. Which of the following is/are vertical asymptote(s) on 
y= fix)? 
(a) x =0 (b) x =2 
(c) x =-2 (d) All of these 


. The approximate graph of y = f(x) is given by 
y 


= 


(a) x 


(b) x 
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10. 


11. 


y 
(C) 
0 x 
y 
(d) 
0 x 


: Consider the function as shown in the figure 


given below. The shown figure is a polynomial of 
degree 5. The points marked with black dots have 
integral coordinates. 


What is the value of f(—5) f(4) 
(a) 0 (b) 36 
(c) 81 (d) None of these 
Determine the function f(x) 
_ (x-1)(x +3)(x + 6)(x - 7) 
(a) f(X)= =e a 
— (x-1)(x +3)(x + 6)(x - 7)” 
OL aa 99 
(c) fix) = («— 1) &— 3) & + 6) &— 7) 


d) f(x)= (x -1)\(x- « + 6)(x-7) 


12. 


13. 


14. 


Determine the values of f(/(-5)) 


(a) 12 (b) 15 

(c) 30 (d) None of these 

Let us consider a_ function given by 
(x-3) +3;  ifxe(3,5] 

f(x)= x; if x €[-3,3] 


~(x+3)’ —3; if x e[—-5,-3) 


Then on the basis of the information given above 
answer the questions that follow. 


Which of the following gives an approximate graph 
of f(x)? 


¥ 
(a) 
x 
y 
(b) rai 
y 
(c) 
x 
y 
(d) ia 


Let g(x) be a function such that g(x) = f.f.f....f (x); 
where n € N, then g(x) can never achieve which of the 
following values? 
(a) 0 
(c) 8 


(b) 4 
(d) None of these 


15. 


16. 


17. 


18. 


Which of the following gives as approximate graph 
of f(x)? 
y y 


(b) : er 
X X 


y y 


(d) : a 
Xx x 


(a) 


(C) 


: For x, y € R the functions are defined here under; 


f,&, vy) = |x| + yl, 6. y) = min & + y, x — y), 
I, y) = [x] + [vy] (where [.] denotes the greatest inte- 
ger function). 


Which of the following 1s always true? 

(@) f%<fevixyeR 

(b) £(, y) < fi. y); x, y € Z* (set of +ve integers) 
(c) fi, y) =f, y); x, y € Z (set of —ve integers) 
(d) None of these 


In h(x) = f(sin {x}, sin mx) V x € R (where {.} 
represents fractional part function). h,(~~) = {\(x, sinx) 
V O<x%=< 1, A) =f. =x) ¥ xe R, then 

(a) A,: (x) is non-periodic function 

(b) h,: (0, 1) > ©, 1) then A, is bijective 

(c) A, : (x) 1s periodic function 

(d) None of these 


Which of the following can never be true? 
(a) f@ y)> LO y).~yeER 

(b) L.@ y) =x ty, xy <0 

(c) fO. ¥) =f, ys yeR 

dd) fey =fey.xyeR-Z 


1- 
: Let H,: x? —- 477 + 4 and H, a oy then 
l+a 


answer the following questions 


19. 


20. 


21. 


22. 


23. 


24. 


GraphTheory < 3.167 


The exhaustive set of values of a for which there 
exist at least one ordered pair (x, y) which satisfy the 
inequality H, <0 and H, <0 satisfy simultaneously is 
(a) a € (-00, 0) 

(b) a € [-5/4,-1l) VE, I) 

(c) ae Cl, 1) 

(d) ae (-o,-1)U (1, ©) 


The exhaustive set of values of a for which H ix O and 
H, = 0 satisfy simultaneously is 


(a) ae R~ {-]} (b) ae(3.-1 
5 4 
(c): 72 (-=,-1] (d) None of these 


Number of integral values of a for which H, = 0 and 
FH, 2 0 does not possess a common solution is 

(a) 0 (b) | 

(c) infinitely many (d) 2 


: f(x) 1s a continuous function satisfying x* — 4x” < f(x 
ying 


< 2x? x? V x € [0, 2] such that the area bounded by 
y = fix), y = x* — 4x? and the line x = ¢, (0 <t <2) is 
n times the area bounded by y = f(x), y = 2x? — x? and 
the line x = t, (0<t< 2), then 


At what point f(x) attains a local minima, when n = 1? 


345/73 


(a) 2 
=—3=1 73 
oa 


For n = 2, f(x) attains a point of inflexion at x = 
(a) V2 (b) 3/2 
(c) | (d) None of these 


] 
The value of | f (x)dx is 
= 


SECTION-VII 


COLUMN MATCHING 


. Match the column 


[.] and {.} represent the greatest integer and fractional 
part functions respectively 


2 2 
(a) 15(n41) (23—10n) (b) Is@sp ee —17) 
(c) 15(n +) (23 +10n) (d) 15(n 41) (10n +17) 
Column-I 


(a) Number of solutions of [x] = cos"!x 
(11) Number of solution of sin'x = sgn(x) 


(iii) Number of solutions of {x} = e* 
(iv) Number of solutions of 1 — x = {x} 


3.168 > Graph Theory 


Column-Il 
(a) 3 
(b) 2 
(c) | 
(d) 0 


2. The graph of the function y = f(x) 1s as follows. 


Match the function mentioned in Column-I with the 
respective graph given in Column-II. 


Column-I 
(1) y = |fx)| 
(1) y = f(|x|) 
(1) y = f(-|x|) 


Ov): = al F(x) |-F)) 


Column-Il 


(d) 


. Find the number of points of intersection of the two 


graphs given by 


Column-I 
x 
a) y= noe +5x andx =2y-y 
(1) |y| = x? — 3x + 2 and |y| = cos (sin x) 


l 
(1) y = |In |x? — x|] and y= H-4 
x 


1 
(iv) y = cos e* and y = tan e* Vxe («5 ) 


(v) y = sin e* and y = sec e* V x € (-. 2) 
Column-IlI 

(a) 8 

(b) 6 

(c) 2 

(d) 0 

(e) 6 


. If fx) = x4 — 5x? + 7 be a function and |y| = x* — 5x’ 


+ 7; then find the values of ‘k’ for which the number 
of point of intersection; of |y| = x*- 5x? +7 andy = 
k is given by ‘n’. Then match the entries in column 
I (value of n) to the entire in column II (all possible 
values of ‘k’ corresponding to a particular ‘n’). 
Column-I 
Ga) n=0 
i) n= 1 
(il) nm = 2 
(iv) n=3 
(v) n=4 
Column-Il 
(a) (0, -7) U (7, ©) U §£+3/4} 
(b) {+7} 
(c) > 
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SECTION-VIII 


INTEGER TYPE 


. If y = f(x) is continuous on [0, ©) and differentiable 
on (0, ©) except for 4 points of non-differentiability 
and f'(0*) > 0, then find the number of points of non- 
differentiability of the graph y = f(|x|) ;x € R. 


. Let fx): [2, 10] — R be a continuous function having 
points of non-differentiability at x = 3, 4, 5, 6, 7, 8, 9, 
then find the number of points of non-differentiability 
of y = f(x — 2) = g(x) (say) in [2, 10), assuming that f(x) 
is non-oscillating. 


. In the graph shown below, 


b i 
A 


AO 


MA ( 


| 

| 

H eo 
| | 
= | H | 
0) 1 | 


| 
| 
H 
| 
= 2 E a a : »X 
2(25) 4 6 .',(7.8)) (10.5) 12 
(2.5) 727, (105) 
x =x,, x, are points of local maxima, x = y,, y, are 
points local minima, x = Z,, Z,, Z,, Z, are points of 
inflexion and x = uw, is points of non-differentiability, 
then evaluate }ox,+ >> y,- 02, +. 


. Let y = f(x) has the graphs as shown below. 


Find the area enclosed by the graph of |y| = |f|x|)| with 
= bx 
x-axis 18| a +—— | square units, where g.c.d.(b, c) = 1, 
C 
then find a+ c-— 4b. 
|x-1| for O0<x<2 


e*? for2<x<2+imn6 and g(x) = 
x for x>2+/n6 


. Let f(x) = 


for0<x<2 


_ xa 
sin — 
4 


2x—3 for2<x<4 ; then find the number of points 
log, x for x24 


where f(x) = g(x). 


Bie, eS 
Z 2 
—1 
6. f(x) = — COS X, evan g(x) 
x-l, O<x<l 
Inx, x>l 
1—x; x<l 
= <(l-x)(2—x); 1<x<2; then the number of 
3-x; x>2 


10. 


11. 


solutions of equation of f(x) = g(x) + In 2 is k,, k, 
= number of points of non-differentiability ofy =/(x), k, 
= number of points of non-differentiability of y = g(x), 


then find et 


3 


. Let f(x) = |x? — 9| — |x — a]. Find the number of integers 


in the range of a so that f(x) = 0 has 4 distinct real root. 


. If f R ~ R be an injective mapping and p, gq, 


r are non-zero distinct real quantities satisfying 


(slo -sU5) 


If the graph of g(x) = px? + qx + r passes through 
(1, 6), then find the value of g. 


. Let fi R > R defined by f(x) = min. (|x|, 1 — |x|), then 


find the number of solution of equation 3/(x) — 1 = 0. 


If the function f(x) = ax + b has its own inverse and pass- 
ing through the point (2, 3), then evaluate (2a + b). 


Let f(x) = sgn(are cot x) + tan (= , where [x] is the 


greatest integer function less than or equal to x. Then 
find the number of solutions of equation 2f/(x) = 1 + 
2{x}; where {x} denotes fractional parts of x in [+4, 5]. 
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Answer Keys 


SECTION-III 


1. (b) 2. (a) 3. (d) 4. (c) 5. (a) 
11. (c) 12. (b) 13. (c) 14. (b) 15. (d) 
21. (b) 22. (c) 23. (a) 24. (b) 25. (b) 
31. (c) 32. (b) 33. (d) 34. (b) 35. (a) 
41. (b) 42. (a) 43. (d) 44. (a) (a) (ii) (a) 
45. (1) (b) (a1) (b) 46. (d) 47. (c) 48. (d) 
SECTION-IV 
1. (a,b,c) 2. (b,c) 3. (a,b,c) 4. (b,c,d) 5. (c,d) 
SECTION-V 
1. (a) 2. (a) 3. (a) 4. (d) 5. (d) 
SECTION-VI 
1. (a) 2. (b) 3. (Cc) 4. (c) 5. (b) 
11. (b) 12. (c) 13. (c) 14. (d) 15. (d) 
21. (d) 22. (c) 23. (c) 24. (b) 
SECTION-VII 
l.@-@d a@-@, a)-@, avy) 
2. (1) > (d) (11) — (Cc) (111) — (a) (iv) — (b) 
3. (1) > (b) (11) — (b) (111) + (b) (iv) > () 
4.) > @) (11) > (Cc) (111) — (a) (iv) — (bd) 
SECTION-VIII 
1.9 265 30.0 4. 5 hs a 


11. 5 


6. (b) 7. (b) 8. (d) 9. (d) 
16. (c) 17. (a) 18. (d) 19. (b) 
26. (b) 27. (b) 28. (c) 29. (b) 
36. (d) 37. (b) 38. (d) 39. (d) 
(11) (c) 

6. (a,b,c) 7. (a,c,d) 

6. (d) 

6. (c) 7. (b) 8. (a,c) 9. (c) 
16. (b,c) 17. (c) 18. (a) 19. (d) 

(v) > @) 
Wy =) 
6. 4 TEA) 8. 8 9, 4 


10. (b) 
20. (a) 
30. (a) 
40. (c) 


10. (c) 
20. (a) 
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HINTS AND SOLUTIONS 


TUTORIAL EXERCISE: (SECTION III) 


1. (b) eX +x=0 


=> e=-x 

= The solution will be the abscissa of points of intersec- 
tion of y = e* and y = -x. 
The two graphs drawn on same frame of reference will 
be as shown below. 


i 


\ / = 
\ap 
Pe: oe x 
oH 2 1 4 
y=—x 


Clearly, only one point of intersection ‘P’, and hence, 
only one solution. 


2. (a) Log, x= |x|,0<a<1 


Graph of y = log, (x) and y = |x| for 0 <a <1 drawn on 
same frame of reference will be as shown below. 


y=|x| 


y=log_(x),O<a<1 


Clearly, there is only one point of intersection ‘P’ and, 
hence, only one solution. 


3. (d) y+ pl -x-|x 


=> yrly=x-t |x| eeceaen) 
Case (i): y 2 0,x 20 — a 
Case (ii): y > 0, x <0 => y=0 
=> + ve x-axis 
Case (iii): y<O0,x<0 > O=0 
= whole III" quadrant 
Case (iv): y <0, x20 > 
=> —ve y-axis 
The complete graph represented by (1) will be as shown 
below. 


5. 


6. 


7. 


8. 


The graphs of y = x’ and y = log, ,, x interests the line y 
= x which has current. 
Also y = sgn (-e*)=-1VxeR,ase*>OVxeER 
*<0VxeER 
sen (-e*)=-1VxeR 
sgn(—e*) = —1 is y = —1, which intersect the third quad- 
rant having current. 
Now y = |m + |x|| (> 3) 
y=(m + |x|) asm > 3, |x| = 0 
m + |x| > 0 
Its graphs are as shown below 
Y 


WY UY 


Y J 


y=x 


A 
a | ¥ mn 
y=|m+)x||\) oe 
mo jm 
i ~ 


ee 


— —>x 


Thus, the curve y = |m + |x| is disjoint from the current 
carrying curve, and hence, safer for Mr. calculus . 


We emer 
wo po--[etsistsia 
Clearly, f(x) <0 Vx e D,and D,= R 
=> fx<0VxeER 
= Graph of f(x) would lie in III" and IV" quadrants. 
(a) Kx) + 6 —x"| = x) + 4-2 +2 
By triangle inequality, |x) + 6x — x? | <| f(x) + |6 — x’ 
= fix) |+|G@—x) +2) <x) + |4—-x| +2 
Given, |f(x) + 6 — x? | = |x) + [4-2] +2 
=> 2(4- x’) 20 and fx).(6 — x’) 20 
latb|s|a|+|d| 
( and equality holdsa.b20 
=> 4-x’>0 and f(x).[4-—x* +2] 20 
=> 4-x 20 and f(x) 20 
=> fx) 20 for x € [-2, 2] 


(b) {~% y) € R?: x+y < 25, y > --x} represents the point 
on and in interior of circle x? + y* = 25, which are above 
the line y = —x. 


(b) x*+ y+ 1; contains even power of x 


Kx, vy) = fl y) 


Curve is symmetric about y-axis 


yy 


(d) [x]? + [x+3]=4 i) 
=> [xP+p]+3=4 

=> [x}+[x]-1=0 
=> 


Es ee 
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~14+J5 


ger, whereas R.H.S is non-integer. 
= No solution. 


=> [x] = , which is impossible as L.H:S 1s an inte- 


y=|3—|x|| 


9. (d) Graphs of y = sin x and y = e* drawn on same frame of 
reference are as shown below. 


y=e™y 


The graphs of functions y = 5"! and y = |3 — |x|| would 
intersect each other at A and B. 
In(3,),y=S*=S5 => y=5*In5>0 
=> y>=5*is an increasing function and y’(3) = (5) In 5 
= (125) (In 5) > 125. 
Also, in (3, ©), y= |3 — |x|| = |3 —x| =x-3 


=. y= 
Clearly y = e* € (0, 1] for x = 0 and e€ (1, «) forx <0 = The graph of y = 5" would always remain above the 
=> y=e*and y= sin x would intersect each other infinitely graph of y = |3 — |x|| for x > 3, as the slope of tangent 
many times in the intervals (0, 00) and do not intersects to y = 5*! goes increasing, whereas that of y = |3 — |x| 
in (—oo, 0). Thus, there are infinitely many solutions. remains constant for x > 3. 
10. (b) f(x) = max, {tan x, cot x} ate ‘ the case for x <—3. Thus, there will be only 2 


13. (c) x — 2x —log, |1 —x| = 3 
x —2x—3 = log, |1—+| 
(x — 3) (x + 1) = log, |1 — x 
The graphs of f(x) = (x — 3) (x + 1) and g(x) = log, |1 — | 
drawn on same frame of reference are given below. 
Kk YEOH8)GC+1) 
| | y=log,|1-x| 


Y y 


Clearly, fx) = max. {tan x, cot x} and y = V3 intersect 
each other at four points A, B, C and D. 


Hence, there will be four solutions in (0, 2m). Clearly, there will be 4 points of intersection, and hence, 


A solutions. 


x 
Oo : eae nee 
Bh AS) SU 10 ay) 14. (b) Given equation is e* + e* — 2e = 0 e* = pe na nT i but 
sin x € [-1, 1]; for (1) to hold = e [-1, l],ie.,x e€ e>0 
[-10, 10] yea Miter 
2 


=> x=TIn is the only solution. 


a] 
2 


Now, 1<e<3 


a 
ig 3 => 9<1+8e<25 = 3< Vil+8e<5 

Clearly, there will be 7 points of intersection 3 on each > l< EEE 2 

side of y-axis along with origin. 2 


12. (b) 5"! = {3 — |x| 
y = 5! and y = [3 — |x|| drawn on same reference plane 
are as shown below. (" In2<Ine=1) 


<In2 <1 


ne af 


=> xe (0, 1). Thus, only one solution in (0, 1) or [0, 1] 
The statement that equation has at least one root in [0, 
1] is also true. 


15. (d) |2x + 3| + |2x-—3 | = px + 6. Let f(x) = |2x + 3] + [2x - 3] 
and g(x) = px + 6 
Graph of f(x) = |2x + 3] + |2x — 3] will be as shown 


below. 
yF2xK-3 
Ro :2xt+3a>0 
2xX—-3>0 
=312/ 
Pw ie * 
R:2x+3<0;  / 
2x-3=0 /f 
/ 
y=2x+3 


In Region R,: Thus, 2x + 3 2 0 and 2x —3 20 forx € 3.) 


In intervals| >= |; y = |25 3) 2x3) = 24 3 + 
2x —3 


=> y=4x 


In Region R,: 2x + 3 <0; 2x-3 <0 forxe [-=. 2 


In interval [=.= ,y=—2x-3-2x+3 
=> y=-4x 


In Region R,: 2x + 3 2 0; 2x-3 <0 forxe = 


In interval 23 ,y=2x+3-2x+3 


=> y=6 
iD 
ane, 
AN Views 


® x 
2 


Clearly y = px + 6 and y = [2x + 3] + |2x — 3] would 
intersect each other at more than two points (infinitely 
many points). 
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If y = px + 6 coincide with y = 6 
=> p-0,1¢e.,p € {0} 


16. (c) sin (=) +20— 2+ x 


x 
=> sin =) =x? —2nx + 1? 


=> sin =) =(x-2)y 


Let fx) = sin (=) and g(x) = (x- 7) 


The graphs of f(x) and g(x) drawn on same reference 
plane are as shown below. 


y=(x—m)° 
| 


i] 
| | 


baie 


Clearly, there will be two solutions only. 
17. (a) 2 cos (e*) = 5° + 5* (0) 
55,5" >0VxeER, 


By A.M. 2 G.M., 5% + 5* 2v5°5™ | 1e., 5* + 5* 2 2, 
whereas 2 cos (e*) <2 


Equation (1) is satisfied when both sides are equal to 2 
=> cos (e*)=1 > e=2nnt,neN 
=> x=InQnn),neN, but 5*+ 5* =2 forx=0 

(1) does not hold for any x ER 
=> No solution. 


18. (d) The graphs of y = z and y = px drawn on same refer- 
x 


ence frame are shown below. 


1. 
For very value of p > 0, y = px and y = — intersect 
x 


each other exactly at two points. As for p = 0, x-axis is 
asymptote and for p < 0, y = px completely lie in J, IInd 


hee 
and III"? quadrant in which no portion of y = — lies. 
x 
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19. (b) |sin x| = cos x (1) 
Let f(x) = |sin x| and g(x) = cos x 
The graphs of y = |sin x| and y = cos x drawn on same 
reference plane are as shown below. 


Clearly, the two graphs intersect at x = 2nn - for 


eachn e€ Z. 


20. (a) The graph of y = ||x — 2| + a| for a = 0 will of the form 
as shown as below. 


¥ 


NN 


Clearly, for a => 0, we get at most two solutions of equa- 
tion ||x — 2] + a] =4 

= For more than two solutions a < 0. 
The graphs of y = ||x — 2| + a| for a <0 are as shown 
below. 


Clearly, for 4 different solutions of |x — 2] +a |-=4,;a€ 
(—co, —4). 


xo Os xs 1 
1;x>l 


21. (b) f,(%) = 5f, 0) =f, x) V 5 FG) = -F,@) 


0 ;otherwise 


Vx5sf,(~) =f,(-x) Vx 


—-x; O0s-x<l —x;-Ilsx<0 
I.) =f, Cx) = 415-221 = {1;x<-1 
0; otherwise 0 ;otherwise. 
x; -l<xs0 
J,0) 7; 4-154 <4! 


0 ;otherwise 


—-x;-1ls-x<sS0 |-x;0<x<1 
A, 0-415. -2<-!1 = -l3;x>1=- f(x) 
0 ;otherwise 0 ;otherwise 
Thus, f, (x) =—f, (*) = (a) is incorrect 
I, &) =F, C*) 
= (b) is correct and (d) is incorrect. 
Also f, (x) =f, @) =-f, >) 
=> (c) is incorrect. 
22. (c) P-22[xJ=0 > x —-22 (x- {x})=0 
=> x°-22x4+ 22{x} =0 > x -22x=-22{x} 


22x- x’ 
=. —— = fx) 1021 
ro {x} € [0, 1) 
22x- x’ 
—  e [0, 1 
ces [O, 1) 


(22x—x’) €[0,22) > 0<22x-x<22 
x? -22x<Oand x —-22x+22>0 
x € [0, 22] and 


se |- 2G | [Balers | 


2 2 


22-19 22+19 
=> xe [0,22] andxe [= mI | 


2 2 
=> xe [0,1.5 )U( 20.5, 22] (consider super set for more 
accuracy) 
For x €[0, 1); [x] =0 
x? = 22.[x| =0 => x=0 
For x € [1, 1.5); [x] = 1 
x? = 22 [x] = 22 => x= /22 
=> [x] #1 No solution 


For x € (20. 5, 21); [x] = 20 
. 2=22[x])=440 => x= V440 = 209 
=> ix) =2] 
For x € [21, 22); [x] = 21 
. 2=22[x)=462 => x= J462 ~ 214 
=> [x] =21 
For x = 22; [x] = 22 
x = 22 [x] = CZ). -S x= 223) 22 
Thus, x = 0, x = J440, : a 462, x = 22 are four solu- 
Tone: 1 for [x+1]>0 
0 for[x+1]=0 
—1 for [x+1]<0 
1 for x+121 1 for x20 
= 40 for(x+1)€[0,1) = 40 for xe[-1,0) 
—1 for (x +1) €(-=9,0) [-1 for x €(--,-1) 


23. (a) fx) = sgn [x + 1] = 


The graph of f(x) = sgn [x + 1] will be as shown below. 
7 


24. 


25. 


x-1 


(b) f£ R-> [-1, 1] defined as f(x) = 


x +] 


Clearly f+1) = 0 => +1 are roots of fx) =0 


2 ; = 
=> fix) =1- =~ = f'(x)=-2| —, |x) 
r+] (x +1) 
4x 
= +>0 for x>0 and <0 for x< 0; 
x +1 
He —4(3x? - 1) sie = ee ee 
(x) = ———-< 0 for x < — orx > — and > 
(x?+1) 3 v3 
forx € [= =| 
V3 V3 


Also as x + «, f(x) 1 

=> y=11isa horizontal asymptotes. 

= Thus, the graph of f(x) will be as shown above. Clearly 
(x) is many—one and onto from R to [-1, 1] 
Kix) is bounded, but if does not attain its maximum 
value. 
However, f(x) decrease for x < 0 and increase for x > 0 


(b) From, the graph we can observe , that 


(i) lim f(x) = -20 


x3 0* 
; : 
=> lim [<0 }- 0 
x30" f 


(ii) f(a) = 0 and f(x) <0 for x € (0, a); Kx) > 0 for x € (a, 0) 


=> 2 owe O.Aee = > 0 for x € (a, 0); 
f(x) f(x) 
lim =—ocoand lim = 00 
x a7 f(x) x>a™ F(x) 


(iii) f(x) > 0 asx > @ 


—> +00 x + 0 


f(x) 
., @{ 1 )\)  -l , 
OY a ae } eor? 
decrease for x € (0, a) and (a, b) increase for x 
f(x) 
E (b , 0) 


Collecting information from above we conclude that the 
rough graph of 1/f(x) would be as represents below. 


26. 


27. 


28. 
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(b) f(x) = cot! (4 — x’) € (0, 2) 
We observe the following: 


(i) f(x) is symmetric about y-axis 


(ii) cot! (4-2) € (0,2 | for 4x2 >0,ie., x € (-2, 2) 


(iii) cot (4 —x?) € 


(a for4—x’<OQO,1e,xe€ (—00, —2) 
U (2, 0) 


(iv) cot! (4 — x”) = “ for4-—x?=O1e.,x=+2 


—] 2x 

(v) f'@) = ——.(-2) 
1+(4-x 
and < 0 for x > 0 

=> x=0isa critical point and is a point of local minima, 


and the local minimum value of f(x) is 
Cot (4) < cot (0) = - 


Tage 2 > 0 for x >0 
—x 


(vi) cot! (4 —x*) > x for 4-x*-— 
=> x > => x> to 
=> y=7 18a horizontal asymptote. 
Thus, the graph of f(x) will be as shown below. 


(b) fix) = {x}.[2] 
Kx) = 1 => {x}[x]=1 
=> [x]>0 => [x]21 
=> xeé[l,)andx ¢ Zas otherwise {x} =0 


Now {x} = aang [x]>l,x¢Z 
[x] 


1 1 1 1 
=> x=2+ —334+-—,44+—,54+ -,...... 
2 3 4 5 


= There will be infinitely many solutions. 
(c) Given equation is x sin x = 1 or sin x = 
x 
l 
Draw the graph of f(x) = sin x and g(x) = —on same 
frame of reference as shown below. - 
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29. (b) 


30. (a) 


31. (c) 


32. (b) Given equation is 1 + log, (1 — x) =2* 


=> log, (1-x)=2*-1 (1) 
Let f(x) = log, (1 — x); (1 — x) > 0, 1.€., x € (0, 1) 
and g(x) =2*-1 ie(2) 


The graphs of y = f(x) and y = g(x) drawn on same frame 
of reference are as shown below. 


Clearly, there will be infinitely many points of intersec- 
tion of f(x) = sin x and g(x) = 1/x. 

In fact all points of intersection belong to (—o, -1) U 
(1, 0%) and in [—2z, 0) U (O, 22], there lie exactly 4 
points of intersection, and hence, 4 roots. 


The graphs of [y| = In |x| and (x — 1)? + 7-4 = 0 are as 


Clearly, the two functions intersect each other at two 
shown below. 


points. 
Thus, there will be 2 solutions. 


33. (d) Let f(x) = |sin |x|| and g(x) =x + 1; x € [41, 27] 


The graphs of f(x) and g(x) drawn on same frame of 
x reference are as shown below. 


y|=In|x| 
pis ie 


eee 


Clearly there will be 3 points of intersection, and hence, 
3 solutions, i.e., 3 points (x , y) 


Given equation is 2°°* = |sin x| 

y = |sin x| and y = 2°** are periodic functions with 
period x and 2 respectively. 

2°* = |sin x| will also be periodic with period 2x . Thus, 


SA ; sinx|;x>0 
it is sufficient to drawn the graph in [0, 27] as shown Hence, f(x) = |sin |x| = | and g(x) 
below. - sin x|;x <0 
Y 
A cr y=20™ = 2x for x20 
> 0 for x<0 


a 
2 os, 
*y 
‘ 
' 
arryebiiever erie |evemaeceree! 


Clearly in [0, 27] there are 4 points of intersection, and 
hence, 4 solutions. 


Clearly f(x) = g(x) at x = Anz, -3, 21, -n, 0 
There will be total 5 solutions. 


34. (b) *«. 3*'+ 5*1 1s a continuous and increasing function with 
range (0, 0). 
Thus, 3*" + 5* takes every real numbers > 0 exactly 
once. Hence, the equation (3)* 1 + (5)*1 = 12 has Exactly 
sin mx = |In\x|| one solution. 


Graph of y = sin = and y = |In|x|| are as shown below. 35. (a) cos [x] = 2*7: x € [0, 27] 

cos [x] < 1 and 2*' > 1 = 2° for x > e 

cos [x] = 2**? can hold in 0,2] but in 0,2] ; [x] = 0 
=> cos0=2*' forxe 0.2] 
= 1=2*'forxe 0,2] 


Sx = 7 is the only solution. 


Clearly there will be 6 points of intersection. 


36. (d) Let f(x) = x?+x+ 3 and g(x) = —2sin x; x € [-2, 7] 
11 
ed x) €|/—,« 
fel 
=> f(x) # (x) foranyxe R 
= There is no real root of given equation. 


=> fix) > 2, whereas g(x) € [-2, 2] 


37. (b) Given equation is |x — x? - 1| = |2x-3 - x’ 


Also (—x* + 2x — 3) € (co, —2] 
=> |2x-3-x |e [2, «) 
Also -—x?+x-1<0,-—x?-2x-3 <0 
(1) becomes, x*-x+1=x?-—2x+3 
=> x= 218s the only solution. 


2 
xX 


38d) —— =l => x =1-|x-2| 
1-|x-2| 
; alee x +x—-3=0 forx>2 
= = 
x—1 for x<2 and x*-—x+1=0forx< 2 
But x7+ x—3 forx>2 and x?-x+12> - for x € R, 
Hence, for x <2 
(1) is not satisfied for any real value x. 
3 
39. (d) fix) = BERD =R-{£1,}} 
—x 
|x| (|x? +1) | x | (1+ x?) 
=> fx) = —————_{= ——_ 
fx) 1-x (1- x”] 
+ve for xe(—1,1)— {0} 
=> fix)= \0atx=0 


—ve for xE(—-°,—1)U (1,9) 
=> f(x) lie in each of 4 quadrants. 


40. (c) tan 4x =cosx,;0<x<tT. 
The graph of y = tan 4x and y = cos x for x € (0, 2) 
drawn on same frame of reference is as shown below. 


Y 


~ 
a) PP | 73ai2 


y=COSx 


| 
y=tan4x 


Clearly, there are 5 points of intersection of y = tan 4x 
and y = cos x in (0, 7). 
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41. (b) log, , |x| =2 |x = log,—1" = 2 |x 
=> — log, |x| = 2) => log, |x| = —2 |x| 
Graphs of y = log, |x| and y = —2 |x| drawn on same 
frame are as shown below. 


y=log,|x| 
SS 


y=~2|x| 


Clearly, there are two points of intersection, and hence, 
2 solutions. 


42. (a) f(x) = max.{1 + sin x, 1, 1 — cos x}; x € [0, 27] 
e(x) = max. {1, |x—-1]};xe R 
|x -—1| for xe (—e°,0] U[2, °°) 
Clearly, g(x) = 
1 for xe (0,2) 


For f(x), let us draw its graph as shown below. 


| y=1+Sinx y=1-cosx 
| ee iggpe 


O  Sn/4 Sn/2 2n > ™ 


3 
1+ sin x; O<xs— 


3 3 
L- cosms 7 <x = 


Kx) = - 


37 
l ap x S27 


a(K0)) = g1) = 1 
RfQ)) =f + sin 1) 


[E> 2,14 sint<2=> L+sint <= | 


=> (a) is correct 


= 1+ sin (1+ sin 1) 
Also fig(1)) =f) = 1+ sin 1 
= (c) is incorrect 
Further f(g(0)) =f(.1) = 1+ sin 1 
= (d) 1s incorrect . 
43. (d) f:R> R3g:ROR 
We know that min. {f, (x),f, (x)} 
(F(x) + £))-|AO)- £0) 
2 
min {f(x) — g(x), 0} 
(f(x)— g(x)+0)-|f(x)- g(x)- 0| 
Z 
(f(x)— g(x))-|f(x)- g(»)| 
2 
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44. (i) (a) Clearly, f(-2) = 2 as on line joining (—3, 4) and 


| <3 
CA, D,ie,y-1= >@+) 


(ii) (a) The function is defined on [-3, -1] U [1, 5) 
= Itis the domain of function. 
(iii) (c) The function take all values belonging to interval 
[-3, -1) or (1, 4] 
Range of function is [—3, -1) (1, 4] 
45. (i) (b) Given inequalities are x - 2y <4, 2x+y>5,y2x, 
x<6,y<8 
The common region is as shown below. 


The required area = (Area of AABF) — (Area of ACDE) 


1 l 361-24 337 
moe ; (2)(2) = oy 
(ii) (b) Given inequalities are 4x + y <5; x-4y>9; y<-x 

+ 1; xy 2 0; |x| < 3; | <3. 
The common bounded region is as shown below. 


square units. 


The Required area = area of AABC 
rT 
4 


1 3 8 
—x(3)x|— J=— sq. units 
; (3) =) 5 


1 1 
—(AB)x(BC)=—-—x3x 
a )x (BC) - 


46. (d) Given Equation is [x]? + [x + 3] =4 
=> [x]? + [x] — 1 =0; Let [x] =y 


— ~1+,/(1)?+4 _1-4V5 
Z 2 
Butye Z = There exists no solution. 


47. (ce) P-2-[x]=0> r-2-(x- £})=0 
=> x -x-2=-{x} => (*-2)@+ 1)=—-f{x} 
The graphs of function y = (x — 2)(x + 1) and y = — {x} 
drawn on same reference plane are as shown below. 


> yt+y-1=0 


(1/2,-9/4) 


Clearly, the two graphs y = x? — x — 2 and y = —{x} 
intersect each other at 3 points, hence, there will be 3 
solutions. 


48. (d) max. {x*-y, x} =1 


> yH=x-x 
Now x*-y2x 
> y<x-x 
In region, x? —y>x, max {x?-y, x} = 1 
vr-y=]) 
B eee, ae | 
In region, y =x? —xorx2>x?—y, max {x*-y, x} =x=1 
Thus, all points lying on parabola y = x” — 1 on x € (0, 
1) and on straight line x = 1 for y 2 O satisfy the given 
equation. 
Thus, there will be infinitely many real solutions (x, y). 


Y 


SECTION—IV: MORE THAN ONE ANSWERS CORRECT 


1. (a), (b), (€) 

1 for xeE (-2, 1)UG,¢) 
—1 for xe (1,3)U (—e°,—-2) 
0 forx = —2, 1,3 


(a) sgn f(x) = 


=> |y| =sgn f(x) will be as shown below. 
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¥ x for x€ (-2,1)U (3,2) 
| (d) y= x9 = yx" for xE(—e,—2)U (1,3) 
‘ | " a" 1 for x= —2,1,3 
—s 4 10 1 5 3 4 »X .. The graph of y = x8 will be as shown below. 
a, i a 
(b) y=f\x\) 1s as shown below. 
. 28 # — pK 


Y 


Clearly, option (d) is incorrect. 


2. (b), (c) Given equation is 2|x| — 1 = 3|sin xx| 


Period of y = 3|sin mx| is —= 1 
X 


=> y=C((\x)) will be as shown below. Draw graphs of y = 2|x| — 1 and y = 3|sin x| for x € [0, 1] as 
Y shown below. 

Y 

y=2|x|+1 

3| Y=S|sinnx| 7 


xX 


—1 for xe (—e°,-3) U (- 1,1) U(3,°¢) 
> sgn (fllx))) = 40 forx=-3,-1,3 
1 for x €(—3,-1)U (1,3) 


aus the graph of [y| = sgn (f (/x))) will be as shown Clearly, there are 6 points of intersection, and hence, 6 
oe solutions in (—2, 2) and no solution in [2, 00). 
Y Also no solution in (0... 
o——s | o——0 3. (a), (b), (€) Ax) = x + 3x + 5; g(x) = x —fl 
——_o——_—_++- oo  »y Graph of y = f(x) and y = g(x) drawn on same reference 
“a -2 “! : ‘ | 2 3 plane are as shown below. 
¥ 


Y=PrSxt5 Ty 
C 


(c) Graph of |yl = [A\x!)| will be as shown below. 


Y 
(-—3/2,11/4) 


f(x) =2x+3=41 


S23) £ | => = 


3.180 > Graph Theory 


Equation of tangent to parabola y = x* + 3x + 5 with 
slope 1 and —1 will be at (-1, 3) and (—2, 3), respectively 
and are given by (vy — 3) = 1 (x + 1) and W- 3) =- 1l(x 
+ 2),1e.,y=x+4andy=-x+1 
They will intersect x-axis at (4, 0) and (1, 0) respec- 
tively. 
Branch AB will touch y = f(x) for k = -4 and AC will 
touch y = f(x) for k = 1 

=> fix) = g(x) has exactly one root for exactly two distinct 
values of k given by -4 and 1. 
Clearly f(x) # g(x) for k € (-4, 1), and hence, f(x) = g(x) 
has no root in (—3, 1). 
AB would intersect y = f(x) for k € (-o, -4) and AC 
would intersect y = f(x) for k € (1, 0). 
K(x) = 2x) has two roots for k € (—%, -4) vu (1, ) 


4. (), (©), @) fx) = lx— 1] 2] and g(x) =x [x1] + ATT. 
(x— 2) 
2x for x>2 
g(x) =) 2x-2 forl1<x <2 and f(x) 
0 forx <1 


—x—1 for x <-1l 
x+1for-l<x<l 
—x+3forl<x<3 
x-3 forx>3 


The graphs of y = f(x) and y = g(x) drawn on same refer- 
ence frame are as shown below. 


Clearly, f(x) = g(x) holds at L, Q has exactly 2 solutions. 

Also clearly, y = g(x) has a point of discontinuity at 

x= 2, 

Further we observe that y = f(x) has 3 points of non- 

differentiability, 1.e., L, M and N. 

. (c), (d) Given curves are (x? + y” jy—ax’?=0...... (i) and 

(x? + y*) = a(x? y’) .....(2), a 41 

For curve (1): 

(i) x(y-—a)=-— > x=t y 
a-—y 

>0> ya-y)20; yea 


=> xeR for 
a 


=> y(y-a<0;y4¥a > ywo-a)<0;y#a 
=> ye [0,a) fora>0Oandyeé (a, 0] fora<0 
(ii) Also, the curve is symmetric about y-axis. 
(iii) Curve intersect x-axis, where y = 0 

=> x=0,1e., at ongin 


(iv) Horizontal asymptote is given by y— a= 0 


(v) There is no vertical asymptote. 
w# (2) +~y-aen--9 2 
dx dx 


=> ee [x7 + 3y?] = 2x(a — y) 
dx 


dy _2x(a-y)__(2x) (2, |= 2y° 


=> ts Caan a 
dx x°+3y° (x? + 3y7) x” x(x? +3y?] 
d 
 =0 => x=Oory=a;butyz#a 
dx 
=> x=0 => y=0 
dy . a 
=> ie is not defined at origin. 
x 
: ; d 
There is no tangent parallel to x-axis. Also, clearly = 
x 


> 0 for x.y > 0 and - <0 for xy <0 


x 
Thus, the graph of curve (1) will be of the type as 
shown below. 


a 
—29 For a<0 


For curve (2): 
@) x -a’)=—-y1 + a’) 


*(1l+a° >] 
yo = y ¢ a er = 
(a —1) a +1 


Which represent a pair of straight line through origin 
having their slopes of magnitude less than 1. 


ye ae 
Also y= + oon 
a+ 


a—120 

a € (-0, -1) U(1, ©) as givena#1 

The graphs of y = f(x) and y = g(x) drawn on same frame 
of reference will be as shown below (for a > 1) 


“UY 


Clearly, y = f(x) and y = g(x) intersect each other at 
exactly 3 points for a € (—0, —1) U (1,0). 
Also (x? + y’).y — ax? = 0 has exactly one cusp. 


6. (a), (b), (c) 


C: 100 (x? + y*) = a? xy el) 
Cy y =(@ — x8 ...(2) 
For C, : 


(i) x2 (100 — a232) + 10032 = 0 or 3°(100 — a? x2) + 100 2 =0 


10 
= Horizontal asymptotes are given by y = + — and verti- 
a 


10 
cal asymptotes are x = + — 
a 


(ii) C, passes through origin. 
(iii) C, is symmetric about x-axis and y-axis. 


1 2 1 2 4 
y x 100 y 100 x 
, 100x? 
= 7 22 
(a x — 100) 
10x = 10 
LS =) XS — OF aX 
a’x’? —100 a a 
4150 
_ 15 2 
a’ 225-100 
150 30 6V5 


7 ns) Vea a 


(v) C,is symmetric about y = x 


>» xX 


“4 solutions 
3 solutions 
2 solutions 


eo” 


eap = 7 3 
For C,: yy =a°—-x 
=> Intersect x-axis, where x = a and intersect y-axis, where 
y~ a; 


Also C, is symmetric about y = x and also 3)” Oe 
—3x* x 
nae 
= Yo <9 
dx y 
d 
=> *=oatx=(0,a) 
dx 
dy 


=> —- oat(a,0) 
dx 


Graphs of y = f(x) and y = g(x) drawn on same reference 
frame are as shown below. 


Ts 
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j s , 
[ A a 
| ‘ 
\ 100(x*+y=ax-y" 
ee 4 O/a \y=10/e —_ 
= x=10/a 
x=~10/a | +t. 


Atx=y for C,: 200 y = a’ y' 


200, 200 
a oe es oe a 


a 
For C,: ypra-y > ian 


a 
> = 


3h 

Clearly, there will be 4 points of intersection for 
a _ 200 

3/2 : a 
=> a> 3/2 /200 = k (say) 
=> ae (-~,-Vk)U (Vk, 2) 


1.e., there will be infinitely many values of ‘a’ 
Also for 3 points of intersection, °C, = °C, 


=> Spr ae V2 200 200 ; 1.e., exactly two real 


a 


C,>C,, Le., 


value of ‘a’ 

Also there will be two points of intersection for 

*C, = Sa 

a__ ¥200 
a2 ‘ a 

= ae (-VE.vE) 


= There will be 2 points of intersection for infinitely many 


= q? < 3/2200 


= k (say) 


values ‘a’ 
(a), (c), (d) 
er | 1 1 
(a) sin’ —=cos —>-—€(0,1] 
x x xXx 
Pee rma De (2 ot sate Se ay a 
=> sin —+sin —=— D> 2sin —=—>s1n — 
x x 2 x 2 x 4 


= only one solution 


. it 1 SS 
(b) Let sin"'—= tan-'—= 0; where 0 € (==, 
x x Zee 


; 1 
=> sind=—=tandz+0 


x 


=> cosd=1>0= Ae (== 
Z ja 


3.182 > GraphTheory 


No solution 


; 1 1 1 
(c) sin'—=cosec'— => —=-lorl 


x x 
=> x=—lorl 


be 


= 2 real solutions. 


(d) Let sin”! (+)- cot” (+)- g 


=> @¢E (0, 
Z 


=> sin9=cot0= Eel) 
x 


sin? 8 = cos 8 => cos?80+cos8—1=0 


— -14V14+4 Pegs “551 
=> cos 8 = —— => cos@= ,——_ but 
Z 2 2 
1-5 5-1 
<-l>¢c a 
2 2 


=> = = 
4 4 2 
ay Eee cos? | V5-1_ 1 
sin @ V2 x 
a ie v2 >las2>J5-las3> V5 


V5-1 


l 1 , 
sin’ + } cot”! (+ has only one solution x = 
x 


V2 


V5-1 


SECTION-V: ASSERTION AND REASON TYPE 


1. (a) Reason 1s clearly true. 
a = 0 and y = 2x” — bx + c should have x = 1 as its axis. 


= -— =] => b=4 


4 
=> at+2b=8 


2. (a) Clearly Assertion is true, and therefore, area enclosed 
by y = f(x) and x-axis between ordinate x = a and x = b is 
same as that of enclosed by y = f(x + k) and x-axis between 
ordinates x = a—k and x= b—k. 


3. (a) Let f(x) = eg) +k 
g(x) = x* — 4x° + 4x? - 1 
2! (x) = 4x? — 12x7 + 8x = Axx? — 3x + 2) = Axe — 1) ( - 2) 


Clearly x = 1 is local maxima and x = 0, 2 are local 
minima and the graph is shown in the figure. 


| | 


\ | 
\ j 


None 


(0,—1 (2:1) 


Jl) = 1 and f(0) = 2) =- 1 
2(x) if shifted upwards by k where k > 1 lies above 
X-AaX1S. 


Kx) = g(x) + k has no real roof if k > 1 


4. (d) We have f(x) = cos n[x] = 
neZ 


| 1,x€[2n,2n +1) 
where 


—1, xe[2n+1,2n+4 2) 


>< 


ee ee 


|Period = 
T=2 


Graph of f(x) = cos x[x] 
Clearly, f(x) 1s periodic with period = 2. 
= Assertion is false but reason 1s true. 


x 


e > 
5. (d) y= fe} ={er-1 | 
e—-2 ; In2<x<In3 


—o< x<Q 


0<x<In2 and so on 


Clearly f(x) is a periodic on R. 


= Assertion is false but reason is true. 


6. (d) A 1s false as it has a period equal to 2 and R 1s true 


0; —2<x<-l 
N.D; -l<x<0 
fix) =50 O<x<l 
N.D; Il<x<2 
0 25x%<3 
=> period 2 


SECTION-VI: COMPREHENSION PASSAGE 


Passage A: 
1. (a) y= |Kx)| 


Clearly, |/(x)| increases in (2, 3) 

2. (b) y=—|fx)| has following graph in the interval (1, 3), f(x) 
has sharp turns at P and Q, having abscissa x = 1 and x 
= 2 respectively. 

¥ 


Thus, x= 1 and x = 2 are the points of non-differentiability. 


3. (ce) y=fC{x1) is as shown below. 
¥ 


Clearly y = f(-\x|) =-1 V x € [-1, 1] 
= Itisa constant function. 


4. () g(x) = = (fw) +x) 
(1+ (-1));-1< x1 
((2—x)+(x-2));1<x<2 or 2(x) 


(f(x) + f(x) = (x-2);2S x83 


. (Osa TS es2 
(G2) 25453 


=> g(x) 1s a constant function in [—1, 2] 
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l;-lsx<l 


» (b) A(x) = = (fe) —f(x)) = 42-xj1S x2 


0;2<x<3 
= h(x) is aconstant function in [—1, 1] v [2, 3] 
Ff() for x >0 


|x| 


. (ec) x)= f(#!)- fC) forx <0 2(x) 


Not defined for x = 0 


hod forx > Oandx <0 
Not defined at x = 0 


=> g(x) is a constant function on domain (-, «) — {0} 


Passage B: 
2 € — 1}(x-3) 
fx) *(x +2) 
Br apts (x? - 1)(x-3) 
DY x°(x+2) 


Horizontal asymptotes are given by y = c; where C = 
(x? - 1)(x-3) (x? -1)(x-3) 
m -————__, lim ——.—__ 


roe 7 (x+2) Ux x?(x 42) 


y = 11s a horizontal asymptote 


8. (a), (c) Vertical asymptote(s) are given by x = c; where c = 


lim x 
Now y + 0 => x(x+2)>50 
=> x=O0Oorx=-2 


=> x=0and x =-2 are two vertical asymptotes to y = f(x) 


9. (c) (i) Ax) = 0 has roots, x = #1 and x = 3 


(ii) Horizontal asymptote is y = 1 

(iii) Vertical asymptotes are x = 0, x =—2 

gn . 2-123) 

(iv) 2) x? (x +2) 

=> f(x)> 0 for x € (-«, -2) U C1, 1) UG, ©) and f(x) < 0 
for x € (-2,-1) UC, 3). 
From above, we conclude that the graph of y = f(x) will 
be as shown below. 


3.184 > Graph Theory 


Passage C: 
10. (c) From the graph, {—5) = 9 and f(4) = 9 
=> f-5)f4) = 81 
11. (b) Clearly x= —6, —3, 1, 7, 7 are roots of f(x) = 0. 
Let f(x) = a(x + 6) (x +3) (#-1) @-7) 
Now f(-5) = 9 
9 1 
144x12 192 
(x—1)(x+3)(x+6)(x- 7) 
192 
(8)(12)(15)(14) _ 40 
192 


=> fx)= 


12. (c) AK-5)) = KY) = 


Passage D: 
(x — 3) +3;if xe (3,5] 
Kx) = 5x 31f xe[-3,3] 
—(x +3)’ — 3;if xe [—5,3) 


3(x — 3) if xe(3,5) 
13. (c) f(x) = 4 lif xe(-3,3) 
—2(x + 3)if x €(—S,3) 
=> f(x) is increasing function on R 
6 (x— 3)if xE(3,5) 
Also f'(x) = 50 if xeE(-3,3) 
—2 if xeE(—5,—3) 


=> f(x) is concave upwards on (3, 5) concave downwards 


on (—5, —3) linear on (—3, 3). 


Thus, the graph of f(x) would be as shown below. 


14. (d) Case (i): x e€ (3, 5] 

=> f(x) =(«-3) +3 => fae G, 11] 

=> fx) =) - 3) +3 =@-3)+3 

=> ff) = feo) - 32 + 3 = (x - 3)" +3 

> ff (foe S (= (4-3) +3 € (3, &) 
Case (ii): x €[-3, 3] 

=> fix)=xe [-3, 3] => fif(x)) =x 

=> SSS. FOMM= * €[-3,3] 
Case (iii): x €[—3, —3) 

=> fix) =-& + 3) -3e[-7, -3) 

=> Khx) = Fed) + 3) -3 


= a(1)(-2)(-6) (-12)’ = 9 


=> ffx) = Hx + 32 - 3 = 4x + 39-3 <-3 


=> fff(x)))= — fd) + 3? — 3 = Hx + 3% P- 


“(x + 3)8-3<-3 
=P ACCC OO) aT ee 


n—times 


From above, we observe that the composition of n — 


fixys takes value € (00, 3) U 3, 0) 
= Can take all 0, 4 and 8 values. 


(x- 3) +3;if xe (3,5] 
15. (d) y= 4x; 1f xE[-3,3] 
—(x +3) —3;if xe [-5,—-3) 


f(x) 1s the reflection of f(x) on line y= x 
The graph of f* (x) will be as shown below. 


Passage E: 


AV) = la + DEA Gy) = min. (x + y, x-y )3 fi % VY) = [1] 


+ [y]; [x] is gint function. 
Now, x +y=x-y 
=> y=0,1.e., along x-axis 
Now,xt+ty>x-y => y>Oandx+y<x-y 


=O x+ysy<0 
f,% vy) = 5x-ysy>O 
x;y=0 
16. (b), (c) 


(J f@W<fhEO.y) > W+W<fha@y 
|x|-y <x+ yfor y <0; 


=> 4|x|+y <x+ y for y>0; which is not always true for 


|x|<x for y=0 

instance for y > 0 

Ix] +y<x-y, for x > 0; 
=> xty<x-y => y<y 
=> y<0; which is false. 
(b) £,0, y) <f,% y) 

x+y <[x]+[y] for y<0 


y 


x— y<[x]+[y] for y>0 but for x, y e Z* 
x<[x]+[y] for y= 0 

=> x-y<[x]+[] forx ye Z* 

=> x-—[x]<y+t+ [py] forx ye Z* 

=> ixs<yt [yl 

=> {x} <2yasye Z* => [yl=y 


17. 


18. 


=> 0<2yasxe Z* = {x)= 
=> 0<ywhich is true asy € Z* 
(c) x» ye Z- 
fi@ Y) = Fx Y) 
=> lt bl =- (xl + b) 
=> -x-y=-x-y, which is true 
(c) h, (x) =f, (sin {x}, sin mx) Vx € R, 
h, (x) =f, (%, sin x) V0<x<1, 
h,(y=f,%-x»)VxeER 
=> h, (x) = |sin {x}| + |sin rx] 
|sin {1 + x}| = |sin {y}] > period is 1 and |sin zx] has 
period 2 = 1 
(a 
h,(x) is periodic with period 1. 
Clearly, h, (1 + x) = |sin {1 + x}| + [sin x (1 + x)| = |sin 
{x}| + |-sin mx| = |sin {x} + |sin 2x] = h, (x) 
(b) hx) =f, sinx) = min. {x + sinx, x — sinx} 
Now /,: (0, 1) > ©, 1) 
x € (0, 1) => sinx>0 
sin x >—sinx => xt+sinx>x-sinx 


h, (x) =x-sinx => h',(x)=1-cosx=2 sin? >0 


h, (x) is increasing function 

h, (x) is injective 

Also h, (x) is continuous and injective 

Range of h, (x) = (A, (0), A, (1)) = ©, |-sin| ) c (0, 1) 
(property) 


Yu Y UY 


y 


= h,: (0, 1) > (0, 1) is not subjective 

= h, is not bijective 

(c) h, (x) =f, &, —x) = [x] + [4] =-1 

=> h,(x)=-l 

= h, (x) isa constant function, and hence is periodic. 
(a) f, @& y) >f, @% Y) 


= ki+ b>) + DI 
It is true for x, y <0 
(b) f@& y)axty,x% <0 
> mn{xt+y,x-y}=xt+y,x%,y<0 
y<yasy<0 
> xty<x-y => min {xt+y,x—-y} =(x+y) 
(ce) fa v=o» = l+bl=[)]+b] 
=> [x] + b]=Cl-[x)+[-1-D) forx y € Z 


=> 2[x]+2[y] =-2forx vyé Z 

=> [x]+[y]=—-lforxy¢ Z 

=> [Pp] =-!-[-] => Dl=[-] 
> yx 


= (c)can hold fory=-—xandx,y¢ Z 
(d) f@wy=-fa@y)sxyveR-Z 
= ll+p-bl+DilsxyveR-Z 
Case (i): Ifx>0,y>0 
=> xty=[x] +l] => @-bk)+o-b)=9 
=> ix} + {yy =0 => Ws = ys =0 
=> xy,eZbutherex,yveR-Z 
Equality does not hold. 
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Case (ii): If x > 0, y< 0 

=> x-y=[x]+ bl 

=> {x} =y+ [y] impossible, as L.H.S > 0 and R.H.S <0 
Case (iii): If x <0, y <0 

=> -x-y= [x] + [y] impossible as L.H.S > 0 and R.H.S <0 
Case (iv): ifx<O0,y>O0 > -x+y=[x]+ [y] 

=> y-b] = xt [eI 

=> {y} = x+ [x] impossible as L.H.S > 0; R.H.S <0 


Passage F: 


= aoe ,_ (l-a) 
A: x —4y’ + 4; H,: x? —9y’ — 


A, =0 => x-4dy=-4 
y x? 
—-—=|]1 mal 
(4 (1) 
y x? 
Which is a hyperbola of the om oa 1, having 
ta. 1 
asymptotes given by y = me ,Le3 7 = =e 
(1—- a) - 

H,=0 > oS (il 

; yy" (I+ a) (11) 


1- 
Case (i): when alae 0,1.e.,a €(-l, 1) 
l+a 


In this case (2) will be a hyperbola of the form 
2 


— lhaving its  asymptotes, 
l-a 1 jl-a 
l+a 3 Nita 
b l 
y= +4t-x 1.¢6.,y= =-x 
a 3 


~, 


y-C13)K = 


=. H,* 0 
y=(12)x 


_ 
Case (ii): When ss 
l+a 


<0,i1..,a €(—0, -1) U(1, 0) 


In this case (2) will be a hyperbolas of the form ay’ — x’ 


=| 2 2 
= Cisse) or — with its 
(a +1) 1 fa-1 a—l 
3Vatl a+l1 
1 
asymptotes given by y = ao 
Thus, H, = 0 and H, = 0 will be hyperbola as shown 


below. 


3.186 > Graph Theory 


aya (Ii2hx 
ee _ ee Y*(U3)x 


Case (iii): a = 1, In this case (2) becomes, H,: x’ — 9)” 
1 


H, = 0 is a pair of straight lines given by y= +—-x 


3 


H, = 0 and H, = 0 will be represented as shown below. 


aya (tlayx 


=a aa 


H.=0) H.<0 
Py 


~y=(1/2)x 


19. (d) From above we conclude that , H, <0 and H, <0 is the 


region R, exists for each a € R — {-1}. 


20. (a) H, <0 and H, 2 0 is represented by the region R, exists 


for each a € R — {-1}. 
21. (d) H, 20 and H, 2 0 is the region R,. 


a =( and a= | are two integer values for which R, does 


not exist. 


Passage G: 
x* — 4x? < f(x) < 2x?- x V x € [0, 2] 


Let g(x) = x* — 4x? = x? (xX? — 4) = x°*(x — 2) (x + 2) and h(x) 


= 2x? — x = x°(2 — x) 


The graphs of y = g(x) and y = h(x) are as shown below. 


22. 


23. 


Now, 9(x) < fx) < h(x) Vx € [0, 2] 


A.T.Q. [ (fx) — [xt — 42]dx = n f [(2x? — x3) — fd) dx; 


0O<t<2 
=> ii fcc) de — 
r 4 Fr ' 


3 


4 5 3 
=> (n+1) I, foydr=n{ 72-2}, O<t<2 


' n \2r ¢t* lL. - Ve -4r 
a firend=( 7-4). |e 


n 2 2 l 3 J 4 2 
| (a )- 2(4 laren — 417] 


eee — 41?) 


=> K)= 


=> ft)= —*_ (27? - 


(n+1) (n+1) 
pesos _ 3,2 3 
— i ara 3t larerer Gg 8 


(c) forn = 1; f'(t) 
31° 4 —3t? — 4t 
= af 2-229 f(a)= 0H -o 


=> (4° —-3t-4)=0 


3+./73 


2 


=> t=Oort= 


Now f""(t) = = (12 — 6t— 4) = 6? — 3t-2 


"O)=2 
f” (0) Pe er 
2 


=> t=01sa point local maxima and >2 


B78 
2 


“. f(x) has a local minima at x = t = 


(c) f(x) = ——(2x? - x°) + 


aa (x — 4x") 


(n+1) 
— 


(n+1) 


oce.., | 

a tee) ae sere 
At point of inflexion, f(x) = 0 

=> n(4—-6x) + (12x?-8)=0 

=> n(2—3x) + (6x*-4)=0 
For n = 2, 4 -— 6x + 6x?-4=0 

=> 6x?-6x=0 

=> xx-1)=0 

=> x O0orx=l 

.. f(x) attains a point of inflexion atx =Oasx= 1 


=> fix) = (4x - 3x") + (4x° — 8x] 


(n+1) 


(12x? - 8) 


24. (b) f f(x)dx = perica -x)4 ; ~ ; ie sx) dx 


ey Bipot 2 2 pis, 8 fl. 
= al. aan careers dx meer dx 
_ 4n [x] 2 eel 
(nt L 3], MtDL5], @+tDL 34, 
_ An a 2 8 
3(n4+1) S(n4+1) 3(n 41) 
4n 2 8 


ntl) S(nth) 3(n+1) 


20n+6—40  20n—-34 © 


ee nS 17) 
15(n+1)—-15(n +1) 15(n +1) 


SECTION-VII: COLUMN MATCHING 


1. (i) > (d); (ii) >(a); Gili) >(d); (iv) >(b) 


(i) [x] =cos! x ...() 
[x] € {0, +1, +2, 43,.....3} and cos?! x € [0, 7] 
(i) can holds for cos? x € {0, 1, 2, 3} 

=> [x] € {0, 1, 2, 3} 

=> xe [0,4) 

But for y = cos? x; x € [-1, 1] 

x € [-l, 1] q [0, 4] 

x € [0, 1] 

[x] =0 or 1 

If [x] = 0 


cos!x =0 


=> 
=> 


= 
S77 = 1 

But it [x] = 1 which 1s false. 

If [x] = 1 cos? x = cos 1 => [x] = 0, which 1s false. 
= (i) has no solution. 


(ii) sin’ x = sgn (x) ... (A) 
ai Eee MeN, z 
sin ve [2.2], sen (1,0, 


case (i): Ifsgn(x)=-l1 > sin'x=-1 
=> 6 = ,which satisfy (1) 

case (ii): Ifsgn(x)=0 = sin’ x = 0 

=> x=0, which satisfy (1) 

case (iii): If sgn (x) = 1 

=> sin'x=1 

a 7 which also satisfy (1) 


“KH i : 
x= —,0—,1.e., 3 solutions. 
a2 


(iii) {x} = e* 


Drawing the graphs of y = {x} and {y} and y = e* on 
same reference frame as given below. 
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There is no point of intersection, 1.e., no solution. 

(iv) 1 -x = {x} 
Draw the graph of y = 1— x and y = {x} on same frame 
of reference as given below. 


There are two points of intersection, and hence, two 
solutions. 


2. (i) >(d); (ii) >(¢); (ili) >(a); (iv) >(b) 


lfor —2<x<0 
(i) y= |Kx| = 51-~x for 0S x<]1 
x—-1 for 1<x<2 

(i) — (s) 
—x-—1forx<0 


x—-lforx>0 


(ii) y = £(x|) = 


(b)>() 

i _ JFCx)3x20_ 

(iii) y = f(x |) ne R {-1VxeR 
(iii)— (p) 

; _1 _ 0 for f(x)20 

WV) y= > YOO) ° eer 


1 for—-2<x<0 
= 5l-x for0<x<1l 

0 forx>1 
(iv) (b) 


3. (i) > (b); Gi) >(b); (iii) >(b); (iv) >(©)3(v) >(@) 


(i) y= =a 3x2 + 5x 0) 
x=2y-y ... (il) 

3 
Draw the graphs of y = 3x? + 5x and (x —- 1) 


=-—(y-— 1)? same frame of reference as shown below. 


3.188 > Graph Theory 


Oty) \ 4 
Br 


3 | | 
“~—S 

| 
a 


ae, 
(-1,-7/3) 


Clearly, the two graphs intersect each other at 6 points 
A, B,C, D, E and O. 
(i) (b) 
(ii) |y| = 2° — 3x + 2 and |y| = cos (sin x). 
The graphs of above relation drawn on same frame of 
reference are as shown below. 
Y 


Bie ears 


Clearly, there will be 6 point of intersection. 
(ii)— (b) 


(iii) y = [In |x? — x || and y= 


jx?7-x| 21 => x-x<-lorx’-x21 
=> x -x+1<0o0rx-x-120 

Disc. of x*7-x+ 1=-3 <0 
=> x-x+1>0Vxe Randx—-x-120 


=e 


eos 


y=lIn|e—-x| forx [4 co JU 


Similarly, |x? — x| € (0, 1) 
=< =7 <1, =x 20 


y 


x*-x—-1<0Oand x*-x+1>0 


14/5 14/5 


a 2B 


" ae [is B,. 
setae HES 


y 


—In(x — x*) ;x€(0,1) 


will be 


l 
The graph of y = |In|x? — x || and y = HY —2 
x 


as shown below. 


Clearly, the two graphs intersect each at 6 points, 1.e., A, 
B,C, D, E and F. 
(111) — (b) 

(iv) y= cos e* and y= tane* Vxe (—~.2 


decrease from 1 to 0 for e* € (o. 


N|a 


| 


a 
=> cos e* = 4decreasefrom 0 to—1 fore* € ead 


au aR 
increase from — 00s | e [me | 


, i 
increasefrom 0 to o fore*® € (0,2 
, ve fe 
and tan e* = ,increasefrom —-° to 0 fore® € ead 
ue 
increasefrom 0 totan fore* € (a. | 


Thus, the graphs of y = cos e* and y= tane* Vxeé 


[—~.5 will be as shown below. 


_y=tane 


Clearly, the two functions intersect each other only at 
two points and B in (-=* Ja shown above. 


There will be only 2 solutions. 
(iv) > (¢) 
(e) y= sin e* and y = sec e* V x € (-, 2) 


5 
For x € (-0, 2),e7 € Q,e*) Cc [0,2 Jana (0,e?)D 
(0, 2m) e 


y = sin e* and y = sec e* drawn as shown below. 


y T 


ed _ 
yesines | ia [\ 


J \ 
fy fh 


Clearly, there 1s no point of intersection. 
(v)—> (d) 


4. (i) >@); Gi) >(©)3 Gili) >(a); (iv) >(b); (v) >) 


Kx) =x -5x+7 
\y| = x* — 5x? + 7; Clearly, Disc. of (x* — 5x* + 7) <0 
=> x*-5x°+7>0VxeER 
The graph of y = x* — 5x? + 7 and |y| = x* — 5x* +7 drawn 
on same reference frame are as shown below. 
Y 
A 
iw 
| lW=x4—5x2+7 
1 | 


| | 1 eae 


. Clearly x, = 2, x, = 6, y, =4,y, = 10, z, = 2.5, 2, = 7.2,z 
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(i) Clearly for n = 0, 1.e., no point of intersection k € 
2). Me 


(ii) Clearly for n = 1, 1.¢e., only one point of intersection 1s 
impossible (ii) (c) 
(iii) For n = 2, 1.e., two point of intersection, k € (—0, —7) U 


(7, 0) {3 (ii) (a) 


(iv) For n = 3, 1.e., three points of intersection, k € {-7, 7} 
(iv)— (b) 


(v) For n = 4, 1.e., four points of intersection, k € 


(- ia (3-7) (vp (e) 


SECTION-VIII: INTEGER TYPE 


. since y = f(x) has 4 points of non-differentiability x,, x,, x, 


1? "2? 
x, (say) 
y = f(\x|) being reflection of y = f(x) on y-axis along with y 
= fix) has —x,, —x,, -x,, —x, points of non-differentiability 
as well . 
Also f’(0*) = k(#0) => f0)=—-k(#0) 
=> x=O0isalsoa point of non-differentiability, hence, total 
9 points of differentiability are there. 


. Sincey=fx-2) => 2<x-2<10 


=> 4<x<12 

=> y= g(x) would be having points of non-differentiability 
at x = 5, 6, 7, 8 and 9, 1.e., 5 points in [2, 10), 1.e., 5 
points. 


ae | aaa 


= 7.8, z,= 10.5 and u, = 6 
Required sum = (2 + 6) + (4+ 10)-(2.5+7.2 + 7.8 
+ 10.5) + 6 = (22 + 6) — (28) =0 


. y = f(\x|) is obtained by reflecting the graph of y = f(x) on 


y-axis and y = |f(|x|) will be obtained by reflecting the nega- 
tive portion of y = f(|x|) on x-axis and finally [y| = |f(|x|) | 1s 
obtained by reflecting the + ve portion of y = |f{(|x|)| on x-axis. 
Thus, the required area = 4(Area bounded by y = f(x) with 
x-axis for x €[0, 10]). 


= 4-000) + (2)(2)+ “(2 +1)(2) 
(2) ta (3) 1 ( ‘) 
AC Se OG 70 a 
2 DO 2 IDS 2 2 


1 97 97 
= 4|-+4+3+—+—+—+—|=4| 9.754+ — |= 39+ —_ 
2 2-2. @: 4 8 2 
bx 
=(aq+—a=39,b>=9.¢e=2 
Cc 


=> at+c—4b=41-36=5 


3.190 > Graph Theory 


5. Graph of y = f(x) is as shown below. 


Y= 
F 4 
aine 2 anes ante ened : 


» x 


Let’s draw the graph of y = f(x) and y = g(x) on same 
co- ordinate plane as shown below. 
Y 


=— Now On om ow 


Clearly the two graphs intersect each other at 3 points 
A, Band C. 


6. Clearly, f(x) = g(x) + In (2) has 3 points of intersection (by 
vertical transformation) 
=> k,=3 


x = 01s the only point of non-differentiability of y = f(x) 
=> k,=1andx=2is the only point of non-differentiability 


of y = g(x) 
=> k,=1 
k,+k, 3+1 
eee 
k, 1 


7. For tangency, x7-9=x-a 
=> << =xta=—9=0 


x2+9|=|x—al” 


Put D=0 
=> 1-4a+36=0 
37 
> a=— 
4 


Similarly, a = = 
4 
For 4 distinct solution, 
ae (==. -3}u (-3, 3) U (s, 2) 
4 4 


Hence, number of integers are 17. 


8. Since fis injective, so, pp see 
r q-r 
=> pq-pr=rp-rq 
=> 2pr= QP try (1) 
Also, Die 
r P 


=> p,r,q are in G.P. 


So, let r = pa, g = pa, where a is the common ratio of G.P. 
Therefore, from equation (1), we get 2:p-pa = pa’ (p + pa) 
=>. 2m aa => ata-2=0 
=> (a+2)(a-1)=0 > a=-2,1 
So, (Pp, —2p, Ap) and (p, P; P) 
(But common ratio = a = 1 is not possible as p, q, r are 
non-zero distinct quantities.) 
Also, p + q +r=6 [As g(x) = px’ + qx + r passes 
through M/ (1, 6)] 
=> pt+4p-2p=6 => p=2 
Hence, g = 4p = 4(2) = 8 


9. From the graph given below, clearly R, = (-~.-3| 


3x) -1=0 


=> fix) = 1/3 
=> y=fx) and y = 1/3 will intersect at 4 points. 
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10. y= ax + bis inverse of itself. =>a=tl 


11. 


For a=—-l, y=-x + bis its owninverse V be R 

For a= 1,y =x + b will be inverse of itself for b = 0, 1.e., 
Vx 

Given that it is passing through (2, 3) 

=> 3=-2+5 

=> b=Sanda=-l,ie,y=-x«+5 

=. 2470 ==275—3 


Now, 2fx) = 1+2{x} > f(x) = -+ {x} 
. = 1 
Clearly domain of fx) U [2n, 2n + 1) Clearly, the two graphs y = f(x) and y = 5 {x} intersect at 


=> 7x 1,0 xe D, 5 points. Thus, there will be 5 solutions. 
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